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Preface

This book is a theorem-first monograph on closed relational systems. Its objective is
precise: start from intrinsic comparison data alone, assume no background geometry or
external frame, and classify exactly which global structures are determined.

The work is not a reinterpretation of standard geometric physics in new language. It
is a closure test. At each stage, a structure is admitted only if it is internally recoverable
from the relational system itself. What survives that test forms the admissible core of
the theory.

The resulting architecture is rigid. Closure determines quotient semantics, exten-
sion freedom collapses to two loci, transport obstruction first stabilizes in a quadratic
layer, and smooth realization turns that same layer into curvature. The later geometric
and field-theoretic chapters therefore appear as downstream consequences of the same
intrinsic closure mechanism.

The manuscript is organized as a dependency chain. Early chapters prove compact-
ness and semantic closure; middle chapters classify enrichment and obstruction; later
chapters derive dynamics, curvature, causal scaling, Hilbert structure, Einstein compat-
ibility, connection-first reconstruction, and electromagnetic quantization. The appendix
then shows the same determined scalar channel in a concrete confinement setting.

For readers who want the exact dependency map before technical details, Chapter 0
provides the complete theorem-level roadmap.
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Introduction

A mathematically closed physical theory must be written without external scaffolding.
If observers, clocks, laboratories, and comparison protocols are all internal to the same
world being modeled, then no background manifold, state space linearity, causal order,
or field content can be accepted as primitive by convention alone. Such structure is
admissible only when it is recoverable from intrinsic relational data.

This manuscript develops that principle as a classification program. Starting from
binary comparison structure alone, it asks which global constructions are determined,
which are excluded, and where any residual freedom can still occur. The central claim
is that the admissible architecture is highly rigid: once closed-world admissibility is im-
posed, quotient semantics, transport structure, the first stable obstruction layer, and
the repaired intrinsic-smooth interface are mathematically constrained, and geometric,
field-theoretic, scalar, and realization-level sectors emerge downstream from those con-
straints.

Guiding question. Given only intrinsic comparison data on a closed world, which math-
ematical structures are mecessary consequences rather than auxiliary choices?

0.1 Primitive object and admissibility stance
Definition 0.1.1 (Comparison world). A comparison world is a pair
U.0),
where U # @ is a set of states and C is a family of binary comparison predicates
c:UxU—{0,1}.

We require C to be intrinsic: writing G = Aut(U,C) for the automorphism group of
Theorem 2.2.3, every predicate is G-invariant,

c(gu, gv) = c(u,v) forallceC, g€ G, u,v e U.

This is a fixed-point condition: G is determined by C, and C is admissible exactly when
its predicates are stable under the symmetries they generate. A predicate violating it
assigns comparison values tracking a labeling of states that no symmetry of the world



preserves; such a predicate is an external evaluator in the sense of (SP1), not an intrinsic
comparison. Intrinsicality is therefore the primitive-level expression of the intrinsicity
clause (SP1): a comparison is a relation among states, not a stipulated labeling of them.

No topology, differentiable structure, metric, linear structure, probability measure,
or background arena is assumed at this level. The admissibility stance of the book is
strict: all higher structure must be justified as internally determined by the comparison
system and its closed-world coherence conditions.

0.2 Standing principle

Standing Principle 1 (Closed-World Admissibility). Throughout the manuscript we
work under one standing principle, unpacked into the following clauses.

(SP1) Intrinsicity clause. No background manifold, external observer frame, or auxil-
iary state-space primitive is admissible unless reconstructed internally from com-
parison data.

(SP2) Compactness clause. Finite-stage and global admissibility are linked by the
exact finite-to-global boundary of the refinement tower. Under intrinsicality this
boundary is finitary: by Theorem 2.5.12 every comparison separation is witnessed
at a single coordinate, so the refinement-tower limit requires no completion and
the finite-to-global boundary of Theorems 1.6.4 and 1.8.1 holds without separate
hypothesis. See Theorems 2.5.12 and 2.5.13.

(SP3) Comparison-completeness clause. Closedness is profile-pair completeness
(rectangular completeness). Under intrinsicality (Theorem 0.1.1) and local dis-
tinguishability, this is not an independent hypothesis but a consequence; see The-
orem 2.6.4.

(SP4) Quotient-descent clause. Admissible semantic content is exactly the content
descending through intrinsic quotient maps.

(SP5) Transport-visibility clause. Any admissible residue beyond quotient semantics
is carried by the transport-obstruction hierarchy and its first visible layers.

Remark 0.2.1 (How hypotheses are used). In subsequent chapters, theorem headers use
either local setup hypotheses (e.g., choosing objects, indices, or connected components)
or realization-level technical hypotheses (e.g., smooth realizability, jet injectivity). These
are not independent foundational axioms; they are scoped instantiations of items (SP1)
to (SP5). Any non-local quantitative boundary condition left after theorem-level dis-
charge is recorded explicitly in chapter A.



0.3 Methodological strategy

The derivation is organized as a finite-to-global and algebra-to-geometry program. At
finite stage, one controls compatibility through Boolean admissibility; at global stage,
one passes through exact compactness boundaries. On the semantic side, comparison
completeness determines canonical quotient structure. On the enrichment side, one
proves that non-quotient content can occur through at least one of two loci, possibly both,
and no third. On the transport side, one isolates a canonical filtration and proves that
its first stable visible obstruction is quadratic. Under compatible smooth realization, the
stabilized quadratic carrier enters the repaired intrinsic-smooth interface: the degree—
2 placement is forced by triangle minimality, commutator filtration, and Stone-limit
stabilization, while faithful realization on that forced carrier makes nonzero stabilized
square classes equivalent to nonzero realized curvature. The subsequent macroscopic,
scalar, and realization-level consequences proceed through that realized-channel package.
At a conceptual level, the logical progression is

(U,C)

admissibility boundary and canonical quotient semantics
two-locus enrichment and transport filtration
first stable quadratic obstruction

repaired intrinsic-smooth interface and macroscopic compatibility laws

FELLE

scalar-channel classification, numerical closure, and canonical realization.

0.4 Main structural claim
Theorem 0.4.1 records the structural content proved across chapters 1 to 22.

Theorem 0.4.1 (Structural rigidity of closed relational systems). Let (U,C) be a com-
parison world satisfying the closed-system admissibility and comparison-completeness
conditions developed in this manuscript. Then the following structure is determined.

(1) Admissible state content factors through canonical quotient semantics, with in-
trinsic product decomposition U = X, X Xpg and physical quotient Phys =
(Xax Xp)/G.

(2) Beyond quotient semantics, admissible enrichment occurs through at least one
of two loci, possibly both—object-level representative choice and morphism-level
transport—uwith no third locus.

(3) Transport admits a canonical descending filtration F* > F* D F3 O ... whose
first stable visible obstruction is the quadratic layer F?/F3.

(4) The same obstruction appears as finite triangle failure, global loop-descent obstruc-
tion, and their bridge identification on minimal subsystems.



(5) The obstruction governs the internal observer-reduction framework and the condi-
tional regime of compatible vrreversible descent, and admits a canonical spacetime
interleaving realization via a two-parameter inverse-limit object.

(6) Under smooth realization, the stabilized quadratic carrier admits an intrinsic—
smooth interface: the refinement tower is proved to stabilize its first nontrivial
transport obstruction at degree 2, and faithful smooth realization on that forced
carrier makes a nonzero stabilized square class equivalent to nonzero realized curva-
ture on the realized degree—2 channel. This degree—2 realized-channel package feeds
causal, Hilbert, Finstein-boundary, connection, electromagnetic, matter-sector, and
numerical-closure consequences.

(7) The scalar channel determined by the quadratic carrier is then classified intrin-
sically, assigned its canonical matter-sector realization role, and finally yields a
concrete nonperturbative tnvariant in the magnetic-confinement appendix.

Proof. Each item is proved in the indicated chapter block of the manuscript. Item (1)
follows from the compactness-to-quotient chain in chapters 1 to 4. Item (2) is the two-
locus classification proved in chapters 5 and 6. Items (3) and (4) are established by
the transport obstruction chain in chapters 7 to 9. Item (5) is derived in chapters 10
and 11. Item (6) is proved through the smooth-realization chapter, the repaired intrinsic-
to-smooth interface, and their macroscopic continuations in chapters 12 to 21. Item (7)
is completed by the scalar-classification and realization chain in chapters B and 19 to 22.
Thus the theorem is exactly the consolidated statement of the chapterwise results listed
above. U

The point of the theorem is methodological as much as structural: it does not append
geometry, field theory, or matter-sector realization to an independently chosen back-
ground. It shows how these sectors arise as closure-compatible realizations of structure
already determined at the relational level, with scalar and realization-level consequences
forced downstream of the same obstruction chain.

0.5 What is proved, and what is not assumed

The manuscript proves theorem-level necessity results under the explicit admissibility
hypotheses developed in the text. It does not assume the standard ordering "geometry
first, fields second." Instead, it proves a reverse ordering: semantic closure and transport
obstruction first, then geometric, field-theoretic, scalar, and realization-level structure,
and only afterward any appendix-level application.

The admissibility hypotheses of this manuscript reduce to a single primitive condi-
tion. By Theorems 2.5.11 and 2.5.12 and Theorem 2.6.4, the compactness clause (SP2)
and the comparison-completeness clause (SP3) are consequences of intrinsicality (Theo-
rem 0.1.1) together with local distinguishability. Intrinsicality is not a hypothesis about
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the universe but a condition on what counts as a comparison: that a predicate be in-
variant under the symmetries it helps constitute. The program therefore rests on one
identity—to be a distinction is to be a symmetry-invariant of comparison—which is the
intrinsicity clause (SP1) stated as a definition of the primitive rather than a prohibition
on later constructions. The manuscript is not axiom-free; it has exactly one axiom, and
that axiom is the meaning of comparison.

In this sense, the contribution is not only a new derivation of familiar objects. It is
a sharpened criterion for admissibility in closed-system modeling: which constructions
remain valid when all external reference structures are removed.

0.6 Organization of the manuscript

The manuscript is organized as a dependency-driven argument rather than a collection
of independent chapters.

Foundational phase. Chapters 1 to 4 establish the finite-to-global admissibility
boundary, derive comparison completeness, force quotient semantics, and isolate the
subsystem-attribution boundary. This phase fixes the semantic backbone of the closed
system.

Classification and obstruction phase. Chapters 5 to 9 prove the universal two-
locus enrichment classification and identify the first nontrivial transport obstruction
through finite and global representatives of the same defect.

Dynamical and geometric phase. Chapters 10 to 14 translate the obstruction
framework into the internal observer-reduction framework, the conditional regime of
compatible irreversible descent, spacetime interleaving, curvature realization, and macro-
scopic causal structure.

Macroscopic compatibility and field-theoretic phase. Chapters 15 to 18 derive
determined Hilbert structure, the Einstein compatibility boundary, connection-first re-
construction, and electromagnetic phase/charge structure from the same intrinsic chain.

Scalar-sector and numerical-closure phase. Chapters 19 to 22 classify primitive
matter sectors, derive the quartic depth law and intrinsic scalar closure, and determine
the canonical realization role of the scalar invariant before any appendix-level applica-
tion.

Concrete downstream realization. Chapter B then shows that the scalar channel
already fixed by the main stack yields a concrete nonperturbative adiabatic invariant in
magnetic confinement.

0.7 How to read this book

A natural first reading is theorem-driven: chapters 1, 4, 5, 9, 13, 16, 18, 19 and 21. This
path isolates the main boundary and rigidity statements with minimal technical detours.

A second reading is construction-driven: chapters 2, B, 6, 8, 10 to 12, 17, 20 and 22.
This path foregrounds explicit constructions and realization mechanisms.



Both readings are equivalent in conclusion: for closed relational systems, the admissi-
ble global architecture is determined far more rigidly than conventional background-first
formulations suggest.

0.8 Conclusion

This introduction states the manuscript’s governing theorem program in exact form:
within a closed world, admissible structure must be derived from intrinsic comparison
data and not posited as external background. The chapter architecture is therefore a
proof architecture, ordered from compactness and quotient semantics through transport
obstruction to geometric, field-theoretic, scalar, and realization-level closure.

Accordingly, chapter 1 is logically first: it determines the finite-to-global admissibility
boundary that is reused by every later construction.



Part 1

Foundations



Chapter 1

Refinement Towers and the
Quantifier-Reversal Boundary

1.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the compactness clause item (SP2) in explicit Boolean form. It isolates
the mechanism governing the passage from finite-stage admissibility to global admissi-
bility. Its role in the sequel is foundational: it provides the exact obstruction principle
used later to pass from finite comparison data to global comparison structure, and in
particular underlies the Boolean rectangle-splitting arguments of chapter 2. Consider
an increasing tower of finite-stage Boolean descriptions of a system together with com-
patible exclusion ideals recording forbidden local patterns. Because each stage ideal
is proper, every finite stage admits admissible ultrafilters, that is, ultrafilters avoiding
the excluded sets. The basic question is whether these finite-stage admissible objects
assemble coherently into a genuine admissible object at the limit. The obstruction is
exact and is characterized by Theorem 1.6.4. For an exclusion tower, each stage ideal
is proper, so Theorem 1.4.3 guarantees admissible ultrafilters at every finite stage. The
genuine question is whether these stagewise admissible ultrafilters assemble into a global
admissible ultrafilter on B,,. This happens if and only if no finite family of excluded
sets from the tower already covers the whole universe.
Equivalently, under the standing exclusion-tower hypotheses,

UF(Bo;Joo) # @ <= there do not exist Ey,..., B, € | ] Jp with U = | J E..

BeN i=1

Everything in this chapter is purely Boolean-algebraic and realizes only the compact-
ness layer of the standing principle. No product structure, symmetry group, quotient
semantics, transport data, or smooth realization is invoked here; those belong to later
clauses items (SP3) to (SP5). Throughout this chapter,

N={0,1,2,...}.
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1.2 Refinement towers
Definition 1.2.1 (Refinement tower). A refinement tower consists of
(1) a nonempty set U;
(2) for each B € N, a Boolean algebra
By C P(U),
viewed as a Boolean subalgebra of P(U) with unit U;

(3) inclusions
BBQBB+1 for all B € N.

We write

B, = U Bg.

BeN

Lemma 1.2.2 (The direct union is already Boolean). For a refinement tower, the union

BOO:UBB

BeN
is a Boolean subalgebra of P(U).

Proof. Let A,C € By. Choose B4, B € N such that
A€ Bg,, C € Bp,.

Set
B := max{By4, Bc}.

Since the tower is increasing,

A, C €Bg.

Because Bp is a Boolean algebra, one has
AUCEBB, AQCGBB, U\AEBB

Hence all three sets belong to B,,. Therefore B, is closed under finite unions, finite
intersections, and complements, and is thus a Boolean subalgebra of P(U). O

Remark 1.2.3 (Direct-limit viewpoint). Because the tower is increasing, the direct limit of
the Boolean algebras (Bg)p is literally the union B.,. No additional Boolean completion
is required.



1.3 Exclusion towers
Definition 1.3.1 (Exclusion tower). Let
(U, (Bs) Ben)
be a refinement tower. An exclusion tower over it is a family of ideals
Jp CBp (B €N)

such that

(1) each Jp is proper;

(2) the family is compatible under restriction:

JB:JBHDBB for all B € N.

Lemma 1.3.2 (Iterated compatibility). If B < C, then
JB == JC N BB-

Proof. The case C' = B + 1 is part of Theorem 1.3.1. The general case follows by
induction on C' — B. U

Definition 1.3.3 (Limit ideal). The associated limit ideal is

Joo 1= <U JB> ,
BeN B

oo

that is, the ideal of B, generated by the union of the stage ideals.

Lemma 1.3.4 (Concrete description of the limit ideal). Let

S = UJB

Then
Joo:{AeBoo:Elnzl, EIEl,...,EnESsuchthatAQUEi}.

i=1

In particular,

Uely < 3In>1, HEl,...,EneSsuchthatU:UEi.

=1
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Proof. Define
7= {AEBOO:EInZL EIEl,...,EnESsuchthatAQUEi}.
i=1

We show that 7 is exactly the ideal generated by S. First, Z is an ideal of B,,. Certainly
el

since @ C F for every £ € S. If A € 7T and A" € B, satisfies A” C A, then the
same witnessing family shows A’ € Z. Thus Z is downward closed. If A,C € Z, choose
witnesses

acUn cc(n
i=1 Jj=1

e (3e)o(r)

so AUC € Z. Hence T is an ideal. Next, S C Z, since every S € § satisfies S C .S. Now
let IC be any ideal of B, containing S. If A € Z, choose Ej, ..., E, € § such that

i=1

Since K is an ideal containing each FEj;, it contains their finite union and hence, by
downward closure, also A. Therefore Z C K. Thus Z is the smallest ideal of B,
containing S, so Z = J.. The final equivalence follows by taking A = U. Since each
E; C U, the condition

with F;, F; € §. Then

n
vclJE
i=1
is equivalent to

i=1

1.4 Ultrafilters and admissibility

Definition 1.4.1 (Ultrafilters and admissibility). For a Boolean algebra B, let UF(B)
denote the set of ultrafilters on B. If J C B is an ideal, define

UF(B;J) :={ue UFB):unJ=go}.

Elements of UF(B;J) are called admissible ultrafilters relative to J.

11



Definition 1.4.2 (Finite-stage and global admissibility). Finite-stage admissibility at
level B means

UF(Bp;Jp) # 2.

Global admissibility means
UF(BOO; -Joo) 7é g.

Lemma 1.4.3 (Ideal separation). Let B be a Boolean algebra and J C B an ideal. Then
UF(B;J) £ @ <= Jis proper.

Equivalently,
UF(B;J)=9 <« 1gel.

Proof. Assume first that u € UF(B;J). Since u is an ultrafilter,

1g € u.
If 1g € J, then
lg eunl,
contradicting admissibility. Hence J is proper. Conversely, assume J is proper, so that
1g ¢ J.

Define
F:={-E:FEe€l}.

We claim that F has the finite intersection property. Let Ey,..., E, € J. Since J is an
ideal,

E = \/ El S J.
i=1
Because J is proper,
E # 1g,
and hence
-F # 0.

By De Morgan’s law,

N\ —Ei =~ (\/E) = —F # 0g.
So F has the finite intersec;i;n property. lLlet f be the filter generated by F. It is proper.
By the ultrafilter extension theorem, there exists an ultrafilter
u2f.
If £ €J, then -F € F Cu. Thus E ¢ u, since otherwise
EN-FE =0 €u,

which is impossible for a proper filter. Therefore

unl=g,
sou € UF(B;J). O
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1.5 Finite witnesses, first failure, and persistence

Lemma 1.5.1 (Finite witness). Global admissibility fails if and only if there exist

Er,....E,e| ] s

BeN

such that

Equivalently,

UF(Builo) =@ <<= 3n>1, 3E,,...,E, €| JJp withU = J E..
B

i=1
Proof. By Theorem 1.4.3,
UF(By;Jo) =9 <= J is improper.
Since J is an ideal in B, this is equivalent to
U=1g,_ € Joo.

By Theorem 1.3.4, this holds if and only if there exist Ey, ..., E, € [Jz Jp such that

vel)n
=1

Because each F; C U, this is equivalent to

3

O

Remark 1.5.2. Theorem 1.5.1 shows that global admissibility can fail even when each
stage ideal Jp is proper. The obstruction is not local but combinatorial: it arises exactly
when finitely many excluded patterns, possibly drawn from different stages, already
cover the entire universe.

Lemma 1.5.3 (First failure scale). If global admissibility fails, then there exists By € N
and sets
E ... E, € JBO

such that



Proof. By Theorem 1.5.1, choose
E,....E,e|JJs
B

such that

n

U:U&.

i=1
For each 7, choose B; € N with E; € Jp,, and set

By := max B;.
K2

Since the tower is increasing,
FE; € Bpg, for all i.

By Theorem 1.3.2,
JBi :JBOQBBi for all i,

hence
E; € Jp, for all i.

Thus the same finite covering witness already occurs at stage By. 0

Theorem 1.5.4 (Existence of a minimal failure depth). If global admissibility fails, then
the set

Bl := {B e N:dE,,..., E, € Jg such that U = UEI}
i=1

is nonempty and therefore has a least element.

Proof. By Theorem 1.5.3, the set Bg, is nonempty. Since it is a nonempty subset of N,
it has a least element. 0J

Theorem 1.5.5 (Persistence of failure). If admissibility fails at stage By, then
UF(BB, -JB) = fO’f’ all B Z Bo.

Proof. Assume there exist
E ... ,E, € JBO

such that

Fix B > By. Because the tower is increasing,

FE; € Bg for all 7.
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By Theorem 1.3.2,
JB() - .JB ﬂ BBO,

hence
E;, € Jp for all 4.

Therefore

U:OEZ-GJB,

=1

so Jp is improper. By Theorem 1.4.3,

1.6 The quantifier-reversal boundary
Definition 1.6.1 (Coherent ultrafilter tower). A coherent ultrafilter tower is a sequence

(uB)Ben

such that
up € UF(Bp) for all B,

and
uBJrlﬂBB = Uup for all B.

It is admissible if
upNlp =0 for all B.

Lemma 1.6.2 (Union of a coherent ultrafilter tower). Let
(uB)BeN

be a coherent ultrafilter tower, and define

u::UuBQBOO.

Then u is an ultrafilter on By, and for every B € N,
un BB = upg.

Proof. We first show that u is a proper filter on B,,. If A, C € u, choose B large enough
that A,C' € Bg. Then A, C € ug, hence

ANC eug Cu.
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If Acuand A C D € By, choose B large enough that A, D € Bg. Then A € ug, so by
upward closure of the filter ug,
D ecug Cu.

Also @ ¢ u, since @ ¢ upg for every B. Thus u is a proper filter on B,,. Next we show
that u decides every element of B,,. Let A € B,,. Choose B such that A € Bg. Since
up is an ultrafilter on Bp, exactly one of A and U \ A belongs to ug, hence exactly one
belongs to u. Therefore u is an ultrafilter on B,,. Finally, if A € uN Bpg, then A € ug
for some C' > B. Coherence gives

quBB = up,

so A € ug. The reverse inclusion
ug CunBpg

is immediate. Hence
uNBg =up for all B.

Lemma 1.6.3 (Admissibility passes to the limit). Let

(uB)BeN

be an admissible coherent ultrafilter tower, and let

u:= U up.

BeN

Then
u € UF(By; Joo)-

Proof. By Theorem 1.6.2, u is an ultrafilter on B,,. It remains to prove admissibility.
Let A € Jo.. By Theorem 1.3.4, there exist

Ei,....E,e|JJs
B

such that .
AclJE.
i=1
Choose B with all E; € Jg. Since
un BB = Uup

by Theorem 1.6.2, and
ug N JB =J,
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each F; ¢ u, hence
U\E;€u for all 7.

Therefore .
U\ E) e
i=1
But .
(NU\NE)CU\A,
i=1
SO
U\Ae€u,
and hence A ¢ u. Thus
undy, = 9,

SO
u € UF(By; Joo)-

Theorem 1.6.4 (Quantifier-reversal boundary). The following are equivalent.

(1)
UF(Boo; Juo) # 2.

(2) For every finite family
Ei,....E, € | s,

BeN

one has

OE#U
=1

(3) There exists an admissible coherent ultrafilter tower.

Proof. (1)=(2). This is the contrapositive of Theorem 1.5.1. (2)=(3). We construct

an admissible coherent tower inductively. For the base step, condition (2) implies that
Jo is proper; otherwise

Uedo<|JIs
B
contradicting (2). By Theorem 1.4.3, choose
Uy € UF(BO7JO)
Assume up € UF(Bpg;Jp) has been constructed. Define
QB+1 =up U {U\E B e JB—H} - BB—H-
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We claim that G, has the finite intersection property. Take finitely many
Al,...,AmeuB, E17...,En€JB+1,

and set

AZZﬁAjELlB, E:zLT_LJEZ’GJB_H.
=1

j=1
If
AN(U\E) =g,

then A C E. Since A € Bg C Bg,; and Jg; is downward closed, this implies
AelpnNBp=1Jpg,
contradicting ug N Jgp = &. Therefore
AN(U\E) # 2.

So Gpy1 has the finite intersection property. Let fpi1 be the filter generated by Gpiq.
It is proper, hence extends to an ultrafilter

Upyq S UF(BB_H).
Since ug C ug,, and ug is already an ultrafilter on Bg, one has
upy1 NBp =ug.

Also, for every F € Jg.1,
U \ E e Up+i,

so £ ¢ ugy1. Hence
upy1 NJp = 3.

Induction yields an admissible coherent ultrafilter tower. (3)=-(1). This is Theo-
rem 1.6.3. O

1.7 Inverse-limit representation

Theorem 1.7.1 (Inverse-limit representation). Restriction along the inclusions Bg C
Bpi1 tnduces a canonical bijection

UF(Bw) & 1LHUF(BB),

where the inverse limit 1s taken with respect to the restriction maps

UF(BB+1) — UF(BB)
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Proof. Define
¢ : UF(By) — @UF(BB), ®(u) ;= (uNBp)p.
B

This is well defined because the restriction of an ultrafilter to a Boolean subalgebra is
an ultrafilter, and the restrictions are coherent. Conversely, let

(up)p € lim UF(Bp).

Define
U((up)p) == Jus C Bw.
B

By Theorem 1.6.2, this union is an ultrafilter on B.,, and for every B,
\IJ((LLB)B) N BB = upg.
Thus V¥ is a well-defined map

¥ : Jim UF(Bj) — UF(Bs).

It is immediate that
®(¥((up)p)) = (us)s
and
U(P(u)) =u.
Therefore ® is a bijection with inverse W. O
Corollary 1.7.2 (Admissible inverse-limit representation). Restriction induces a canon-

ical bijection

UF<BOO; Joo) = I&HUF(BBv JB)
B

Proof. By Theorem 1.7.1, ultrafilters on B,, are in bijection with coherent ultrafilter

towers on the stages. If
u € UF(By; Joo),

then for each B,
uﬂJB =,

because Jp C J,. Hence each stage restriction is admissible. Conversely, let (ug)p be a

coherent tower with
up € UF(Bg;Jp) for all B.

Then by Theorem 1.6.3,
| Jus € UF(Bui Jwo).
B

Thus the bijection of Theorem 1.7.1 restricts to the claimed bijection on admissible
ultrafilters. 0J
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1.8 Stability criterion

Theorem 1.8.1 (Stability of admissibility). For an exclusion tower satisfying the com-
pactness clause item (SP2), finite-stage admissibility holds at every level, and global
admissibility holds if and only if finite non-coverage holds, namely condition (2) of The-
orem 1.6.4.

Proof. Because each stage ideal Jg is proper by Theorem 1.3.1, Theorem 1.4.3 gives
UF(Bp;Jg) # @ for every B. The remaining claim is exactly Theorem 1.6.4, which
identifies global admissibility with finite non-coverage without any further hypothesis.

O

1.9 Conclusion

The compactness boundary established in Theorems 1.5.1, 1.5.3, 1.6.4 and 1.7.2 is exact:
for an exclusion tower, each proper stage ideal already admits admissible ultrafilters, and
global admissibility fails if and only if finitely many exclusions from the tower already
cover the universe. Equivalently, admissible ultrafilters on the limit Boolean algebra
are precisely admissible coherent towers of stage ultrafilters, so once finite non-coverage
holds, no further global obstruction remains.

Chapter 2 applies this compactness boundary to comparison worlds and derives the
canonical factorization that initiates quotient semantics.
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Chapter 2

Comparison Completeness and the
Emergence of Diagonal Redundancy

2.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the comparison-completeness clause item (SP3). Building on the com-
pactness boundary of chapter 1, it derives the canonical product decomposition and
diagonal-redundancy data used in chapters 3 and 4. Chapter 1 isolated the Boolean
compactness principle governing the passage from finite-stage admissibility to global ad-
missibility. In particular, Theorems 1.6.4, 1.7.2 and 1.8.1 show that admissible global
objects exist precisely when no finite family of excluded patterns already covers the
universe. The present chapter applies this compactness mechanism to the primitive
comparison data introduced in the Introduction. Starting from a comparison world

(U, C),

we analyze the intrinsic indistinguishability relations determined by the comparison pred-
icates and determine the exact condition under which the comparison system admits a
canonical global structure. From the comparison predicates one obtains two intrinsic
equivalence relations recording indistinguishability of outgoing and incoming compari-
son profiles. These relations determine quotient sets

Xa:=Ula, Xp:=U/B,
and hence a canonical factor map
O:U — X, x Xg, O(u) = ([ta, [u]s). (2.1.1)

The central structural question is therefore the following. When does the intrinsic com-

parison structure determine the entire state space through this factor map? The answer
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is a single closure principle: rectangular comparison completeness, the chapter-level re-
alization of item (SP3). We prove that this condition is equivalent to bijectivity of ©,
and hence to the existence of a canonical product decomposition

UgXAXXB

realizing the intrinsic congruences as coordinate equalities. The proof proceeds in two
complementary layers.

e First, we analyze the comparison predicates directly and show that rectangular
completeness is equivalent to bijectivity of the canonical factor map.

e Second, we internalize the same structure inside the Boolean algebra generated
by the comparison predicates. The finite-coordinate Boolean algebras form a re-
finement tower, and the compactness results of chapter 1 allow finite rectangle
conditions to be lifted to global splitting statements.

Under the standing principle, and in the chapter-local distinguishability setup
af 6 = AUa

these arguments yield equivalent formulations of rectangular completeness in three dif-
ferent languages:

e comparison structure;
e Boolean algebra factorization;
e ultrafilter splitting.

When these conditions hold, the intrinsic symmetry group
G = Aut(U,C)
acts diagonally on the canonical product
X4 x Xp,

and the quotient data used later in the relational program are determined. This estab-
lishes the canonical product decomposition promised in Theorem 0.4.1.

2.2 Primitive comparison worlds

Definition 2.2.1 (Comparison world (recalled)). As in Theorem 0.1.1, a comparison
world is a pair (U,C), where U # @ and C is a family of maps

c:UxU—{0,1}.

In this manuscript such worlds are required to be intrinsic in the sense of Theorem 0.1.1.
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Remark 2.2.2. No symmetry, topology, product structure, or background geometry is
assumed. Every structure appearing below is extracted from the comparison predicates
themselves.

Definition 2.2.3 (Intrinsic symmetry group). Define
G = Aut(U,C) := {¢ € Bij(U) : c(¢(u), p(v)) = c(u,v) Ve € C, Vu,v € U}.
Proposition 2.2.4. G is a group under composition.

Proof. The identity map preserves every predicate, hence lies in G. If ¢,9 € G, then
for every c € C and u,v € U,

c((@op)(u), (¢o)(v) = c(p(P(u)), o(¢(v))) = c(¥(u),P(v)) = c(u,v),
sopop € G. lf p € G, fixceC and u,v € U. Write u = ¢(v’) and v = ¢(v'). Then
(¢ (u), 071 (v)) = e(u',v') = c(d(u), (V') = e(u, v).
Hence ¢! € G. O

2.3 Intrinsic congruences

Definition 2.3.1 (Left and right profiles). For each u € U, define functions
L(u):C x U — {0,1},
L(u)(c, w) == c(u, w),

and

R(u) : C x U — {0, 1},
R(u)(c,w) := c(w,u).

Definition 2.3.2 (Intrinsic congruences). Define relations a, f on U by
vav <= L(u) =L(v), ufv <= R(u) =R(v).

Equivalently,
uav <= c(u,w) = c(v,w) Ve e C, Yw € U,

and
ubv <= clw,u) =c(w,v) Ve e, Yw e U.

Lemma 2.3.3. a and 3 are equivalence relations.

Proof. Each is equality of functions in {0, 1}°*V. Reflexivity, symmetry, and transitivity
follow immediately. U
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Lemma 2.3.4 (Maximality among unary comparison invariants). Let ~ be any equiva-
lence relation on U such that

u~v= clu,w) = c(v,w) VeeC, Yw e U.

Then ~C «. Similarly, any equivalence relation preserving all right predicates is con-
tained in 3.

Proof. 1f u ~ v, the stated hypothesis implies L(u) = L(v), hence w v v. Therefore every
~-pair is an a-pair. The right-handed statement is identical. 0

Lemma 2.3.5 (Invariance). a and § are G-invariant.

Proof. Suppose uawv, fix g € G, ¢ € C, and w' € U. Since g is bijective, there exists
w € U with v’ = g(w). Then

c(g(u), w') = c(g(w), g(w)) = c(u, w) = c(v,w) = c(g(v), g(w)) = c(g(v), w').

Hence g(u) a g(v). The proof for 3 is identical. O

2.4 The canonical factor map and its universal prop-
erty

Define
Xa:=U/a, Xp:=U/B.

Definition 2.4.1 (Canonical factor map). The canonical factor map is
©:U — X4 x Xg, O(u) == ([u]a, [u]p)-
Lemma 2.4.2 (Kernel characterization). For u,v € U,
O(u) =0(v) <= uav and ufv.

In particular,
O is injective <= aNp = Ay.

Proof. By definition,
O(u) = O(v) <= [u]a = [v]o and [u]s = [v]s,

which is equivalent to uav and u Sv. The injectivity criterion is the special case of
equality of points. O
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Definition 2.4.3 (Realizing product presentation). A realizing product presentation is
a bijection
p:U— Yy xYp

such that
UV < WA(p(U)) = WA(p(U))a

and
upv <= wp(p(u) = 7p(p(v)),

where 74, 7 denote the coordinate projections.
Proposition 2.4.4 (Terminality of the canonical factor map). Let
p:U—YsxYp
be a realizing product presentation. Then there exists a unique bijection
DYy xYp— Xy x Xp

such that
O=>oop.

Proof. We define the coordinate maps separately. First define ¢4 : Y4 — X4 by
¢A(a) = [p_l(avb)]om

where b € Yp is arbitrary. We must show that this does not depend on the choice of b.
Let b1, by € Yp, and set
u; = p a,b;) (1=1,2).

Then
Ta(p(ur)) = walp(uz)) = a.

Since p realizes «, it follows that u; o us, hence
[P~ (a,b1)]a = [P~ (a, b2)]a-
Thus ¢4 is well defined. Similarly define ¢ : Yp — Xp by
¢5(b) = [p~'(a,b)]s,
where a € Yy is arbitrary. If a;,as € Yy, then with v; :== p~(a;, b) we have
m5(p(v1)) = 7 (p(v2)) = b.
Since p realizes 3, we obtain vy v, S0
[P~ (a1,0)]s = [P~ (a2, b)]5-
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Hence ¢p is well defined. Now define
(I):YAXYB—>XAXXB, (ID(a,b) = (qu(a),qﬁB(b))
This is well defined because ¢4 and ¢p are. Let u € U, and write p(u) = (a,b). Then

P(p(u)) = (dala), ¢5(b)) = ([ua, [u]s) = O(u).
Thus
O=>0op.

Uniqueness is immediate from bijectivity of p: if ®' also satisfies © = & o p, then for
every (a,b) € Y4 x Yp,
®(a,b) = O(p~(a,b)) = ©'(a,b).

It remains to prove that ® is bijective. Injectivity. Assume
CIJ(al, bl) = @(CLQ, bg)
Set
u; = p ag, by) (1=1,2).
Then
O(u1) = @(p(u1)) = ®(ar,b1) = (az, b2) = ®(p(uz)) = O(uz).

By Theorem 2.4.2,
Uy O Us, w1 B us.

Since p realizes o and 3, this implies
ar = ma(p(ur)) = ma(p(u2)) = a2, by = wp(p(u1)) = 75(p(uz)) = by.

Hence (a1, b1) = (ag, b2), so ® is injective. Surjectivity. Let (A, B) € X4 x Xp. Choose
uq,up € U such that

[uala = A, lug]s = B.
Write
p(ua) = (aa,ba), p(up) = (as,bp).
Set
u:=p “(aa,bp).
Then

Ta(p(u)) = aa = ma(p(ua)).

Since p realizes «, it follows that u a u 4, hence
[u]o = [uala = A.

Likewise,
m5(p(u)) = bp = 75(p(up)),
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so u S up, hence
Therefore

Since © = ® o p, we obtain

(4, B) = O(u) = @(p(u)),

and @ is surjective. Thus @ is bijective. U

2.5 Rectangular completeness

Definition 2.5.1 (Rectangular completeness). The comparison world (U,C) is rectan-
gularly complete if for every A € X4 and B € Xp there exists a unique v € U such
that

[ula = A, [ulsg=B.

Equivalently: for every u,v € U there exists a unique x € U such that x a«u and x S v.

Remark 2.5.2. Rectangular completeness asserts that any left profile can be paired with
any right profile, and that this pairing is unique.

2.5.1 A symmetry obstruction

Definition 2.5.3 (Symmetric comparison world). A comparison world (U,C) is sym-
metric if
c(u,w) = c(w, u) VeeC, Yu,w e U.

Lemma 2.5.4 (Collapse of left and right profiles). If (U,C) is symmetric, then
L(u) = R(u) Vu e U.

In particular,

Proof. For every u € U, c€ C, and w € U,
L(w)(e,w) = e(u,w) = e(w, u) = R(u)(c,w).
Hence L(u) = R(u). Therefore, for u,v € U,

uav <= L(u) =L(v) <= R(u) =R(v) <= upw.
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Proposition 2.5.5 (Symmetry obstructs rectangular completeness). Assume |U| > 1
and (U,C) is symmetric. Then (U,C) is not rectangularly complete. Equivalently,

©:U— X4xXp
1s not bijective. More precisely, exactly one of the following occurs:
(K) If a # Ay, then © is not injective.
(R) If a = Ay, then © is injective but not surjective.
Proof. By Theorem 2.5.4, o = 5. If o # Ay, then

anp=a# Ay,
so © is not injective by Theorem 2.4.2. If « = Ay, then also = Ay, hence
[Xal=1U[,  |[Xp|=][U].

Therefore
| X4 x Xp|=|U] > |U|

because |U| > 1. Since the image of © has cardinality at most |U|, © cannot be surjective.
Thus O is never bijective. O

Corollary 2.5.6 (Necessary asymmetry). Assume |U| > 1 and (U,C) is rectangularly
complete. Then there exist c € C and u,w € U such that

c(u,w) # c(w,u).

Proof. This is the contrapositive of Theorem 2.5.5. U

2.5.2 Finite profile support and orbit separation

The next definitions and lemmas record the finite-coordinate facts needed for the intrin-
sicality consequence without routing through the later Boolean factorization theorem.

Definition 2.5.7 (Generated Boolean algebra). Let B be the Boolean subalgebra of
P(U) generated by the sets

Lew:={ueU: clu,w)=1}, Rew ={ueU: c(w,u) =1},

for all c € C and w € U. Let B4 C B be the Boolean subalgebra generated by the L.,
and Bp C B the Boolean subalgebra generated by the R, ,,.

Definition 2.5.8 (Membership equivalence). For a family F C P(U), define a relation
=z on U by
u=rv <= (VEe€F)(ue E<velR).
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Lemma 2.5.9 (Classes as membership equivalence). For u,v € U,
uav < u =g, v, ufv = u=g, 0.

Proof. We prove the first equivalence; the second is identical. Assume uwav. Then by
definition,
c(u,w) = c(v,w) VeeC, Yw e U.

Equivalently,
u€ Loy &= vE Ly Ve, w.

Since B4 is the Boolean algebra generated by the L.,, agreement on all generators
implies agreement on every element of B4. Thus u =g, v. Conversely, if u =g, v, then
in particular

UE Loy = v E Ley Ve, w,

which means ¢(u, w) = ¢(v,w) for all ¢, w. Hence uaw. O

Definition 2.5.10 (Finite-coordinate subalgebras). Let Cyp C C and W, C U be finite.
Define
BA(C(),W()) = BOOI({LCM . (C, ’LU) € CU X W0}> g BA,

Bs(Co, Wo) := Bool({RcﬂU : (e, w) € Cy X WO}) C Bp,

and
B(CO, Wo) = BOOI(BA(C(), Wg) U BB(CQ, Wo)) g B.

Lemma 2.5.11 (Finite support). Every element of B belongs to B(Cy, Wy) for some
finite Cy C C and finite Wy C U. Likewise every element of B4 and of Bg belongs to a
corresponding finite-coordinate subalgebra.

Proof. By definition, B is the Boolean algebra generated by the family
{Lcw, Rcyw}(c,w)ech. Every element of a generated Boolean algebra is obtained from
finitely many generators using finitely many Boolean operations. Thus any given E € B
depends on only finitely many pairs (c,w). The same argument applies to B4 and
Bxs. O

Lemma 2.5.12 (Finite orbit separation under intrinsicality). Let (U,C) be intrinsic,
and let O1,04 C U be distinct G-orbits, where G = Aut(U,C). If representatives u € O,
and v € Oy are distinguished by the comparison data, in the sense that L(u) # L(v) or
R(u) # R(v), then the distinction is witnessed by a single predicate coordinate. That is,
there exist c € C and w € U with

c(u, w) # c(v, w)
or with
c(w,u) # c(w,v).
Consequently the distinguishing cylinder lies in a finite-coordinate subalgebra B(Cy, W)

with |Co| = |Wo| = 1, and no comparison-profile separation of orbits requires the comple-
tion B.
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Proof. Suppose first that L(u) # L(v). By definition, L(u) and L(v) are functions
CxU—{0,1}, L(z)(c,w) = ¢(x, w).

Inequality of functions means disagreement at some single point of the domain. Hence
there is a pair (c,w) € C x U such that

c(u,w) # c(v,w).

Then one of u, v lies in L., and the other does not, and

Lew € B({c}, {w}).

The right-profile case is identical: if R(u) # R(v), then for some (¢, w) one has c(w, u) #
c(w,v), and the cylinder R, ,, € B({c}, {w}) witnesses the distinction.

Intrinsicality makes this single-coordinate witness internal rather than an external
label. If g € G, then

c(gu, gw) = c(u,w)  and  c(gv, gw) = c(v, w),

so any left-coordinate distinction is transported equivariantly to the diagonal translate
(gu, gv) by the single transported coordinate (¢, gw); the right-coordinate case is the
same. Thus a comparison distinction cannot first appear as an infinite or completed
Boolean combination. If two profiles differ, they differ at one coordinate; if they agree
at every coordinate, they are the same profile. 0

Remark 2.5.13 (Why no limit-only separation exists). Theorem 2.5.12 is the point at
which intrinsicality excludes finitely unwitnessed profile classes. Inequality of profile
functions is disagreement at a single coordinate; there is no notion of two profiles that
agree at every finite coordinate but differ in the limit, because functions equal at every
coordinate are equal. A distinction surviving only in a completion §\ B would require the
individual predicate coordinates not to register the distinction while an infinite Boolean
combination does. But each predicate is a {0, 1}-valued coordinate, and by intrinsicality
each coordinate is transported by the symmetries it helps constitute. The completion
adjoins no new comparison separations; it adjoins only infinite Boolean combinations of
separations already witnessed coordinatewise.

2.6 Main classification theorem

Theorem 2.6.1 (Exact classification). The following are equivalent:
(i) (U,C) is rectangularly complete.
(ii)) ©: U — X4 x Xp is bijective.

(iii) There ezists a realizing product presentation.
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Moreover, when these conditions hold, the identification
U= XA X XB

is canonical, namely ©, and any realizing presentation factors uniquely through © by
Theorem 2.4.4.

Proof. (i)=(ii). Rectangular completeness is exactly the statement that every pair
(A, B) € X4 x Xp has a unique preimage under ©. (ii)=(1). If © is bijective, then for
every (A, B) € X4 x Xp there is a unique

u=0"1(A,B)

with [u], = A and [u]g = B. (ii)=(ui1). Take Y4 = X4, Yp = Xp, and p = O.
(#ii)=(11). Apply Theorem 2.4.4. If p is a realizing product presentation, then there
exists a bijection

D: Yy xYs — X4 x Xp

with
O=>oop.

Since p is bijective, © is bijective. O

Lemma 2.6.2 (Conservative-completion dichotomy). Let (U,C) be intrinsic and locally
distinguishable, and let (A, B) € X4 x Xp be a profile pair with no v € U satisfying
[ulo = A and [u]g = B. Choose representatives a € A and b € B, and write the
class-determined values

Alc,w) := c(a,w), B(e,w) = c(w,b),

which are independent of the chosen representatives by Theorem 2.3.2. Form the one-
point extension

Ut .=UU {UAB},
where uap is a formal element assigned the comparisons of profile (A, B): for each ¢ € C
and w € U, set
c(uap,w) = A(c,w), c(w,uag) := B(c,w),

and choose c(uap,uap) whenever the same admissibility conditions allow a diagonal
value. Then exactly one of the following holds.

(a) Internal exclusion. The assignment is inconsistent with the comparison data: some
c € C, together with the structural conditions defining admissible profiles in The-

orems 2.3.1 and 2.3.2, forbids a state of profile (A, B). Then (A, B) is not an
admissible profile pair, and no obstruction to surjectivity arises from it.
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(b) Conservative extension. The assignment is consistent, and the inclusion U < U™
preserves the finitely supported comparison algebra and automorphism-invariant
profile data: restriction from U™ to U is an isomorphism on every finite-coordinate
subalgebra supported in U, and each g € Stabg(A, B) extends to an automorphism
of Ut fixzing uag. Equivalently, the full G-action extends after adjoining the G-
orbit of the formal profile pair. In this case the presence or absence of uap is
not registered by any intrinsic predicate, invariant, or finite comparison context
supported in U; the two worlds are intrinsically indistinguishable with respect to
the pair (A, B).

There is no third case: an extension that is neither internally excluded nor conservative
18 1mpossible.

Proof. The alternatives are mutually exclusive by definition: in (a) no consistent as-
signment exists, while (b) begins with a consistent assignment. It remains to show
exhaustiveness. Suppose (a) fails, so the formal profile assignment is consistent. We
prove that (b) holds.

Finite-coordinate algebra is preserved. By Theorem 2.5.11, every element of B has
finite support, depending on finitely many pairs (¢,w) with w € U. Adjoining uap
introduces evaluations at the new point, but the values ¢(uap, w) and c(w, uap) are fixed
by the existing profile classes A and B. Hence no finite-coordinate subalgebra supported
in U acquires a new value not already dictated by U’s comparison data, and restriction
from U™ to U is a Boolean isomorphism on each such finite-coordinate subalgebra.

No new profile distinction is created on old states. Suppose, for contradiction, that
adjoining u4p refined a profile class on U. By Theorem 2.5.12, any such separation
is witnessed at a single predicate coordinate. If the coordinate is (¢, w) with w € U,
the disagreement already existed in U, a contradiction. Thus the only possible new
coordinate uses w = uyp. If uav in U, then

c(u,uap) = B(c,u) = c(u,b) = ¢(v,b) = B(e,v) = c¢(v,uap),
so the new coordinate does not split an old a-class. Similarly, if w Sv in U, then
c(uap,u) = Alc,u) = c(a,u) = c(a,v) = A(c,v) = c(uag,v),

so it does not split an old S-class. Therefore the profile quotients of U™ restrict to the
original profile quotients on U.

Automorphisms extend on the profile stabilizer. Let g € Stabg(A, B). Define g on
Ut by g|v = g and g*(uap) = uap. Since g preserves all predicates on U, it remains
only to check pairs involving us4g. For w € U, the condition gA = A gives

(g uap, gw) = c(uap, gw) = A(c, gw) = A(c,w) = c(uap, w),
and gB = B gives
c(gw, gt usp) = c(gw,uap) = Blc, gw) = B(c,w) = c(w, usp).
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The diagonal value is fixed by consistency of the assigned profile. Thus g™ € Aut(U™,C).
For a general g € G, the same calculation sends usp to the formal point of profile
(gA, gB), so the full action extends after adjoining the orbit of the missing profile pair.

These three facts are precisely the conservative-extension alternative, so if internal
exclusion fails, conservative extension holds. Hence the dichotomy is exhaustive. ([l

Corollary 2.6.3 (Closure forbids conservative omission). In a world closed under in-
trinsic description, the conservative-extension case of Theorem 2.6.2 cannot obtain for
any unrealized admissible profile pair. For in that case the omission of uag is main-
tained by no intrinsic predicate, invariant, or finite comparison context supported in U,
by the lemma it is intrinsically undetectable. Such an omission therefore depends on a
selection external to the comparison structure. Closure, as expressed by intrinsicality
in Theorem 0.1.1 together with the prohibition on external scaffolding in item (SP1),
admits no externally maintained omission. Hence every admissible profile pair is either
internally excluded or already realized; equivalently, no unrealized admissible rectangular
cell remains.

Theorem 2.6.4 (Rectangular completeness under intrinsicality). Let (U,C) be intrinsic
(Theorem 0.1.1) with local distinguishability

an B = AU-
Then © is bijective; the world is rectangularly complete.

Proof. Injectivity is Theorem 2.4.2 under aNf = Ay. For surjectivity, suppose (4, B) €
X4 x Xp is an admissible profile pair unrealized in U. By Theorem 2.6.2, the one-point
completion at (A, B) is either internally excluded or conservative. Internal exclusion
contradicts admissibility. If the completion is conservative, Theorem 2.6.3 applies: a
closed world admits no conservative omission, so (A, B) must be realized. Either way
no unrealized admissible cell survives. Therefore © is surjective, hence bijective. 0

Remark 2.6.5. Equivalently, one may realize the missing cells by finite induction. By
Theorem 2.6.2, each conservative adjunction leaves the finitely supported profile algebra
of Theorem 2.5.11 unchanged and reduces the count of unrealized admissible pairs; by
Theorem 2.5.12, no separation requires a completion. The induction and the dichotomy
are the same argument viewed from opposite sides: the engine of surjectivity is closure’s
prohibition on intrinsically undetectable omission, not the bookkeeping of the iteration.

Remark 2.6.6. This does not make rectangular completeness universal. Non-intrinsic
worlds, and intrinsic worlds failing o N f = Ay, may fail it; the symmetric worlds
of Theorem 2.5.5 remain genuine open systems. The theorem states that an intrinsic,
locally distinguishing world is closed: closedness is a consequence of the primitive being
a genuine comparison, not an added assumption.
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2.7 Failure modes
Definition 2.7.1 (Kernel obstruction). Define
K.3:=anp.
Proposition 2.7.2 (Injectivity obstruction). © is injective if and only if K.p = Ay.
Proof. This is exactly Theorem 2.4.2. 0

Definition 2.7.3 (Rectangular deficiency). We say that (U, C) has rectangular deficiency
if K, = Ay but © is not surjective. Equivalently, there exist A € X4 and B € Xp
such that no u € U satisfies

([ula, [ulg) = (A, B).
Theorem 2.7.4 (Exhaustive trichotomy). Ezactly one of the following holds:
(D) © is bijective.
(K) Kap # Ay
(R) Kup = Ay but © is not surjective.

Proof. Either © is bijective or it is not. If it is not bijective, then either injectivity fails
or surjectivity fails. By Theorem 2.7.2, injectivity fails exactly when K,3 # Ay. If
injectivity holds but surjectivity fails, then by definition we are in the rectangle-deficient
case. The three cases are mutually exclusive and exhaustive. 0

Proposition 2.7.5 (Minimal counterexamples). There exist comparison worlds realizing
each obstruction:

1. a kernel-obstructed example with |U| = 2;
2. a rectangle-deficient example with |U| = 3 and K3 = Ay.

Proof. For kernel obstruction, let U = {a,b} and let C = {¢} with ¢(u,v) = 0 for all
pairs. Then all left and right profiles are identical, so

a=B8=UxU  Kau#Ay.

For rectangle deficiency, let U = {z,y, z} and let C = {c}, where c¢(u,v) = 1 if and only
if u = v. Then both left and right profiles separate points, so

Oé:ﬂ:AU, Kaﬁ:AU.
Hence |X4| = | Xp| = 3, while |U| = 3. Therefore
| X4 x Xg| =9 > |U],

so © cannot be surjective. O
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2.8 Canonical diagonal symmetry once decomposable

Assume from now on that the equivalent conditions of Theorem 2.6.1 hold, so that O is
bijective.

Definition 2.8.1 (Induced factor actions). For g € G define actions on X4 and Xp by

Lemma 2.8.2 (Well-definedness). The actions in Theorem 2.8.1 are well defined.

Proof. 1f [u], = [v]a, then uav. By Theorem 2.3.5, g(u) a g(v), hence [g(u)], = [9(v)]a-
The proof for Xp is identical. O

Theorem 2.8.3 (Diagonal action theorem). Under the identification U = X4 X Xp via
O, the group G = Aut(U,C) acts diagonally:

O(g(u)) =g-6(u) Vg € G, Yu e U,

that s,

Proof. By definition,
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Corollary 2.8.4 (Canonical diagonal redundancy data). Under rectangular complete-
ness, the canonical data

Xy :=Ula, Xp:=U/p, G := Aut(U,C)

determine a canonical diagonal action on

X =X, x Xp
and hence a canonical quotient
Phys := X/G.
Proof. This is immediate from Theorems 2.6.1 and 2.8.3. 0

2.9 Boolean algebra internalization

We now reformulate the structure of Theorems 2.6.1, 2.8.3 and 2.8.4 inside the Boolean
algebra generated by the primitive comparison predicates.
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2.9.1 The comparison Boolean algebra

The comparison Boolean algebra, membership equivalence, finite-coordinate subalgebras,
and finite-support lemmas were introduced in section 2.5.2. We use those definitions
throughout the Boolean internalization below.

Remark 2.9.1. All atomic arguments below are carried out inside finite-coordinate sub-
algebras. No global atom of the full algebra B is invoked.

2.9.2 Finite-predicate refinement tower and compactness

We now make explicit the refinement tower to which chapter 1 applies. This is the point
at which the finite Boolean structure of the comparison predicates is connected to the
global admissibility mechanism isolated in chapter 1. Fix an increasing exhaustion

F,CF C---CCxU, UF.=cxU

neN

Define
B™ := Bool({Lew, Rew : (c,w) € F,}) CPU),

Bff) = Bool({LC,w (c,w) € Fn}), Bg) = Bool({RC,w S (c,w) € Fn})

Then
B™ c B+, BW cBYY B cBEY,
and
B=JB", Ba=[JBY., Be=[JBY.
neN neN neN

For each n, let At(Bgl)) and At(Bg)) denote the atoms of these finite Boolean algebras.
Define J™ C B™ to be the ideal generated by the empty rectangles

ANB, AcAi(BY), BeAtBY), AnB=wo.
Lemma 2.9.2 (Compatibility of the finite rectangle ideals). For every n,
J) — Jntl) A g
(n)

Proof. Every atom of BXLH) is contained in a unique atom of B),’, and similarly for

Bgfﬂ) and Bg). Thus an empty rectangle at stage n + 1 restricts to an empty rectangle
at stage n. Conversely, an empty rectangle at stage n is the finite union of all stage-
(n+1) rectangles lying over it, and each of those is empty. The generated ideals therefore
agree under restriction. 0

Joo = <U J(")> .
neN B
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By Theorems 1.6.4, 1.7.2 and 1.8.1, the tower

(U, (B™), e, (J(n)>neN)

admits a global admissible ultrafilter exactly when no finite family of excluded finite-
coordinate rectangles covers U, and admissible global ultrafilters are exactly coherent
admissible towers of stage ultrafilters:

UF(B; Joo) & lim UF(BM™; J®),

This is the compactness input used in the reverse implication of Theorem 2.9.5.

Theorem 2.9.3 (Compactness from intrinsicality). For an intrinsic comparison world
(Theorem 0.1.1), the finite-coordinate refinement tower has limit equal to the direct union

B=[JB"™,

neN

and every comparison profile class separated by intrinsic comparison data is decided at a
finite stage. Consequently the finite-to-global boundary holds without separate hypothesis:
global admissibility fails if and only if finitely many stage-exclusions cover U, as in
Theorem 1.6.4.

Proof. The equality B =, B(™ is exactly the finite-support content of Theorem 2.5.11
applied to the chosen exhaustion of C x U. Intrinsicality makes the profile information
internal to the symmetry structure: each predicate is preserved by every element of
G = Aut(U,C), and the family of left and right cylinders is transported within the
comparison-generated Boolean algebra.

Suppose a comparison profile class required a completion element outside the finite
union tower. Then it would determine a profile distinction not witnessed by any finite-
coordinate subalgebra. This is impossible by Theorem 2.5.12: any distinction between
left or right profile functions is witnessed by a single predicate coordinate. That co-
ordinate lies in a finite-coordinate subalgebra, and Theorem 2.5.11 then places every
Boolean combination of such witnesses in some B(™. Thus no profile class is finitely
unwitnessed, the limit requires no additional completion stage, and the admissibility
boundary is precisely the quantifier-reversal boundary of Theorem 1.6.4. U

2.9.3 Rectangular completeness as a Boolean factorization prop-
erty

From this point onward in the Boolean part of the chapter, under the comparison-
completeness clause item (SP3), we work in the local distinguishability setup

aﬂB:AU.
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Definition 2.9.4 (Rectangular factorization property). We say that B has the rectan-
gular factorization property if:

(F1) for every nonempty A € B4 and nonempty B € Bp,

ANB # g;

(F2) every E € B is a finite union of sets of the form AN B, with A € B, and B € Bg.

Theorem 2.9.5 (Boolean internalization of rectangular completeness). In the local dis-
tinguishability setup
an B = AU-

Then rectangular completeness holds if and only if B satisfies the rectangular factorization
property.

Proof. (= ). Assume rectangular completeness. By Theorem 2.6.1, © : U — X4 x Xp is
bijective. Identify U with X4 x Xp through ©. If A € By4, then by Theorem 2.5.9 mem-
bership in A depends only on the a-class, hence only on the first coordinate. Therefore
there exists a subset A4 C X4 such that

A=Ay x Xpg.
Similarly, every B € Bg has the form
B=X4x Bp
for some Bg C Xp. Now if A € B4 and B € Bg are nonempty, then
A=A, x X5, B =X, x Bg
with Ay # @ and Bp # 9, so
ANB = (A4 x Xp)N (X4 X Bg) =As X Bg # @.

Thus (F1) holds. Moreover, B is generated by the left and right coordinate cylinders,
and every finite Boolean combination of such cylinders is a finite union of rectangles
A, x Bp. Transporting back through © yields (F2). («). Assume (F1) and (F2).

We first prove surjectivity of ©. Fix A € X, and B € Xp, and choose representatives
ug,ug € U such that
[uala = A, lugls = B.

For each n, let A, € At(B%)) be the unique atom containing uy4, and let B,, € At(BgL))
be the unique atom containing up. Since both are nonempty, (F'1) implies

A, NB, #2 for every n.
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Choose z,, € A, N B,, and let u, be the principal ultrafilter of B™ determined by z,,.
Because z,, € A, N B, and the ideal J™ is generated by empty rectangles, one has

u, € UF(BM; J™),

Moreover, the atoms A,, .1 C A,, and B, ;1 C B, refine coherently, so the stage ultrafilters
may be chosen coherently. By Theorem 1.7.2, there exists

u e UF(B; Ju)

whose restriction to B™ is u,, for every n. By construction, u contains every set F € By
containing u 4 and every set F' € Bp containing u. Hence the complete left-membership
data encoded by u agree with those of u 4, and the complete right-membership data agree
with those of ug. Equivalently, u determines a state u € U satisfying

[ulo = [uala =A,  [ulg=[upls = B.
Thus O is surjective. We now prove injectivity. Since
anpg=Ay,
injectivity of © is immediate from Theorem 2.4.2. Therefore © is bijective. By Theo-

rem 2.6.1, rectangular completeness follows. O

2.9.4 Rectangle algebras and ultrafilter splitting

We now reformulate the same condition in algebraic and ultrafilter language.

Definition 2.9.6 (Ultrafilter). Let A be a Boolean algebra. An ultrafilter on A is a
subset u C A such that:

I. 1euand 0 ¢ u;
2. a,beu=aNbeuy
3.acuanda<b=beu
4. for each a € A, exactly one of a and —a lies in u.
Definition 2.9.7 (Marginals). For u € UF(B), define
us :=unBy € UF(B,), ug :=unBp € UF(Bp).
Lemma 2.9.8. Ifu € UF(B), then uy € UF(B,4) and ug € UF(Bg).

Proof. Restriction of an ultrafilter to a Boolean subalgebra preserves all ultrafilter ax-
ioms. U
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Definition 2.9.9 (Rectangle algebra). Let A, D be Boolean algebras. A rectangle alge-
bra for (A, D) is a Boolean algebra T equipped with homomorphisms

ta: A= T, tp:D—=T
such that:
1. the images t4(A) U tp(D) generate T

2. for any Boolean algebra £ and homomorphisms f : A — &, g : D — &, there exists
a unique homomorphism h : 7 — & such that

howa=f, howp =g.

When such an algebra exists, we write
T=A®D.

Proposition 2.9.10 (Existence inside P(U)). Let T be the Boolean subalgebra of P(U)
generated by all intersections AN B with A € By and B € Bg. Then T is a rectangle
algebra for (Ba,Bp).

Proof. Set
T :=Bool(f{ANB: AeBy, BeBg}) CP(U).

Define
ta(A) = A, tp(B) := B.

The images generate T by construction. Now let f : By — £ and g : Bg — &£ be Boolean
homomorphisms into a Boolean algebra £. On rectangle generators define

h(ANB) = f(A) A g(B).

Because T is generated by these intersections and Boolean operations, h extends uniquely
to a homomorphism

h:T—=E&.
This gives the universal property. 0

Theorem 2.9.11 (Ultrafilter splitting characterization). In the local distinguishability
setup

an ﬁ = AU-
The following are equivalent:

(a) Rectangular completeness holds.

(b) B satisfies the rectangular factorization property.

(c) B~ B, ® Bp.
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(d) The marginal map
Y. : UF(B) — UF(B4) x UF(Bp), Y(u) = (ug,up),
15 bijective.

Proof. (a)<(b). This is Theorem 2.9.5. (b)=(c). Let T be as in Theorem 2.9.10. By

(F2), every E € B is a finite union of intersections AN B, so
BCT.

Conversely, every generator AN B of T already belongs to B, so 7 C B. Hence
B="T.

Therefore B satisfies the universal property of B4 ® Bp. (¢)=(d). Assume B = B4 ®Bp,
via a fixed identification. First, ¥ is well defined by Theorem 2.9.8. Injectivity. Suppose

Since B is generated by the rectangle generators
A® B, A€ By, BeBg,
it suffices to show agreement on these generators. For any ultrafilter u,
ARBeu < Acuyand B € ug.

The right-hand side depends only on ¥(u). Thus u and v agree on all generators, hence
on all of B. So ¥ is injective. Surjectivity. Let

(a,b) € UF(B4) x UF(Bp).

Consider the family
G(a,b):={ANB: A€a, Beb} CB.
We claim that G(a, b) has the finite intersection property. Let
AiNBy,..., A, NB, €G(a,b).
Then . .
A*::ﬂAiGa, B*::ﬂBieb.

i=1 i=1

Since ultrafilters do not contain 0, both A* and B* are nonempty. By (F1),
A*NB* # 2.
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Hence
n

(J(AinB)=A"NB" # .

i=1
So G(a,b) has the finite intersection property. By the ultrafilter extension theorem, it
extends to some u € UF(B). By construction,

Uy = a, ug = b.

Thus X is surjective. (d)=-(b). Assume X is bijective. To prove (F1), let A € B4 and
B € Bg be nonempty. Choose ultrafilters a € UF(B,4) and b € UF(Bg) such that

A€ a, B eb.
By surjectivity of X, there exists u € UF(B) with
Y(u) = (a,b).

Then A, B € u, hence
ANBeu.

Since an ultrafilter cannot contain &, it follows that
ANB# @.
Thus (F1) holds. To prove (F2), let
Brect := Bool({ANB: A€By, BeBg})CB.

Assume for contradiction that

Brect 7é B

Then there exists F € B\ Byect- Since Biee is a proper Boolean subalgebra of B, there
exist distinct ultrafilters u;,uy € UF(B) which agree on B,e; but disagree on E. In
particular they agree on B4 and on Bpg, since both subalgebras lie in B,..;. Therefore

B(w) = X(up),
contradicting injectivity of ¥. Hence
B = Brect7

which is exactly (F2). O

Remark 2.9.12. No appeal to Stone duality is required in the proof of Theorem 2.9.11.
The only external inputs are the ultrafilter extension theorem and the compactness
results of chapter 1.
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Theorem 2.9.13 (Rigidity of comparison completeness). Under the standing principle
Standing Principle 1, let (U,C) be a comparison world in the local distinguishability setup

an 6 = AU-
Then the following are equivalent:
(1) (U,C) is rectangularly complete.

(2) The canonical factor map
0:.U— Xax Xp

18 bijective.
(3) There exists a product presentation
UZY,xYp
whose coordinate congruences coincide with o and [3.
(4) The comparison Boolean algebra satisfies the rectangular factorization property.

(5) The comparison Boolean algebra decomposes as

B=Bs®Bg.

(6) The marginal ultrafilter map
¥ : UF(B) — UF(B4) x UF(Bp), Y(u) := (ug,up),
18 bijective.
When these conditions hold, the product decomposition
U= X,4x Xp

1s canonical, every realizing product presentation factors uniquely through ©, the sym-
metry group G = Aut(U,C) acts diagonally on X4 x Xpg, and the quotient data

Phys = (X4 x X5)/G
are determined.

Proof. The equivalence of (1), (2), and (3) is Theorem 2.6.1. The equivalence of (1) and
(4) is Theorem 2.9.5. The equivalence of (1), (4), (5), and (6) is Theorem 2.9.11. The
uniqueness and rigidity statements follow from Theorems 2.4.4, 2.8.3 and 2.8.4. U
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2.10 Structural completion of comparison worlds

Starting from a comparison world (U, C), this chapter has identified the intrinsic congru-
ences o and (3, the canonical quotient sets

Xa:=Ula, Xp:=U/p,
and the factor map
©:U — X x Xp, O(u) = ([u]a, [u]p)-

Building on the compactness boundary from Chapter 1, the chapter has shown that local
intrinsic distinguishability together with rectangular comparison completeness rigidly
determines the global comparison structure.

Theorem 2.10.1 (Structural completion of comparison worlds). Under the standing
principle Standing Principle 1, let (U,C) be a comparison world satisfying the compact-
ness boundary condition of item (SP2), the local distinguishability condition

O{ﬂBIAU,

and the closure condition of item (SP3), equivalently rectangular comparison complete-
ness. Then the following structure is canonically determined.

(i) The canonical factor map
O:U— X, x Xp

1s bijective. Hence

U=X,4x Xg.
(ii) The intrinsic symmetry group
G = Aut(U,C)
acts diagonally on
X =X, x Xp.

(iii) The comparison world therefore determines the orbit projection

m: X — Phys:= X/G.

Proof. Ttem (i) is the comparison completeness classification theorem (Theorem 2.6.1).
Item (ii) is the diagonal action theorem (Theorem 2.8.3). Item (iii) follows from the
canonical orbit construction (Theorem 2.8.4). O

The same closure condition has already been expressed in three equivalent Chapter 2
languages by Theorem 2.9.13: comparison-theoretic, Boolean-algebraic, and ultrafilter-
theoretic. Thus the canonical product decomposition emerges simultaneously as rela-
tional rigidity, Boolean factorization, and ultrafilter splitting, without introducing any
semantic content beyond the orbit quotient already fixed by the comparison data.
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Remark 2.10.2 (Interpretation). The theorem shows that once Boolean compactness,
intrinsic distinguishability, and rectangular comparison completeness hold, the global
structure of the comparison world is rigid. The state space admits a canonical prod-
uct decomposition, the intrinsic symmetry group acts diagonally on that product, and
the orbit quotient Phys is thereby fixed by the comparison data themselves. Quotient
semantics is the next chapter’s semantic reading of this determined quotient backbone,
not an additional structure imposed from outside.

Remark 2.10.3 (Role in the manuscript). Theorem 2.10.1 closes Part I’s comparison stage
by fixing the canonical product, diagonal symmetry, and orbit quotient data, together
with their equivalent Boolean and ultrafilter formulations already proved in this chapter.
Chapter 3 then starts from this quotient backbone to establish closed-system quotient
semantics and the subsystem-attribution boundary.

2.11 Conclusion

Part T closes with a rigidity theorem of exact scope: rectangular comparison complete-
ness determines canonical product structure, diagonal symmetry, the canonical orbit quo-
tient, and the matching Boolean and ultrafilter formulations without residual structural
freedom. Chapter 3 starts from this fixed quotient backbone and establishes quotient
descent before classifying the remaining admissible non-quotient enrichment loci.
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Part 11

Quotient Semantics and the No-Go
Theorem
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Chapter 3

Diagonal Redundancy and the
Obstruction to Subsystem Attribution

3.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the quotient-descent and transport-visibility clauses (items (SP4)
and (SP5)). Taking the canonical product data of chapter 2 as input, it establishes
quotient descent and the subsystem-attribution boundary used in chapters 4 and 5.
Chapter 2 established that rectangular comparison completeness determines a canonical
product presentation

XZ:XAXXB, XAZ:U/CV, XBZZU/ﬂ,
together with a canonical diagonal action of the intrinsic symmetry group
G = Aut(U,C)

on X; see Theorems 2.8.3 and 2.9.13. Accordingly, the primitive comparison world
determines canonically the orbit projection

m: X — Phys := X/G,

which is exactly the quotient data produced in Theorem 2.8.4. At this stage the remain-
ing question is semantic. Once the comparison world has canonically collapsed to the
diagonal-redundancy data

X =X, x Xp, G X, 7w : X — Phys,

it must be determined which state reports survive as intrinsic content of the closed
system, and where any further non-quotient structure could possibly enter. The first
point is descent. Once the diagonal action is fixed, the natural admissibility criterion
for closed-system state reports is orbit invariance: admissible reports are exactly the
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G-invariant maps on X, equivalently the maps that factor uniquely through the orbit
projection
7w X — Phys.

Theorem 3.2.4 shows that this factorization is automatic. Closed-system semantics is
therefore determined to be quotient semantics. The second point is an obstruction
theorem. Within quotient semantics, pure orbit motion carries no invariant subsystem
attribution. Every coherent report is constant along a pure diagonal orbit loop, and any
two pointwise orbit-equivalent supported representatives of such a loop have identical
coherent report values. In particular, the distinction

which subsystem moved?

does not define a quotient-level invariant of the closed system. The third point is struc-
tural classification. Finite comparison protocols may extend quotient semantics, but
within the extension formalism introduced below the possibilities are exhausted: if such
an extension is not endpoint-determined, then additional structure enters through at
least one of two classified loci, and possibly both:

(i) representative selection, that is, a section of ;

(ii) morphism-level enrichment, equivalently route-dependent transport or nontrivial
loop defect.

No third locus exists within that formalism. The chapter therefore identifies the precise
obstruction boundary of closed quotient semantics. As shown below, every coherent
report factors uniquely through the orbit projection. Consequently, any invariant content
expressible by coherent reports is orbit-level content in Phys. Within the extension
formalism introduced below, any content beyond that must arise through at least one
of the two enrichment mechanisms above, and possibly through both together.

3.2 Closed-system quotient semantics

Throughout this chapter, admissibility is read through item (SP4): semantic content is
required to descend through intrinsic quotient maps, while non-quotient residue appears
only through the transport mechanisms analyzed later (item (SP5)). Throughout the
chapter, G acts diagonally on

X =X, x Xp, g-(xa,x) = (9 74,9 TB),

and
m: X — Phys:= X/G

denotes the orbit projection.
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Definition 3.2.1 (Coherent report). Let S be a set. A map
R:X—S

is coherent if
R(g-z) = R(x) forallge G, » € X.

Equivalently, R is constant on G-orbits.

Because diagonal redundancy identifies orbit-equivalent representatives, orbit invari-
ance is not an additional convention but the intrinsic admissibility criterion for closed-
system state reports.

Definition 3.2.2 (Closed-system semantics). A closed-system semantics on X declares
the admissible state reports to be exactly the coherent reports.

Definition 3.2.3 (Orbit quotient). The orbit quotient of the diagonal action is
Phys := X/G,
equipped with the canonical projection
m: X — Phys, m(x) = [z].

Theorem 3.2.4 (Canonical descent). Let R : X — S be coherent. Then there exists a
UNIQUE Map

R : Phys — S
such that B
R=Rom.
Proof. Define B
R([z]) := R(x).

To prove that this is well defined, suppose [z] = [y] in Phys. Then y = ¢ - = for some
g € G. Since R is coherent,

R(y) = R(g - x) = R(x).

Hence R([z]) is independent of the chosen representative. Now for every z € X,

(Rom)(x) = R([2]) = R(x),

so R = Ron. For uniqueness, let f : Phys — S also satisfy R = f ow. Then for any
[z] € Phys,

Therefore f = R. U
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Proposition 3.2.5 (Universal property of the orbit quotient). For every set S and every
coherent map

R:X — S,

there exists a unique map ~
R : Phys — S

such that B
R=Rom.

Equivalently, m : X — Phys is universal among coherent maps out of X.
Proof. This is exactly Theorem 3.2.4. O

Corollary 3.2.6 (Coherence <= descent). For a map R : X — S, the following are
equivalent.

(i) R is coherent;
(ii) R is constant on G-orbits;

(iii) there exists a unique R : Phys — S such that
R=Ron.

Proof. (i)=(iii). This is Theorem 3.2.4. (iii)=(ii). If R = Ro, then for z,y € X with
m(z) =7(y), N N
R(z) = R(r(x)) = R(n(y)) = R(y)-
Thus R is constant on orbits. (i7)=(i). If R is constant on orbits, then for every g € G
and z € X, the points z and ¢ - x lie in the same orbit, so
R(g-z) = R(x).
Hence R is coherent. U

Remark 3.2.7 (Structural meaning of quotient semantics). The orbit projection
m: X — Phys = X/G

is not merely a convenient quotient map. By Theorem 3.2.5, it is universal among coher-
ent descriptions of X. Thus quotient semantics is determined by diagonal redundancy:
every admissible state report factors uniquely through Phys, and no finer representative-
level distinction survives without additional structure.

Remark 3.2.8 (Categorical formulation). Let Inv(X) be the category whose objects are
pairs (S, R), where S is a set and R : X — S is coherent, and whose morphisms

f:(S,R)— (S",R)
are maps f : .S — S’ satisfying
R = foR.
Then (Phys, ) is an initial object of Inv(X). This is precisely the categorical form of
Theorem 3.2.5.
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3.3 Pure orbit loops

We now analyze histories that move entirely inside a single diagonal orbit.

Definition 3.3.1 (Pure diagonal orbit loop). Fix T' > 0. A pure diagonal orbit loop is
a map
r:00,7] - X

for which there exists a map
g:10,7T) =G

such that
g(0)=g(T)=e and I'(t)=g(t)-T'(0) foralltel0,T].

Definition 3.3.2 (A-supported and B-supported representatives). Let T' : [0, 7] — X
be a path. An A-supported representative of I' is a path

La(t) = (za(t), 25(0))

such that
m(La(t)) = m(T'(¢)) for all t € [0, T7.

Similarly, a B-supported representative is a path
Ip(t) = (24(0), 25(1))

satisfying
7(Tp(t)) = w(T'(t)) for all ¢t € [0,T7.

Lemma 3.3.3 (Single-orbit property). If T is a pure diagonal orbit loop, then
7n(T'(t)) = =(I'(0)) for all t € [0,T].
Proof. For each t € [0, 7], the defining relation
[(t) = g(t) - T(0)

shows that I'(¢) lies in the same G-orbit as I'(0). Since 7 is the orbit projection, it takes
equal values on orbit-equivalent points. Therefore

m(['(t)) = = (1'(0))
for all ¢. O

Remark 3.3.4. A pure orbit loop may be descriptively nontrivial in the product presen-
tation X4 x Xpg, but orbit-theoretically it is trivial: it remains inside a single orbit of
the diagonal action.
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3.4 Orbit-equivalent supported representatives

The following proposition isolates the elementary symmetry relating supported represen-
tatives of the same quotient path.

Proposition 3.4.1 (Orbit-equivalent supported representatives). Let I' : [0,T] — X
be a pure diagonal orbit loop with witness g : [0,T] — G, and assume T' admits an
A-supported representative I' . Define

T(t) == g(t)~" - Talt).
Then:
(i) T is a path in X satisfying

m([(t)) = m(T'(¢)) for allt € [0,T);

(ii) one has the reconstruction identity

Ca(t) =g(t)-T(t) for allt € [0,T);

(iii) the property of admitting an A-supported representative depends only on the quo-
tient path t — w(I'(t));

(iv) if a B-supported representative of the same quotient path is chosen, then both T
and I' are pointwise orbit-equivalent to it.

Proof. For each t € [0,T], ~
L(t) = g(t)™" - Tal(t)

lies in the same G-orbit as ['4(¢). Since I',4 is a representative of I', we have
m(Ta(t)) = =(L(2)).

Therefore _
m(L'(t)) = m(La(t)) = 7(T'(¢)),

which proves (i). Statement (ii) is immediate from the definition:

g(t) - T(t) = g(t) - (9(t) " - Ta(t)) = Talt).

For (iii), the existence of an A-supported representative is, by definition, a statement
about whether the quotient path ¢ — m(I'(t)) can be realized by a path of the form
(xa(t),zp(0)). Thus it depends only on the quotient path itself. For (iv), let I's be a
B-supported representative of the same quotient path. Then

m(Cp(t)) = n(T'(t)) = n(T(t)) for all ¢,

so Ip(t), I'(t), and ['(t) are pairwise orbit-equivalent at each time. O
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3.5 Subsystem attribution obstruction

We now prove the main no-go statement.

Theorem 3.5.1 (No-go theorem). Let R : X — S be coherent, and let " : [0,T] — X
be a pure diagonal orbit loop. Then

RoTl

is constant on [0,T]. Moreover, if I' admits an A-supported representative and T is the
associated path from Theorem 3.4.1, then

R(T'(t)) = R(I'(t)) for allt € [0,T].
Proof. By Theorem 3.2.4, there exists a unique map
R: Phys — S

such that
R = é oT.

Since I' is a pure diagonal orbit loop, Theorem 3.3.3 gives
7(T'(t)) = =(T'(0)) for all ¢t € [0, 7.
Hence for all ¢,
R(I(t)) = R(x(I'(t))) = R(=(I'(0))),

which is independent of t. Thus R o I' is constant. For the second statement, Theo-
rem 3.4.1(i) gives

n(T(t)) = w(T(t)) for all ¢t € [0, 7.

Therefore

0

Corollary 3.5.2 (No subsystem attribution at quotient level). Within quotient seman-
tics, subsystem attribution for pure orbit motion does not define an invariant: every
coherent report is constant along pure orbit loops, and any two pointwise orbit-equivalent
representatives have tdentical coherent report values.

Proof. The constancy statement is the first part of Theorem 3.5.1. The pointwise orbit-
equivalence statement follows from the second part and Theorem 3.4.1(iv). U
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3.6 Orbit-preserving maps
Theorem 3.5.1 is the pathwise case of a more general orbit-invisibility principle.

Definition 3.6.1 (Orbit-preserving map). A map
@X X = X

is orbit-preserving if
ToOx = .

Equivalently, © x(x) lies in the same G-orbit as x for every z € X.

Theorem 3.6.2 (Orbit-preserving maps are coherently trivial). Let
Ox: X > X

be orbit-preserving. Then for every coherent report R: X — S,
Ro®x =R.

Proof. By Theorem 3.2.4, write B
R=Rom

for a unique map R: Phys — S. Then for every z € X,

R(Ox(z)) = R(m(©x(z))) = R(n(z)) = R(x),
because Ox is orbit-preserving. O

Remark 3.6.3. Within quotient semantics, an orbit-preserving map introduces no new
invariant information. Any nontrivial distinction must therefore arise from structure not
already encoded by the quotient projection.

3.7 Finite protocol extensions and the two-locus clas-
sification

We now classify all ways of enriching quotient semantics on finite comparison protocols.

Definition 3.7.1 (Finite protocol network). A finite protocol network is a finite directed
graph
N = (V,E)

whose vertex set satisfies
V' C Phys.

Write Path(N) for the free category on N.
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Definition 3.7.2 (Extension of quotient semantics). Let N' = (V| E) be a finite protocol
network. An extension of quotient semantics consists of the following data.

(i) State compatibility: for each p € V', an object assignment

p > Fn(p)
depending only on p € Phys;
(ii) Compositionality: a small category
Cwn
with object set V', together with a functor
Fy : Path(N) — Cy
extending the object assignment.

Definition 3.7.3 (Endpoint-determined extension). An extension of quotient seman-
tics is endpoint-determined if for every finite protocol network N and every pair of
co-terminal paths

Y1, Y2 € Path(N)

one has
Fx(m) = Fx(72)-
Definition 3.7.4 (Section). A section of the orbit projection is a map

s:Phys - X

such that
mToSs = idphys .

Theorem 3.7.5 (Two-locus classification within quotient-semantic extensions). Under
the standing principle Standing Principle 1, let F' be an extension of quotient semantics
in the sense of Theorem 3.7.2. If F' is not endpoint-determined, then at least one of the
following two enrichment mechanisms occurs:

(i) Representative selection: a section
s:Phys - X
of m is supplied;
(ii) Morphism enrichment: there ezist a network
N = (V,E)

and co-terminal paths
V1,72 € Path(N)

such that
Frn(n1) # Fx(72)-
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No third locus exists within the data specified in Theorem 3.7.2.

Proof. State compatibility fixes the object-level assignment by the points p € Phys alone.
Thus non-endpoint behavior cannot arise from a new interpretation of vertices as such.
Accordingly, any failure of endpoint determinacy must be witnessed through at least
one of two enrichment layers, and both may be present together. First, one may adjoin
representative-level data lifting points of Phys back to X. This is exactly the supply of
a section

s : Phys — X,

which chooses a distinguished representative in each orbit. Second, one may assign gen-
uinely distinct morphism data to co-terminal paths. Since Path(/N) is the free category
on the graph N, a functor out of it is determined by its values on objects, generat-
ing edges, and composition. The object layer is already fixed by state compatibility.
Therefore any remaining failure of endpoint determinacy occurs at the morphism layer,
whether or not a section is also present. This proves that mechanisms (i) and (ii) ex-
haust all possible sources of non-endpoint behavior. No third locus exists because The-
orem 3.7.2 contains no further data. 0J

Remark 3.7.6 (Object—morphism complementarity). The two enrichment mechanisms
act on categorically orthogonal layers. Sections modify the representative choice at the
object level. Transport or holonomy data modify the morphism layer while leaving the
object set unchanged. Under the axioms of Theorem 3.7.2, nothing else is available.

3.8 Transport schemes and holonomy

We now recast the morphism-locus part of the classification as route-dependent trans-
port.

Definition 3.8.1 (Free path groupoid). Let N' = (V, E) be a finite directed graph.
Write
Path®(\)

for the free groupoid obtained from N by adjoining formal inverses to all directed edges.

Definition 3.8.2 (Comparison groupoid). A comparison groupoid on N is a small
groupoid
Ch= V.

Definition 3.8.3 (Transport scheme). A transport scheme on a finite network N/ =
(V, E) consists of a choice, for each edge e : p — ¢, of a morphism

7. € Homc,,(p, q).

By the universal property of the free groupoid, these data extend uniquely to a functor

Hol : Path™(\) — Cy
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satisfying
Hol(e) = 7. for every generating edge e.

Definition 3.8.4 (Route dependence). A transport scheme is endpoint-determined if
for any two morphisms

T,720P =4
in Path®(A\) one has
Hol(v1) = Hol(7z).

Otherwise it is route-dependent.
Lemma 3.8.5 (Loop reduction). Let
T,72 P 4

be morphisms in Path™(N). Then

Hol(v;) = Hol(7,) <= Hol(y,'oy) =id,,.
Proof. Because Cy is a groupoid, Hol(7,) is invertible. Therefore

Hol(y; o 71) = Hol(y2) ™" o Hol(71).
Thus Hol(v; 'o7;) = id,, if and only if
Hol(v1) = Hol(s).
O

Theorem 3.8.6 (Route dependence <= loop defect). A transport scheme is route-
dependent if and only if there exists a based loop

C:p—0p

in Path®™(N) such that
Hol(¢) # id, .

Proof. Suppose first that the transport scheme is route-dependent. Then there exist
co-terminal morphisms

V1,72 P 4
such that
Hol(1) # Hol(y2).
Set
0=y tom.
Then by Theorem 3.8.5,

Hol(¢) = Hol(v;) " o Hol(71) # id, .
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Conversely, suppose every based loop has trivial holonomy. Let

T,Y2 P — (g
be co-terminal. Then
Y3 om

is a loop at p, so
Hol(y; 'om) = id,.

By Theorem 3.8.5,
Hol(y1) = Hol(72).

Thus the scheme is endpoint-determined. 0

Corollary 3.8.7 (Transport form of the two-locus classification). For finite protocol
extensions in the sense of Theorem 3.7.2, any enrichment beyond quotient semantics
must occur through at least one of the following classified loci, and may occur through

both:
(i) object-level enrichment by a section of 7;

(ii) morphism-level enrichment by a route-dependent transport scheme, equivalently by
nontrivial loop defect.

Proof. Combine Theorem 3.7.5 with Theorem 3.8.6. 0J

Remark 3.8.8 (Positive interpretation). The two-locus classification says exactly where
additional structure can enter once quotient semantics has been fixed. A section chooses
preferred representatives in each orbit. A route-dependent transport scheme introduces
morphism-level data not determined by the endpoints in Phys. Absent both of these two
enrichments, no further invariant distinction exists beyond orbit-level content.

3.9 Conclusion
Starting from the canonical diagonal redundancy data produced in chapter 2,
X = X4 x Xp, G = Aut(U,C), 7: X — Phys := X/G,

the semantic consequences of diagonal symmetry are now fixed. First, admissible closed-
system reports are exactly the coherent maps

R:X—S

that are invariant under the diagonal action of G. By the descent theorem, every such
report factors uniquely through the orbit projection

7w X — Phys.
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Closed-system semantics is therefore determined to be quotient semantics: all invari-
ant reportable content is carried by the orbit space Phys. Second, pure orbit motion
is invisible to coherent reports. Every coherent report is constant along a pure diago-
nal orbit loop, and any pointwise orbit-equivalent supported representatives of such a
loop have identical coherent report values. Hence subsystem attribution for pure orbit
motion does not define a quotient-level invariant. Third, the possible enrichments of
quotient semantics on finite comparison protocols are completely classified. Within the
extension formalism of Theorem 3.7.2, the classification is exhaustive: if an extension
is not endpoint-determined, then additional structure enters through one or both of the
following mechanisms: representative selection through a section of 7, and morphism-
level transport data, equivalently nontrivial loop defect. There is no third locus within
that formalism. The chapter therefore identifies the precise boundary of closed quotient
semantics. Diagonal redundancy collapses all intrinsic invariant content of the closed
comparison world to the orbit quotient

Phys = X/G.

Any further distinction must therefore be imported explicitly through at least one of the
two structural mechanisms above, and possibly through both together. Accordingly, the
semantic frontier is exact: intrinsic closed-system content is exhausted by quotient data,
and every admissible refinement is confined to the classified object and morphism loci.

Chapter 4 compresses this semantic arc into a single closure theorem that functions
as the entry statement for the subsequent classification and obstruction chapters.
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Chapter 4

Closed Systems from Comparison
Completeness

4.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter consolidates the compactness/closure/quotient consequences of Chapters 1-3
into a single closure theorem that serves as the formal entry point to the representative-
enrichment analysis in chapter 5. Chapter 1 isolated the Boolean compactness mecha-
nism governing passage from finite-stage admissibility to global admissibility. Chapter 2
applied that mechanism to the primitive comparison world

(U.C),

proved that rectangular comparison completeness is equivalent to bijectivity of the canon-
ical factor map

O:U — X, x Xpg, X4 :=Ula, Xp:=U/pB,
and thereby obtained the canonical product presentation
U= XA X XB-

Chapter 3 then showed that under this determined product presentation the intrinsic
symmetry group

G := Aut(U,C)

acts diagonally on
X=X A X X B,

that the comparison world canonically determines the orbit projection
m: X — Phys := X/G,
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and that admissible closed-system reports are exactly the coherent maps on X, equiva-
lently the maps descending uniquely through 7. The present chapter does not introduce
new primitive structure. Its purpose is to identify the single internal condition respon-
sible for the entire Part II spine and to fix, at theorem level, the meaning of the phrase
closed system in the present framework. From this point onward the convention is exact:

closed := rectangularly complete.

This is a terminological identification, not a new axiom. The content of the chapter is
that this one internal completeness condition is exactly what determines the canonical
product presentation, diagonal redundancy, the orbit quotient, and quotient semantics.
Accordingly, the chapter has three tasks:

(i) to define closedness exactly as the internal profile-pairing completeness condition
isolated in Chapter 2;

(ii) to prove that closedness is exactly the condition determining the canonical product
presentation and the quotient-semantic structure of Chapter 3;

(iii) to prove that closedness is minimal for determining this structure uniformly across
comparison worlds.

The first two tasks are consequences of Chapters 2 and 3. The genuinely new content of
the present chapter is the minimality theorem and the compression of Part II into a single
classification statement. Thus this is the point at which the phrase closed system ceases
to be heuristic. Within the present framework, a closed system is exactly a comparison
world whose intrinsic left-profile and right-profile data are internally complete.

4.2 Closure as profile-pairing completeness

Recall from Theorems 2.3.2 and 2.4.1 that every comparison world (U,C) determines
intrinsic congruences «, 5, quotient sets

Xa:=U/a, Xp:=U/pB,
and the canonical factor map
©:U — X4 x Xg, O(u) = ([ta, [u]s).

Definition 4.2.1 (Closure). A comparison world (U,C) is closed if it is rectangularly
complete in the sense of Theorem 2.5.1; equivalently, if for every pair

A€ Xy, B e Xp,
there exists a unique element u € U such that

[Woa =4, [usg=B.
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Remark 4.2.2 (Terminological status). Theorem 4.2.1 introduces no new mathematical
structure. It merely renames the rectangular comparison completeness condition of
Theorem 2.5.1 in the language appropriate to its semantic role in the remainder of the
manuscript.

Remark 4.2.3 (Internality of closure). Closure is purely internal. It refers neither to a
geometric boundary nor to an ambient environment, an external observer, or a back-
ground space. It asserts only that every admissible pairing of left and right comparison
profiles is realized by a unique state of the world itself.

Proposition 4.2.4 (Closure <= bijectivity of the canonical profile map). For a com-
parison world (U,C), the following are equivalent:

(i) (U,C) is closed.

(ii) The canonical factor map
©:U— XA X XB

18 bijective.
When these conditions hold, the identification
U=ZX,4xXp
s canonical, namely given by ©.

Proof. By Theorem 4.2.1, closedness is exactly rectangular completeness. By Theo-
rem 2.6.1, rectangular completeness is equivalent to bijectivity of ©, and the same the-
orem records that the resulting identification of U with X, x Xpg is canonical. O

Remark 4.2.5 (Closure as absence of profile-pair defects). Failure of closure means that
at least one of two profile-pair defects occurs: either © is not injective, so distinct states
determine the same left-right profile pair, or © is not surjective, so some left-right profile
pair is not realized by any state; both defects may occur simultaneously. Thus closure
is precisely the absence of profile-pair defects.

4.3 Closure determines diagonal redundancy and quo-
tient semantics

Once closure holds, the product structure and quotient-semantic architecture of Part II
are determined. Assume henceforth, under item (SP3), that the equivalent conditions
of Theorem 4.2.4 hold. Write

X =X, x X5

and identify U with X through the canonical bijection ©.
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Definition 4.3.1 (Determined diagonal redundancy). A comparison world (U,C) deter-
mines diagonal redundancy if the following data are canonically determined from (U, C)
without any additional primitive:

(i) the factor spaces

Xa=Ula, Xp=U/pB;

(ii) the canonical identification

U= X4 x Xp;
(iii) the canonical diagonal action of
G := Aut(U,C)
on
X =X x Xp.

Proposition 4.3.2 (Closure determines diagonal redundancy). If (U,C) is closed, then
it determines diagonal redundancy in the sense of Theorem 4.53.1. More precisely, under
the canonical identification U = X 4 x Xp, the natural action of

G = Aut(U,C)
on U becomes the diagonal action
g (xa,xp) = (g9-xa, g-TB)
on X4 X Xg.
Proof. By Theorem 4.2.4, closure yields the canonical identification
U= X4 xXp

through ©. The G-invariance of o and 3, proved in Theorem 2.3.5, gives well-defined
induced actions on X4 and Xpg; see Theorems 2.8.1 and 2.8.2. By Theorem 2.8.3, the
action of GG on U is transported by © exactly to the diagonal action on X4 x Xp. [

Corollary 4.3.3 (Canonical quotient input). If (U,C) is closed, then the orbit quotient
Phys := X/G

and the orbit projection
m: X — Phys

are canonically determained by the comparison world.

Proof. By Theorem 4.3.2, closure determines the diagonal action of G on X. The orbit
quotient and its projection are therefore canonically determined. O

63



Proposition 4.3.4 (Universal quotient description of coherent reports). Under the
standing principle Standing Principle 1, let (U,C) be closed, and let

m: X — Phys .= X/G

be the orbit projection for the determined diagonal action. Then for every set S, compo-
sition with m induces a bijection

7 : Map(Phys, ) — Mapg (X, S),
where
Maps(X,S):={R: X —S: R(g-z)=R(z) Vg€ G, € X}

1s the set of coherent, equivalently G-invariant, maps.

Proof. Define
™ (f):=form for f € Map(Phys, S).

Because 7(g - ) = 7w(z) for all g € G and = € X, the composite f o 7 is G-invariant.
Hence 7* is well defined. Let
R € Mapq(X, 5).

Then R is coherent in the sense of Theorem 3.2.1. By Theorem 3.2.4, there exists a
unique map

R : Phys —» S
such that B
R=Rom
Therefore B
R =71"(R),

so 7* is surjective. Now suppose

T (f1) =7 (f2), Le. fiom= fyom.

Let p € Phys. Since 7 is surjective, choose x € X with

m(x) = p.
Then
[i(p) = [i(7(z) = (from)(z) = (faom)(z) = fo(m(z)) = fo(p)-
Hence f; = f5, so 7 is injective. Therefore 7* is a bijection. O

Corollary 4.3.5 (Closed-system semantics is quotient semantics). Under closure, ad-
missible state reports in the closed-system sense are exactly maps on the quotient state
space

Phys = X/G.
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Proof. By Theorem 3.2.2, admissible state reports are exactly coherent maps, equiva-
lently the elements of Map (X, S) for varying codomain S. By Theorem 4.3.4, these are
in canonical bijection with maps Phys — S. 0

Remark 4.3.6 (Why quotient semantics is not an extra axiom). The quotient Phys is
not introduced by a separate gauge principle. Once closure determines the canonical
product structure and diagonal redundancy, the universal property of m determines the
semantic identification of admissible reports with maps on Phys.

4.4 Logical minimality of closure

The genuinely new content of the chapter is the minimality statement: closure is not
merely sufficient for the quotient-semantic spine. It is the minimal internal condition
that determines it uniformly:.

Theorem 4.4.1 (Logical minimality of closure). Let P be any property of comparison
worlds with the following uniform determining property: for every comparison world

(U,C) satisfying P, the world canonically admits an identification
U= XA X XB

compatible with the intrinsic congruences o and 3. Then P implies rectangular com-

pleteness. Equivalently, P implies closedness.

Proof. Fix a comparison world (U, C) satisfying P. By hypothesis, (U,C) canonically
admits an identification
U=X A X X B

compatible with the intrinsic congruences a and . By compatibility, the canonical

factor map
O:U— X, xXp

must coincide with that identification, hence is bijective. By Theorem 2.6.1, bijectivity
of © is equivalent to rectangular completeness. Thus P implies closedness. O

Theorem 4.4.2 (Minimality of closure for the quotient-semantic spine). For a compar-
ison world (U,C), the following are equivalent:

(1) (U,C) is closed.

(2) The canonical map
©:U— XaxXp

18 bijective.
(3) (U,C) determines diagonal redundancy.
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Moreover, no strictly weaker closure property guarantees determined diagonal redundancy
for all comparison worlds.

Proof. The equivalence (1)<=>(2) is Theorem 4.2.4. The implication (2)==-(3) is Theo-
rem 4.3.2. Conversely, if diagonal redundancy is determined, then by Theorem 4.3.1 the
comparison world canonically determines an identification

UgXAXXB.

Since © is the canonical map from U to that same product, it must be bijective. Hence
(3)==(2). If P is any property of comparison worlds which uniformly determines di-
agonal redundancy, then P satisfies the hypothesis of Theorem 4.4.1. Therefore P
implies closedness. Hence no strictly weaker property can force diagonal redundancy
uniformly. O

Corollary 4.4.3 (Logical irreversibility of the spine). Once closure holds, the structural
chain

(U,C0) = U = X4 x Xp
= G ~ X diagonally
— 7: X — Phys = X/G
= canonical descent

= subsystem attribution obstruction

1s determined. No weaker closure axiom guarantees this chain uniformly.

Proof. The first three steps follow from Theorems 4.2.4, 4.3.2 and 4.3.3. Canonical
descent is the universal quotient description of Theorem 4.3.4. The final obstruction
statement is Theorem 3.5.1. The minimality clause is the second assertion of Theo-
rem 4.4.2. 0

4.5 Part II classification theorem

The results of Chapters 2, 3, and the present chapter now compress into a single classi-
fication theorem.

Theorem 4.5.1 (Closed-system classification from comparison completeness). Under
the standing principle Standing Principle 1, let (U,C) be a comparison world in the local
distinguishability regime

OéﬂﬂIAU

and satisfying the closure clause item (SP3), equivalently rectangular comparison com-
pleteness. Then the following structure is canonically determined.
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(i) the canonical factor map
O:U — X, x Xg, Xa:=U/a, Xp:=U/B,

15 bijective, hence

U= X4 x Xp;
(ii) the intrinsic symmetry group
G := Aut(U,C)
acts diagonally on
X = X, % Xp.

so the comparison world canonically determines the orbit projection
7m: X — Phys := X/G;
(iii) for every set S, pullback along 7 induces a bijection
Map(Phys, S) =, Mapg (X, S),
where Map (X, S) denotes the coherent, equivalently G-invariant, maps X — S;

(iv) consequently, admissible closed-system content is exactly quotient content on Phys;

(v) for pure orbit motion, coherent reports are constant, so subsystem attribution along
pure diagonal orbit loops is not a quotient-level invariant,

(vi) any extension of quotient semantics on finite comparison protocols that is not
endpoint-determined introduces additional structure through at least one of two
loci, possibly both, and through no others:

(a) object-level representative choice, i.e. a section
s : Phys — X;
(b) morphism-level transport data, equivalently nontrivial loop defect.

Hence a closed system in the present sense is canonically classified by the quotient-
semantic datum

X4, Xp, G, WZXAXXB%(XAXXB)/G,

together with the theorem that all admissible content descends to the quotient and all
non-quotient enrichment enters through at least one of the two classified loci, possibly
both, with no third locus.

Proof. Item (i) is Theorem 4.2.4. Item (ii) is Theorem 4.3.2 together with Theorem 4.3.3.
Item (iii) is Theorem 4.3.4. Item (iv) is Theorem 4.3.5. Item (v) is Theorem 3.5.1. Item
(vi) is Theorems 3.7.5 and 3.8.7. O
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4.6 Interpretation

The formal results admit an exact internal reading.

Remark 4.6.1 (Closure as internal completeness). Within the present framework, the
term closed system has a purely comparison-theoretic meaning. It does not refer to a
geometric boundary or to an externally imposed isolation condition. Rather, closure
means that the comparison structure already realizes every state required by its own
left-profile and right-profile data. Equivalently, closure is the condition that every pair
consisting of an a-class and a [-class is realized by a unique element of U. This is
exactly the rectangular comparison completeness condition of Theorem 2.5.1, recast
terminologically in Theorem 4.2.1. Thus closedness is not added from outside. It is the
statement that the comparison world is internally complete with respect to its own profile
data. Once this internal completeness holds, the canonical product decomposition, the
diagonal symmetry, the orbit quotient, and the quotient semantics all follow as necessary
consequences of the comparison structure itself.

Remark 4.6.2 (Structural centrality of the chapter). Everything later in the stack pre-
supposes the theorem-level content recorded here. The transport theory of enrichment,
the stabilization of loop defect, and the later curvature realization of that same ob-
struction all require that admissible state content has already been determined down to
quotient semantics. That determining is exactly the content of closure as established in
the present chapter.

4.7 Conclusion

The structural content of Part II is now complete. A comparison world is closed exactly
when it satisfies rectangular comparison completeness. Equivalently, it is closed exactly
when the canonical factor map

@3U—>XAXXB

is bijective. In that case the comparison structure determines the canonical product
presentation

U= XA X XB,
the diagonal action of

G = Aut(U,C)
on

X =X, x Xp,

and hence the canonical orbit projection
m: X — Phys = X/G.
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The universal property of 7 then identifies admissible closed-system reports with maps
on Phys. Quotient semantics is therefore not an added axiom. It is a theorem-level con-
sequence of closure. Moreover, closure is minimal for this purpose. No strictly weaker
condition determines diagonal redundancy uniformly, and hence no strictly weaker con-
dition determines the quotient-semantic spine of Part II. This is the structural role of the
chapter. It closes Part II by fixing the exact theorem-level meaning of a closed system
and by proving that the passage from primitive comparison data to canonical quotient
semantics is determined exactly by closure, i.e. by rectangular comparison complete-
ness. Accordingly, Part II concludes at theorem level: closure is both necessary and
sufficient for the quotient-semantic backbone, and no weaker hypothesis supports the
same uniform determination.

From this fixed backbone, chapter 5 undertakes the universal classification of admis-
sible enrichment mechanisms beyond quotient semantics.
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Part 111

Lifting, Transport, and Holonomy
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Chapter 5

Universal Classification of
Representative Enrichment

5.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the representative-enrichment consequences of the quotient-descend
and transport-visibility clauses (items (SP4) and (SP5)). With the structural closure
theorem of chapter 4 fixed, it develops the universal enrichment classification and proves
that no third enrichment locus is admissible. Chapters 2 and 3 complete the semantic
part of the closed comparison program. Rectangular comparison completeness yields

the canonical factorization
U= X4 x Xp=:X,

the intrinsic symmetry group
G := Aut(U,C)
acts diagonally on X, and the orbit projection
m: X — Phys = X/G

is thereby fixed by the comparison datum itself. By canonical descent, admissible state
reports are exactly the G-invariant maps

R:X — S,

equivalently the maps factoring uniquely through 7. The quotient Phys therefore con-
tains precisely the coherent state content visible to admissible observables. From this
point onward the problem is no longer semantic. The quotient already records every-
thing that survives intrinsic descent. Any passage back from Phys to X must therefore
introduce data absent from quotient semantics itself. The possible enrichment data are
exhausted by two loci that may occur together: the object layer, consisting of the choice
of representatives in the fibres of

7w : X — Phys,
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and the morphism layer, consisting of the transport elements of G relating those repre-
sentatives along arrows. No third locus exists. This is not an interpretation imposed
on the formalism. It is determined by the categorical object governing representative
reconstruction. Once X, the diagonal G-action, and the quotient map 7 are fixed, rep-
resentative reconstructions are precisely functors into the action groupoid

X /G,

and a functor into X /G is determined exactly by its values on objects and on morphisms.
The object and morphism loci are therefore the two irreducible layers of data carried
by the lifting object itself. The chapter is organized around the following classification
theorem.

Theorem 5.1.1 (Universal classification of representative enrichment). Under the stand-
ing principle Standing Principle 1, let

m: X — Phys:= X/G
be the canonical orbit projection of the diagonal action of
G = Aut(U,C)
on the canonical carrier X = X4 x Xpg, and let
pr: X /G — Phys®®
be the associated component functor. Let T be a small category, and let
R : T — Phys®s

be a quotient-level protocol. Then every representative reconstruction of R is exactly a

functor N
T:T—-X )G with prol = R.

Whenever such a lift exists, it is exhausted by the following two loci of data, which may
occur together and admit no third independent enrichment class:

(i) Object locus: for each object i € Ob(Z), a choice of representative
r; € X with m(x;) = R(i);
(ii) Morphism locus: for each morphism f:i — j in I, a transport element
greG such that gy - T = xj,
subject to the functorial relations
Gid; = €, Gfaofr = 9f29f1-
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These two loci determine the lift uniquely, and no third independent enrichment datum
exists. Equivalently, the action groupoid X || G is the universal and exhaustive recipient
of all representative enrichments of quotient semantics.

The theorem isolates the only possible sources of non-quotient data. Representative
choice occupies the object locus. Transport, holonomy, the first finite triangle obstruc-
tion, and the later loop-defect globalization occupy the morphism locus. The remainder
of the chapter makes this statement precise. First the action groupoid is constructed and
projected to the discrete quotient Phys®¢. Quotient protocols are then formulated as
functors into Phys®*°, and representative reconstruction is expressed as a lifting problem.
Existence is treated separately by a connected-component criterion. The classification
theorem is then proved by direct analysis of the data carried by a functor into X / G.
Only after the classification is in hand is the action groupoid reformulated by its univer-
sal property. Finally, the comparison-theoretic origin of the construction is identified:
rectangular completeness is exactly the primitive that canonically produces the carrier
X, the diagonal action of (G, and hence the lifting groupoid itself. This is the point at
which quotient semantics passes into transport algebra.

5.2 The action groupoid
Definition 5.2.1 (Action groupoid). Let a group G act on a set X. The action groupoid
X)G

is the category defined as follows.

(1) The objects are the elements x € X.

(2) For z,y € X, a morphism x — y is a pair

(9, )
with g € G such that y =g - z.

(3) If
(g,z):x—g-x and (h,g-x):g9-x— hg-x,

then their composite is
(h,g-x)o(g,x) = (hg, ).
(4) The identity morphism at x is
id, := (e, x),

where e € (G is the identity element.
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Lemma 5.2.2. The category X || G is a groupoid.
Proof. Associativity follows from associativity in G. For composable triples,
(ka hg ' 93') © ((h’ag : :E) © (g,$)) = (k7 h.g . l') ° (hg>$) = (kh97$)7

while
((kvhg ' (L’) © <h7g : l’)) ° (g,l’) = (kh7g . l’) © (g,l’) - (kh.%I)

The identity law is immediate:
(e,9-x)0(g,2) = (eg,x) = (9,2),  (9,2)0(e,x) = (ge,7) = (g, ).
Finally, every morphism (g, z) : © — ¢ - x is invertible, with inverse

(g hg-x):ig-z—uz,

since
(g7 g -z)o(g,x) = (e,2) = id,
and
(g,z)o (g7 g -x)=(e,g-x) =idg,.
Thus every morphism is invertible, so X / G is a groupoid. 0

Lemma 5.2.3 (Orbit characterization). For z,y € X, the following are equivalent.
(i) = and y are isomorphic in X || G;

(ii) there exists g € G such that

(iii)
m(z) = 7(y),
where ™ : X — Phys := X/G is the orbit projection.

Proof. A morphism x — y in X // G is by definition a pair
(g,2) :x — g-x.

Hence such a morphism exists if and only if y = ¢g - x for some g € G. Since every
morphism in X / G is invertible by Theorem 5.2.2, this is equivalent to z and y being
isomorphic. Thus (i) and (ii) are equivalent. Condition (ii) says exactly that x and
y lie in the same G-orbit. By definition of the orbit projection, this is equivalent to
m(x) = m(y). Thus (ii) and (iii) are equivalent. O
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5.3 The orbit quotient as a discrete base
Definition 5.3.1 (Discrete quotient category). Let
Physdisc

denote the discrete category whose objects are the elements of Phys and whose only
morphisms are identity morphisms.

Definition 5.3.2 (Component functor). Define
pr: X /G — Phys®s

on objects by

and on morphisms by

pr(g, ) := idx(a) -
Lemma 5.3.3. The assignment pr s a functor.

Proof. For identities,
pr(id,) = pr(e, ) = idy(g) = idpr) -

For composition, let
(9,2) :x — g-u, (h,g-z):9-x— hg-x.

Then
pr((h,g-z)o(g,x)) = pr(hg,z) = ide(z) -
On the other hand,
pr(h,g-x)opr(g,x) = idy(ga) 0ida(a) -

Since 7(g - ) = 7(x), the right-hand side is
idw(x) .
Thus pr preserves identities and composition. [l

Remark 5.3.4. The functor pr forgets precisely the representative-level data that quotient
semantics excludes: the chosen objects in X and the transport labels in G. What remains
is the orbit class alone.

1)



5.4 Quotient protocols and representative lifts

Definition 5.4.1 (Quotient-level protocol). Let Z be a small category. A quotient-level
protocol is a functor
R : T — Phys®c.

Because Phys®° is discrete, such a functor records only orbit classes attached to the

objects of Z. It carries no representative choices and no transport information.
Definition 5.4.2 (Representative lift). A representative lift of R is a functor
T:-T—-X)G

such that
prol = R.

Thus reconstruction of representatives from quotient-level data is a lifting problem

X /G
T \ pr

T A Physdc,

Remark 5.4.3. This is the groupoid-level analogue of canonical descent. By Theo-
rems 3.2.4 and 3.2.6, admissible maps out of X were exactly those descending through
7. Here quotient-level data are lifted back through the canonical groupoid lying over
Phys®is.

5.5 Lift existence

Lemma 5.5.1 (Lift existence criterion). A representative lift of
R : T — Phys™
exists if and only if R is constant on each connected component of .

Proof. Assume first that a lift
T:-T—-X)G

exists. Let 4,5 € Ob(Z) lie in the same connected component of Z. Then there is
a zig-zag of morphisms joining ¢ to j. Applying T yields a zig-zag of morphisms in
the groupoid X // G, so all objects appearing in the image zig-zag are isomorphic. By
Theorem 5.2.3, their images under 7 coincide. Hence

R(i) = pr(T(i)) = pr(T(j)) = R(j).
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Therefore R is constant on each connected component. Conversely, assume that R is
constant on each connected component of Z. For each connected component C', choose
an element

ro € X

such that -
m(zc) = R(i) for every i € C.

This is possible because 7 is surjective and R is constant on C. Define T on objects by
T(i) = xc (1€ C).
For every morphism f : ¢ — j inside the component C| define

T(f):=1id

xo -

Then T preserves identities and composition because identities do. Moreover,

pr(T'(z)) = m(zc) = R(i),

SO B
prol = R.

Thus T is a representative lift. O

Remark 5.5.2. Because the target Phys®™ is discrete, a connected quotient protocol can
carry only one orbit per connected component. The criterion states that this obvious
necessary condition is also sufficient.

5.6 Exhaustion of representative enrichment

Proof of Theorem 5.1.1. Let
T:T—-X /G  with proT =R

be a representative reconstruction. A functor into X // G is determined uniquely by its
values on objects and on morphisms. For each object i € Ob(Z), the value T'(i) is an
element of X. Since

pr(T (7)) = R(3),
the point T'(4) is a representative of the orbit class R(i). This is exactly the object locus.
For each morphism f : i — j, the value T'(f) is a morphism in X /G from T'(7) to T'(j).
By definition of the action groupoid, such a morphism is of the form

T(f) = (95, T())

for some element g; € G satisfying
g5 - T(i) =T(7)-
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This chosen transport label is exactly the morphism locus. Without the later free-action
hypothesis, it need not be determined by the endpoints alone. Functoriality imposes the
relations

gia, =€ and  Gron = 9pHdn

for composable morphisms fi, fo. These are compatibility relations on the same trans-
port labels; they do not introduce any further independent datum. Thus every rep-
resentative reconstruction is determined completely by its object representatives and
transport labels, and there is no third place at which additional representative-level
structure can enter. This is exactly the statement of Theorem 5.1.1. 0

Corollary 5.6.1 (Exact exhaustion). Every representative lift is exhausted by the fol-
lowing two loci of data, which may occur together:

(i) representative choice on objects;

(i) transport assignment on morphisms, subject to functorial compatibility.
No third independent invariant datum appears at the level of the action groupoid.
Proof. Immediate from Theorem 5.1.1. O

Theorem 5.6.2 (Free-action specialization: representative lifts as pointed flat G-torsor
transport on the protocol). In the local free-fibre setup, assume that the orbit fibres of

m: X — Phys

are free G-orbits. Let a _
R : T — Phys®

be a quotient-level protocol, and let
T:-T—-X )G
be a representative lift. Then T determines, and is determined by, the following data:

(1) for each object i € Ob(Z), the orbit fibre

T (R(1)),
which is a G-torsor, together with a chosen representative point
z; € mH(R(>D));
(ii) for each morphism f :1 — j, the torsor isomorphism
7o H(R(0) = 7 (R(5))
induced by the transport label of T(f), so that

7r(25) = @55
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(iii) these isomorphisms satisfy the flatness relations

Tid, = id, Tfaoft = T2 OTh -

Equivalently, under the free-action hypothesis, a representative lift is exactly a pointed
flat G-torsor transport system on the protocol category L.

Proof. Let T be a representative lift. For each object i € Ob(Z), the protocol specifies
an orbit

R(i) € Phys.
Its fibre .
mH(R())
is a G-torsor under the given action because, by hypothesis, the orbit fibre is a free

G-orbit. For each morphism f :7 — 7, write

T(f) = (g5, T().

Then left multiplication by g; defines a map

7 Y(R(i)) — 7 Y(R(j)), T gy X

Because gy € G acts bijectively on X, the map 7y is a torsor isomorphism. Functoriality
of T' gives
9id; = € and 9faofr = 9529115

hence
Tid; = id7 Tfaofy = Tfa OTH-

Thus the transport system is flat. Conversely, suppose given the orbit fibres, chosen
representatives x; € 7 !(R(i)), and a family of torsor isomorphisms 7; satisfying the
displayed flatness relations and the compatibility condition

Tr(25) = x5

for each morphism f : 7 — j. Because the fibres are free G-torsors, each 74 is given by
left multiplication by a unique element g; € G, characterized by

gf T = ZL’j.
These elements satisfy

gia, =€ and  Gpron = 9pdn

because the 7; do. Hence the assignments



define a functor

T:IT—-X)G
with
prol = R.
Thus the pointed torsor-transport data are equivalent to a representative lift in the
free-action setting. O

Remark 5.6.3. The classification in Theorem 5.1.1 already yields a flat transport system
of orbit fibres over the protocol category. Under the additional free-action hypothesis
of Theorem 5.6.2, those orbit fibres are G-torsors, and the transport system becomes
the discrete antecedent of a flat principal G-bundle. After geometric realization of the
protocol category, this becomes the usual notion of a flat principal G-bundle. In later
chapters this flat transport background first reappears as loop defect and triangle ob-
struction, and only in the later smooth realization chain is the stabilized obstruction
read as curvature.

5.7 Universal property of the action groupoid

The general classification in Theorem 5.1.1 admits a universal reformulation. The action
groupoid is the canonical groupoid over the quotient through which every representative
reconstruction factors.

Theorem 5.7.1 (Universal property of the action groupoid). Let C be a groupoid, let
7c : C — Phys®*

be a functor, and let
t: X — Ob(C)

be a map satisfying
mc((x)) = m(x) for all x € X.

Assume moreover that for every g € G and every x € X there exists a unique morphism
Mg t(x) = (g - T)

in C lying over '
id(z) € Phys®™,

and that these morphisms satisfy
Neaw = idu@)y,  Mhge = NMhga © Ng,e-
Then there exists a unique functor
F:X)G—C
such that
F(z) =uz),  Flg,x)=nga,  mcoF =pr.
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Proof. Define F' on objects by

and on morphisms by
F(g,x) = Tga-

This is well defined because (g, ) is a morphism
T—=>g-x
in X / G, while 0, is by hypothesis a morphism
t(z) = (g x)
in C. For identities,
F(idy) = F(e,x) = Nep = idyp) = idp() -
For composition, let
(g,2) 2 —g-m, (h,g-x):g9-x— hg-x.

Then
F((hvg : ZL’) © (g,ZE)) = F(hg,ﬁ(]) = Mhg,x-

By the cocycle condition,
Nhg,e = Mh,g-z © Ng,x = F(h7g . '1:) © F(ga CL’)

Hence F' preserves composition. Next, for objects,

(¢ o F)(z) = mc(u(x)) = m(z) = pr(z),

and for morphisms,

(mc o F)(g,2) = mc(ng.) = idr(2) = pr(g, x).
Thus
mco F =pr.

Uniqueness is immediate, because every object of X / G is an element x € X, and
every morphism is of the form (g, z). A functor with the stated properties is therefore
determined to take exactly the values defined above. [l

Remark 5.7.2. Once 7w : X — Phys is fixed, the action groupoid X / G is the canonical
groupoid carrying all representative reconstructions compatible with the G-action. Every
other such reconstruction factors uniquely through it.
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5.8 Sections and the object locus

Proposition 5.8.1 (Sections and global representative choice). Giving a representative
choice for every orbit in Phys is equivalent to specifying a section

s:Phys - X
of the orbit projection 7.
Proof. A section s : Phys — X satisfies
7(s(p)) =p  for every p € Phys.
Thus s assigns to each orbit p a representative
s(p) € 7 (p).

This is exactly a global representative choice. Conversely, suppose one has chosen, for
each p € Phys, an element

z, € 7 (p).

Then the assignment

Hence s is a section of . O

Remark 5.8.2. The object locus contains neither more nor less than preferred represen-
tatives in orbit fibres.

5.9 Holonomy and the morphism locus

Definition 5.9.1 (Transport labels and holonomy). Let
T:-T—-X)G
be a representative lift. For each morphism f : i — 7, write
T(f) = (g7, T(0)).

If
7:fno"'of1

is a composable path in Z, define

9y =9 9n € G,

If v is a loop at 7, the element g, is called the holonomy of .
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Lemma 5.9.2 (Functoriality of path labels). For composable paths v1,72 in Z, one has

Gyaom1 = Yy2 G-

Proof. Because T is a functor,

T(v20m) =T()oT(m).
Write
T(n) = (94, T(@),  T(72) = (94, T(5))-
Then
T(v2) o T(m) = (972, T(4)) © (931, T(0)) = (9129, T(2))-
By uniqueness of the group label in the action groupoid, this is exactly
T(72 © 71) = (9720717T(i))'

Hence

Gyoom1 = 929

Definition 5.9.3 (Gauge modification). Let
T:-T—-X)G

be a representative lift, and let (h;)iconz) be a family of elements of G. The gauge
modification of T by (h;) is the functor

™:.T—-X)G
defined on objects by

and on morphisms by
T(f) := (hygehi ', hi - T(@)  (f:i— 7).

Lemma 5.9.4. The assignment T — T" defines a representative lift of the same quotient
protocol R.

Proof. Since w(h; - T'(i)) = w(T(i)), the object assignments remain over the same orbit
classes. For a morphism f :7 — j,

(higrh; ™) - (hi - T(0)) = hi(gy - T()) = hy - T(j) = T"(j),

so the stated arrow is well defined in X // G. Identities and composition follow from the
corresponding identities in G:

hieh; ' = e, (higahy ) (higih; ') = hi(gaga)h; "
Thus T" is a functor. Finally,
pr(T" (7)) = n(T(i)) = R(3),
so proT”" = R. U
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Theorem 5.9.5 (Trivial holonomy and reduction to the object locus). Suppose Z is a
connected groupoid and let

T:-T—-X)G

be a representative lift of .
R : T — Phys®™.

Then the following are equivalent.

(i) Ewvery loop in T has trivial holonomy.
(ii) There exists a gauge-equivalent representative lift
T:-T—-X)G
with dentity morphism labels on every morphism.

(iii) The morphism-level enrichment of the protocol is globally trivializable, so that, up
to gauge, only object-level representative choice remains.

Proof. (i)=-(ii). Fix a base object iy € Ob(Z). For each object i € Ob(Z), choose a path
Vi tlg —> 1
in the connected groupoid Z and define
hi =g, €G.

Because every loop has trivial holonomy, h; is independent of the chosen path. Indeed,
if v/ is another path from iy to 7, then (7/)~! o7, is a loop at iy in Z, so

_ _
€ =90 i = Yy G

hence g,, = g,;. Consider the gauge modification Th™" corresponding to the family hit.
For a morphism f : ¢ — 7, the new label is

hj’lgfhi.
Since «; may be chosen as f o+, connectedness of the groupoid and path-independence
give

hj = grh;.
Therefore

hj_]L grh; = e.

Thus every morphism of 7" " has identity label. (ii)=-(iii). If a gauge-equivalent lift
has identity labels on every morphism, then all transport data are trivial. Only the

representatives on objects remain. Thus the morphism locus reduces to the object locus.
(iii)=-(i). If the morphism-level enrichment is globally trivializable, then after passing to

a trivialized lift every morphism has label e. Hence every path has label e, and therefore
every loop has trivial holonomy. Since gauge conjugation preserves triviality of loop
labels, the original lift also has trivial holonomy on every loop. ([l
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Remark 5.9.6. The point is not that a literal global section Phys — X must exist on
all of Phys. The point relevant here is sharper: under the same pathwise hypotheses
used in the theorem above, vanishing holonomy is exactly the condition under which the
morphism locus disappears, up to gauge, and the lift reduces to representative choice.

5.10 Rectangular completeness as the minimal primi-
tive
Theorem 5.10.1 (Minimal primitive for canonical lift classification). Rectangular com-

parison completeness is necessary and sufficient for the action-groupoid lift classification
developed above to be canonically determined from the comparison datum (U,C).

Proof. Under the closure clause item (SP3), assume rectangular completeness. By the
classification theorem at the comparison layer, the canonical factor map

©:U— X4xXp

is bijective. Hence U is canonically identified with

X =Xy x Xp.
By the diagonal action theorem, the intrinsic symmetry group

G = Aut(U,C)
acts canonically and diagonally on X, and the orbit projection

m: X — Phys .= X/G
is therefore canonically defined. Consequently the action groupoid
X /G,

the component functor .
pr: X J G — Phys®™,

and the representative lifting problem itself are all canonically determined from (U,C).
Conversely, suppose rectangular completeness fails. Then the canonical factor map © is
not bijective. Therefore no canonical product presentation

UgXAXXB

is available. Without such a canonical carrier X, there is no canonical diagonal action
of Aut(U,C) on a product space, hence no canonical orbit projection 7 : X — Phys, and
therefore no canonical action groupoid X /G. In particular, the notions of representative
lift, section, transport label, and holonomy are then not intrinsic consequences of the
primitive comparison data alone. Thus rectangular completeness is both sufficient and
necessary for the universal representative-lift classification to be canonically defined. [J
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Corollary 5.10.2 (Unique minimal primitive). Rectangular comparison completeness
15 the unique minimal primitive at the comparison layer determining canonical diagonal
redundancy and hence the object—transport dichotomy.

Proof. By Theorem 5.10.1, rectangular completeness is necessary and sufficient for the
canonical construction of the carrier X, the diagonal action of GG, the quotient map 7, and
the action groupoid X J/ G. All subsequent lifting data depend on this canonical package
and are therefore available exactly under rectangular completeness. Hence rectangular
completeness is the unique minimal primitive determining the two-locus classification.

U

5.11 Conclusion

The structural chain proved in this chapter is

(U,0) = U= XsxXp=G~ X = 7:X — Phys
— pr: X / G — Phys®® — universal lift classification.

At the representative level, every enrichment of quotient semantics is exhausted by the
following two loci, which may occur together:

(i) representative choice on objects, equivalently the object locus;
(ii) transport and holonomy on morphisms, equivalently the morphism locus.

No third locus exists. This chapter therefore isolates the categorical source of the two-
locus principle that governs the remainder of the stack. The object locus reappears later
as representative selection and residue. The morphism locus reappears as transport,
route dependence, the first finite triangle obstruction, the later loop-defect globalization,
and finally curvature after smooth realization. This classification is the exact point
at which quotient semantics passes into transport algebra. Accordingly, the no-third-
locus statement is not heuristic but complete: every admissible enrichment factor enters
through at least one of the two classified loci, and possibly both, namely representative
selection on objects and transport data on morphisms.

Chapter 6 turns this classification into explicit calculus, constructing lifts and trans-
port cocycles in fully concrete form.

86



Chapter 6

Action Groupoid Lifts and the Two
Loci of Enrichment

6.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the action-groupoid lift calculus implementing the quotient-descend and
transport-visibility clauses (items (SP4) and (SP5)). Building on the locus classification
of chapter 5, it develops the explicit lift calculus used in chapters 7 and 8. Chapter 5
established that representative enrichment is exhausted by representative choice and
morphism-level transport, possibly with both and with no third locus. Once diagonal
redundancy determines the canonical quotient

7m: X — Phys := X/G,
every quotient-level protocol
R : T — Phys®
admits representative realizations precisely as lifts through the action groupoid
X/ G.
The goal of the present chapter is to give a complete algebraic classification of such lifts

and to identify the precise transport structure they carry. The first main result is the

classification theorem: every representative lift is given by object-level representatives
together with morphism-level transport data. The second main result is the gauge prin-

ciple for such lifts. Changing representatives by pointwise group elements conjugates
the transport cocycle in the expected way. Thus representative choice is noncanonical,
whereas loop holonomy survives up to conjugacy and furnishes the invariant content of
the morphism locus. The third main result is the structural strengthening that matters

for the later obstruction theory. The transport cocycle of a lift is not merely a book-
keeping device. It is already a flat G-connection on the protocol category, in the strict
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categorical sense that after groupoid completion it becomes a functor
9:6G(Z) — BG,

where BG is the one-object groupoid with automorphism group G. Equivalently, a
representative lift is exactly a representative choice together with a flat G-connection
whose restriction to the original protocol arrows carries the chosen representatives com-
patibly from source to target. This strengthening is decisive for the later chapters. The
present chapter does not yet produce the later smooth obstruction carriers. It fixes the
flat transport background whose first finite failure is isolated in chapter 7, globalized
into loop-based descent obstruction in chapter 8, identified with that finite witness in
chapter 9, and then carried through observer-level irreversible descent and stitching in
chapters 10 and 11 before the later smooth /interface chapters expose the quadratic car-
rier and curvature realization. In particular, the later triangle obstruction is to be read
as the first nontrivial defect beyond this flat compositional regime. Accordingly, the
logical spine is not merely

quotient protocol = lift = transport,

but rather

quotient protocol = lift = compatible flat G-transport
— first finite triangle witness = loop-obstruction globalization
—> bridge identification = observer-level irreversible descent

—> stitching continuation = quadratic carrier => curvature realization.

Throughout the chapter all arguments are purely algebraic and categorical. No topology,
geometry, or smooth structure is assumed. All assumptions below are local protocol con-
ditions (existence of lifts, connectedness, or gauge choices), not independent foundational
axioms.

6.2 Closed systems and quotient semantics
The minimal ambient structure required for the lifting problem is isolated as follows.

Definition 6.2.1 (Closed system with diagonal redundancy). A closed system with
diagonal redundancy consists of
(X,G,m)

where
e X is a nonempty set,

e (7 is a group acting on X on the left,
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7. X = X/G

is the orbit projection.

One writes

Phys := X/G.
Remark 6.2.2. In the applications treated in chapters 2 and 3 one has
X =X, x Xp, G = Aut(U,C), Phys = X/G.

However no product structure on X is used in this chapter. Only the group action and
its quotient are required.

Definition 6.2.3 (Admissible report). A report

R:X—S

is admissible if it is invariant under the G-action:
R(g-x) = R(x) Vge G, x e X.

Lemma 6.2.4 (Canonical descent). A report R : X — S is admissible if and only if it
factors uniquely through the orbit projection:

R=Ror
for a unique map
R : Phys — S.
Proof. If R is admissible define
R([z]) := R(x).

If [z] = [y] then y = g - = for some g € G, hence R(y) = R(x), proving well-definedness.
Conversely if R = R o m then

R(g-x) = R(n(g- x)) = R(r(x)) = R(x).

Uniqueness follows from surjectivity of . OJ

Remark 6.2.5 (Scope of the chapter). The present chapter does not enlarge the class of
admissible reports. Instead it analyzes the structure that appears when one reconstructs
representatives realizing quotient-level protocol data.
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6.3 The action groupoid

Definition 6.3.1 (Action groupoid (recalled)). Asin Theorem 5.2.1, the action groupoid

X )G
is the category defined as follows.
(1) objects are elements z € X,
(2) morphisms x — y are pairs
(9, )
with g € G satistying
Yy=g9-z,

(3) composition is

(4) identities are

Lemma 6.3.2. X /G is a groupoid.

Proof. Associativity follows from associativity in G. Each morphism (g, z) has inverse

(97" 9 ).

Lemma 6.3.3 (Orbit connectivity). For x,y € X the following are equivalent.
(i) = and y are isomorphic in X || G,
(ii) y =g - x for some g € G,
(if) 7(x) = ().
Proof. This is the standard characterization of orbit equivalence for group actions. [
Definition 6.3.4 (Discrete quotient category (recalled)). As in Theorem 5.3.1, let
Physdisc

denote the discrete category whose objects are the elements of Phys and whose only
morphisms are identity morphisms.
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Definition 6.3.5 (Canonical quotient functor). Define
pr: X J G — Phys®s

by

Lemma 6.3.6. pr is a functor.

Proof. Identities and composition are preserved because Phys®® contains only identity

morphisms. O

Remark 6.3.7. The functor pr forgets all representative and transport data and retains
only orbit classes.

6.4 Protocol indexing and the lift existence criterion

Definition 6.4.1 (Protocol indexing category). A protocol indexing category is a small
category Z.

Definition 6.4.2 (Connected components). Let mo(Z) denote the set of connected com-
ponents of the underlying undirected graph of Z. Thus two objects i,j € Ob(Z) lie in
the same connected component if and only if there exists a finite zig-zag of morphisms
joining them after forgetting orientation.

Definition 6.4.3 (Quotient-level protocol datum). A quotient-level protocol datum is a
functor
R : T — Phys®.

Lemma 6.4.4 (Lift existence criterion). For a quotient-level protocol datum
R : T — Phys™,
the following are equivalent.
(i) there exists a lift

T:-T—-X)G such that prol = R;

(i) R is constant on each connected component of I;
(iii) R factors through the discrete category
WO(I)diSC.
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Proof. The equivalence of (ii) and (iii) is merely the definition of factorization through
the discrete category of connected components. It remains to prove (i)<(ii). (1)=(ii).

Assume a lift
T:-T—-X)G

exists. Let i,j € Ob(Z) lie in the same connected component of Z. Choose a zig-zag

in the underlying undirected graph. Applying T, each step produces an isomorphism in
X /| G between the corresponding objects. By repeated use of Theorem 6.3.3,

(T (i) = (T (ig11)) (0 <k <n).
Hence
m(T(i)) = m(T(j))-
Since proT = R, one has
R(i) = pr(T(i)) = pr(T(j)) = R(5).
Thus R is constant on each connected component. (ii)=-(i). Assume R is constant
on each connected component of Z. For each component C' € m(Z), choose an object
ic € C. Since 7 : X — Phys is surjective, choose
zo € X

such that N

7'['(%0) = R(’lc)
Define T" on objects by

T(i) = xc forie C.

This is well defined because every object lies in a unique connected component. For each
morphism f : 7 — j with ¢, 5 € C, define

T(f) :=1idy. .

Then T preserves identities and composition because identities do. Finally, if i € C,
then

(proT)(i) = pr(zc) = m(zc) = Rlic) = R(i),
because R is constant on C. On morphisms, both sides necessarily take values in iden-
tities of the discrete category Phys®*°. Hence

prol = R.
So a lift exists. O

Remark 6.4.5 (Meaning of the criterion). Quotient-level protocol data contain no route
information. The only obstruction to lifting is componentwise inconsistency of orbit
labels. No subtler obstruction appears at this stage.
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6.5 Representative choices and transport cocycles
The two layers of data that constitute a lift are isolated explicitly.
Definition 6.5.1 (Representative choice). Let
R : T — Phys®
be a quotient-level protocol datum. A representative choice over R is a function
x:0b(Z) — X, i x,

such that
m(x;) = R(3) for all i € Ob(Z).

Thus a representative choice selects one point of X in each orbit fibre prescribed by
the quotient protocol.

Definition 6.5.2 (Transport cocycle). Let x be a representative choice over R. A
transport cocycle relative to x is a map

g :Mor(Z) — G, [ =gy,
satisfying the following conditions.
(T1) Target compatibility: for every morphism f:i — j,
g5 - Ti = Xy
(T2) Identity normalization: for every object i,
Jid; = €;

(T3) Functorial composition: for every composable pair

i L Dk,
one has

gfref = 9595

Remark 6.5.3. Condition (T1) says that g transports the chosen representative at the
source of f to the chosen representative at the target of f. Conditions (T2) and (T3) are
precisely the identity and composition constraints required for a functor into the action
groupoid.
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Remark 6.5.4 (Loop defect and holonomy). If ¢ : ¢ — i is an endomorphism in Z, then
(T1) implies
ge - Ti = Tj.

Hence
ge € Stab(x;) :={h € G: h-x; = x;}.

Such stabilizer elements are the loop defect, or holonomy, carried by the morphism locus.
It first becomes finitely visible as the triangle witness of chapter 7, is globalized into loop-
based descent obstruction in chapter 8, identified with that finite witness in chapter 9,
and then carried through observer-level irreversible descent and stitching in chapters 10
and 11.

6.6 Classification of lifts

Theorem 6.6.1 (Universal classification of representative lifts). Under the standing
principle Standing Principle 1, let

R : T — Phys®s
be a quotient-level protocol for which lifts exist. Then representative lifts
T:T—X )G, proT =R

are in canonical bijection with pairs
(z,9)

consisting of

(1) a representative choice a
x; € X, 7'('(1’1) = R(’l),

(ii) a transport cocycle
g:Mor(Z) - G

satisfying
gf - i = Xy, Gia; = €, gfrof = gy gf-

Under this correspondence
T() =i,  T(f)= (g5 i)

The possible enrichment data are exhausted by two loci that may occur together: the
object layer, consisting of the choice of representatives in the fibres of

7w : X — Phys,

and the morphism layer, consisting of the transport elements of G relating those repre-
sentatives along arrows. No third locus exists.
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The proof of Theorem 6.6.1 proceeds as follows.

Proof. Mutually inverse maps are constructed between the following two sets:
(A) := {T:I—)X//G ; proT:f_%},
(B) := {(m, g) :  is a representative choice over R,
g is a transport cocycle relative to x}

Step 1: from lifts to representative—transport data. Let

T:T—-X )G
be a lift of R, so that N
proT = R.
For each object i € Ob(Z), define
v =T0G) e X

Then B
m(z;) = pr(T'(é)) = (proT)(i) = R(i),

so # = (x;) is a representative choice over R. Now let f : i — j be a morphism in Z.
Since T'(f) is a morphism in the action groupoid from x; to x;, there exists a unique
element gy € G such that

This defines a map
g:Mor(Z) — G.

Condition (T1) is immediate from the target of the morphism 7'(f):
gr - T = ;.
For (T2), functoriality gives
T(id;) = idpgy = idg, = (e, 2;).

By uniqueness of the group label in an action-groupoid morphism with fixed source, one
obtains

For (T3), let



be composable. Because T is a functor,

T(f o f)=T(f)oT(f)
Using the composition law in X // G,

(gf/of,xi) = (gf',f’@j) © (gfaxi) = (gffgf,ﬂﬁi)-

Again uniqueness of the group label implies
9frof = 9 4f-
Thus g is a transport cocycle relative to x. This defines a map
O:(4) > (B), T (ng).

Step 2: from representative—transport data to lifts. Conversely, let (x,g) € (B). Define

T on objects by
T(1) := x;.

For each morphism f :7 — j, define
T(f) = (g5, 7).

By (T1),
gy - Ti = Ty,
so T(f) is indeed a morphism
Ty — Tj

in the action groupoid. Functoriality is verified. For identities, by (T2),
For composable morphisms
i L Dk,
condition (T3) gives
T(f o f) = (gpof, i) = (995, i) = (gp,25) © (g5, ) = T(f") o T(f).

Thus T is a functor
T:T—-X)G.

Finally, because z is a representative choice,
pr(T(i)) = pr(a;) = m(2;) = R(i)

for every object i. On morphisms, both pro7 and R necessarily take values in identities
of Phys¥*. Hence N
prol = R.
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So T is a lift. This defines a map
U:(B)—=>(4), (z.9) T

Step 3: the two constructions are inverse. Starting with T" € (A), Step 1 extracts the

object values x; = T'(i) and the unique group labels appearing in the morphisms 7'(f).
Reconstruction by Step 2 then returns the same functor 7. Conversely, starting with
(x,g9) € (B), Step 2 constructs a functor whose object values are exactly the z; and
whose morphism labels are exactly the gy. Applying Step 1 recovers the original pair
(x,g). Thus ® and ¥ are mutually inverse, yielding the desired canonical bijection. [

Corollary 6.6.2 (Two loci of lift data). Every representative lift of a quotient protocol
is exhausted by the following two loci of data, which may occur together:

(i) object-level data: the representative choice x;
(ii) morphism-level data: the transport cocycle g.
No third independent enrichment datum is present.
Proof. This is exactly the content of Theorem 6.6.1. U

Remark 6.6.3. Theorem 6.6.1 is the explicit algebraic form of the two-locus principle
proved abstractly in Chapter 5. The object locus is the choice of representatives. The
morphism locus is the transport cocycle. All later obstruction theory develops the second
locus.

6.7 Gauge modifications
The natural equivalence relation on representative lift data is analyzed as follows.

Definition 6.7.1 (Gauge modification (lift form)). As in Theorem 5.9.3, let (,g) be
lift data over R, and let

h = (h;)icon(n)
be a family of elements of G. Define new data (2", ") by

h._

and for each morphism f : i — 7,
ggﬁ = hgrh; .

Lemma 6.7.2 (Gauge modification preserves lift data). If (z,g) satisfies the transport
cocycle conditions, then so does (z", g").
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Proof. Let f:1— j. Then
g - al = (higehi') - (hi - ai) = hy - (g5 - ;) = hy - x5 = b,
so target compatibility holds. For identities,
gﬁli = higia,h; ' = hieh; ' = e.
For composition, if
i L Dk
is composable, then
prop = higposhi ' = hilgpgp)hi ' = (higphi ') (hjgehi') = gjgy-
Thus (z", g") again satisfies the transport cocycle conditions. 0

Proposition 6.7.3 (Gauge-equivalent lifts are naturally isomorphic). Let (x,g) and
(2", g") be gauge-related lift data, and let

T, 7":T—X /)G
be the corresponding lifts. Then there is a natural isomorphism
T=T"
Proof. For each object i € Ob(Z), define
i = (hi,xi) : 2y — h -z = .
Thus
i T(i) — T"(3)
is a morphism in the action groupoid. Let f : ¢ — j. Then
T(f) = (gp,x:),  T"(f) = (g}, 7).
The composite is computed as
nj 0 T(f) = (hj, x;) 0 (g5, i) = (higs, i),
because z; = g; - ;. On the other hand,
T"(f)om = (9’}733?) o (hi,w;) = (Q?hi,xi)-
Since
g?hi = (hjgsh; Yhi = hygy,
the two composites agree. Hence (;) is natural. Each 7; is invertible, with inverse

(bt 2l sl — 2.

Therefore T' and T" are naturally isomorphic. U

Remark 6.7.4. Gauge modification changes representatives and conjugates transport.
Thus representative choice is noncanonical. The invariant morphism-level residue is
holonomy up to conjugacy.
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6.8 Path transport and holonomy

Definition 6.8.1 (Path transport). Let (z, g) be representative lift data. For a compos-
able path

define
9y =9p. 9 €G.

Lemma 6.8.2 (Path compatibility). For every path v :i — j inZ,
Gy - T = Tj.

Proof. The argument proceeds by induction on the length of the path. For the identity
path,

gid; = €,
SO
gid; * Xy = Ty

Suppose the statement holds for a path v : ¢+ — 7, and let f : j — k be a morphism.
Then

9foy = 9f9ys
hence
Gfoy - Ti = g5 - (gy - Ti) = gg - Tj = L.
Thus the claim follows. 0

Definition 6.8.3 (Holonomy). If £ : i — i is a loop in Z, the element
g €CG
is called the holonomy of ¢.

Lemma 6.8.4 (Holonomy lies in the stabilizer). If £ : i — i is a loop, then

ge - Ty = I
Hence
G €G,, ={9geG:g x;=ux;}.
Proof. This is the case j =4 of Theorem 6.8.2. O

Lemma 6.8.5 (Gauge conjugation of path transport). For every path v :i — j,
g;‘ = hjgyh; 1
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Proof. 1f
Y= fno--0fi,
then
9 =9} g5 = (hygp.hi D) iy gp b L) - (higphi ),

and all intermediate factors cancel, yielding

gy = hjg,hi".

O
Corollary 6.8.6 (Holonomy conjugation). For a loop € :i — 1,
g? = h;geh; L
In particular,
=€ < 9? =€
Proof. This is the special case i = j of Theorem 6.8.5. U

Remark 6.8.7. Loop holonomy is therefore gauge-invariant up to conjugacy. This is the
precise invariant carried by the morphism locus before the later obstruction refinements.

6.9 Flat connection interpretation

The classification theorem admits a sharper reformulation than the language of transport
cocycles alone suggests. The morphism-level data of a representative lift are exactly the
data of a flat G-connection on the protocol category.

Definition 6.9.1 (Classifying groupoid). Let BG denote the one-object groupoid whose
automorphism group is G.

Definition 6.9.2 (Groupoid completion). Let G(Z) denote the groupoid completion of
Z, obtained by freely adjoining inverses to all morphisms.

Lemma 6.9.3 (Transport cocycles extend uniquely to the groupoid completion). Let
(x,g) be representative lift data on Z. Then the transport cocycle g extends uniquely to
a functor

9:G(7) — BG.
Proof. Condition
gfrof = 95 9r

gives functoriality on Z. Since BG is a groupoid, every element of G is invertible. Hence
every formally adjoined inverse in G(Z) must be sent to the corresponding inverse element
of G. This determines a unique extension. U
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Remark 6.9.4 (Loop holonomy after completion). The extended functor
9:6(7) — BG

assigns transport labels not only to directed paths in Z but to arbitrary zig-zags ob-
tained by formally inverting morphisms. Accordingly, holonomy of the associated flat
G-connection is most naturally measured on loops in the groupoid completion G(Z), not
merely on endomorphisms already present in Z.

Definition 6.9.5 (Flat G-connection on a protocol category). A flat G-connection on
the protocol category Z is a functor

§:6(7) > BG.

Remark 6.9.6 (Why the connection is flat). The term flat is determined by strict com-
positionality. Transport along a composite path is exactly the product of the transports
along its pieces:

gfrof = 91 9f-

No additional defect term appears at this stage. Thus the transport system carries
strict compositional closure on the protocol category itself. The residual invariant visi-
ble at this stage is loop holonomy. Later, in the local connected-protocol setup of The-
orem 6.10.1, trivial holonomy is exactly the condition under which that morphism-level
residue can be gauged away.

Theorem 6.9.7 (Representative lifts as representatives plus compatible flat
G-connections). Under the standing principle Standing Principle 1, let

R:T — PhysdiSC

be a quotient protocol. Then representative lifts of R are equivalent to pairs consisting

of

(i) a representative choice
z; € X with  w(z;) = R(i) (i € Ob(T)),
(ii) a flat G-connection on I, equivalently a functor
9:6G(7) — BG,
whose restriction to each morphism f :1 — 7 of L satisfies
g(f) -z = =;.
Equivalently, every representative lift determines, and is determined by,

representatives +  compatible flat G-connection.
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Proof. By Theorem 6.6.1, representative lifts are equivalent to pairs (x, g) consisting of
a representative choice and a transport cocycle, so in particular

gf - Ti = X

for every morphism f : ¢ — j of Z. By Theorem 6.9.3, such a transport cocycle g extends
uniquely to a functor
9:6G(7) — BG.

Its restriction to Z is the original cocycle g. By Theorem 6.9.5, such a functor is exactly a
flat G-connection on the protocol category. Therefore representative lifts are equivalent
to representative choices together with flat GG-connections that remain compatible with
those representatives on the original protocol arrows. 0

Remark 6.9.8 (Relation with flat principal bundles). At the strict level proved here, the
safest formulation is the categorical one:

9:6(7) — BG.

After geometric realization of the nerve of Z, the same data become the usual notion
of a flat principal G-bundle. Thus the present chapter produces the discrete categorical
antecedent of the later geometric transport theory.

Remark 6.9.9 (Bridge to the triangle obstruction). This chapter does not yet produce
the later smooth obstruction carriers. It fixes the flat transport background whose first
finite failure is isolated in chapter 7, globalized into loop-based descent obstruction in
chapter 8, identified with that finite witness in chapter 9, and then carried through
observer-level irreversible descent and stitching in chapters 10 and 11 before the later
smooth /interface chapters expose the quadratic carrier and curvature realization.

6.10 Gauge fixing and flat transport
Flatness of the extended connection is characterized as gauge triviality.

Theorem 6.10.1 (Flat transport and gauge trivialization). In the local connected-
protocol setup, assume that I is connected, and let

9:9(1)— BG

be the flat G-connection associated to representative lift data (x,g) by Theorem 6.9.5.
Then the following are equivalent.

(i) every loop in the groupoid completion has trivial holonomy:

~

gw)=-e  for every loop w:i— 1 in G(I);
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(ii) there ezists a gauge modification h = (h;) such that every transport label in the
groupoid completion becomes trivial:

g"(n) =e for every n € Mor(G(Z));

(iii) (z,g) is gauge-equivalent to lift data with trivial transport cocycle on I.

Proof. (ii))=(i). If every transport label in the gauge h is trivial on G(Z), then in

particular
§"(w) =e

for every loop w in G(Z). Since gauge transformation acts by conjugation at the end-
points, triviality of a loop label is gauge-invariant. Hence

o~

gw)=¢e

for every loop w. (i)=-(ii). Fix a base object iy € Ob(Z). Since Z is connected, for each

object i choose a morphism
Yi - 9 — 1

in the groupoid completion G(Z). Set

ki = /9\(71)7 hl = /{Z-ﬁl.

2

The independence of k; from the chosen path is first shown. If 4/ is another morphism
iop — 1 in G(Z), then
wim o

is a loop at 7. By hypothesis,
By functoriality,

hence

Thus k; is well defined. Now let

be any morphism in G(Z). Then
v tenon

is a loop at 7y, so again by hypothesis,
gyt onoy) =e.

Using functoriality,
1~

9(v) " g(m)g(v) = e,
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and therefore
g(n) = G(v)g(n) " = kik

After gauge modification by h; = k; ', the transformed transport label on 7 is
g"(n) = h;gln) hit = k; (ks ki = e

Thus the entire connection becomes trivial on G(Z). (ii)=-(iii). Restrict the trivialized

connection on G(Z) to the original category Z. Then every transport label on Z is e,
so the original lift data are gauge-equivalent to lift data with trivial transport cocycle.
(iii)=-(ii). A trivial transport cocycle on Z extends uniquely to the trivial functor on G(Z).

Hence the extended connection is trivial on all morphisms of the groupoid completion.
O

Corollary 6.10.2 (Flatness isolates object-level enrichment). In the local connected-
protocol setup, assume that I is connected. Then the only obstruction to reducing a
representative lift to pure object-level representative choice is nontrivial loop holonomy
of the extended flat G-connection on G(I).

Proof. This is exactly Theorem 6.10.1. U

6.11 Structural meaning for later chapters

Remark 6.11.1 (Match with the later obstruction chapters). This chapter converts the
abstract two-locus principle into explicit algebraic data. The object locus becomes repre-
sentative choice. The morphism locus becomes transport, encoded by a G-valued cocycle
and measured invariantly by holonomy. Later chapters do not introduce a new kind of
structure. They refine this same morphism locus through route dependence, the first
finite triangle obstruction, the later loop-defect globalization, graded commutator defect,
and finally curvature after smooth realization.

Remark 6.11.2 (Conceptual summary). The logical output of the chapter is not merely
quotient protocol + lift = representatives 4  transport,
but more precisely
quotient protocol + lift = representatives + compatible flat G-connection.
Equivalently,
lift through X /G = object locus + morphism locus,

where the object locus is representative choice and the morphism locus is a flat G-
connection on the protocol category whose restriction to the original protocol arrows
carries the chosen representatives compatibly from source to target. This is the exact
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algebraic seed from which the later transport-obstruction chain grows: chapter 7 first
isolates its finite witness, chapters 8 and 9 globalize and identify the same residue,
chapters 10 and 11 carry it through observer-level irreversible descent and stitching, and
only later do chapters 12 and 13 expose the quadratic carrier and curvature realization.
The next obstruction is therefore not a new primitive. It is the first nontrivial defect
beyond the flat transport regime isolated here.

6.12 Conclusion

This chapter converts the two-locus theorem into explicit algebra: representative lifts
are encoded by object choices together with a flat G-connection whose restriction to the
original protocol arrows carries the chosen representatives compatibly from source to
target. In the local connected-protocol setup, the sole obstruction to reducing this data
to pure object-level representative choice is nontrivial loop holonomy.

Accordingly, chapter 7 isolates the first finite witness of this morphism defect, chap-
ter 8 globalizes that same witness into loop-based descent obstruction, chapters 9 to 11
carry it through bridge identification, observer-level irreversible descent, and stitching,
and only afterward does it feed the later smooth realization chapters chapters 12 and 13.
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Chapter 7

Comparison Triangles and the
Multi—Point Boundary

7.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the first finite visible transport obstruction in the sense of item (SP5).
Proceeding from the lift classification, it identifies the first finite triangle boundary that
underlies chapters 8 and 9. Chapters 5 and 6 established that representative enrichment
is exhausted by representative choice and morphism-level transport, possibly with both
and with no third locus; equivalently, every representative lift is given by representa-
tive choice together with transport data, and no third layer of enrichment is present
(Theorems 6.6.1 and 6.6.2). In particular, once a quotient-level protocol is lifted to
representatives in X, the only possible obstruction to global compatibility lies in the
transport data. The present chapter identifies the first nontrivial finite regime in which
that obstruction becomes intrinsically visible. At the one-point level there is no issue:
quotient semantics is complete, and admissible reports are exactly the G-invariant maps

R:X — S,
equivalently those that factor through the orbit projection
m: X — Phys .= X/G

(Theorem 6.2.4). At the multi-point level, however, a stronger compatibility problem
appears. Several representatives may each be individually compatible with the quotient
data, yet fail to admit a single common diagonal gauge aligning them simultaneously.
This failure is the first genuinely relational boundary beyond ordinary quotient semantics.
The chapter has three aims.

1. We formulate diagonal n-point semantics and show that n-point coherent observ-
ables separate exactly the diagonal G-orbits in X™.
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2. We prove a stabilizer—coset criterion for simultaneous diagonal alignment. This
converts the problem into a concrete intersection problem inside G.

3. We define the minimal detection size

m =min{|I| : () C; = @},

el

prove the associated minimality theorem, and isolate the regime m = 3, called
the triangle regime. In that regime, pairwise compatibility still holds but global
compatibility fails, so triangles are the first nontrivial finite witnesses of transport
obstruction.

This chapter is entirely algebraic. No topology, smoothness, metric, probability, or
dynamics is assumed.

7.2 Diagonal n-point semantics
Let G act diagonally on X™ by
g (z1,.. . xn) = (g -21,...,9 " Tp).

Definition 7.2.1 (Diagonal orbit projection). For each n > 1, let

e X" = X"/G
denote the orbit projection for the diagonal action.
Definition 7.2.2 (Diagonal equivalence). For z,y € X™, write

T ~AY

if there exists g € G such that
y=g-x.
Equivalently,
Ty = () = T(y).

Definition 7.2.3 (n-point coherent observable). Let S be a set. A map
RM: X" — 8
is called n-point coherent if it is invariant under the diagonal action of G, i.e.
R™(g-z) = R"(x) forall g e G, x € X".

Theorem 7.2.4 (Diagonal separation). For x,y € X", the following are equivalent.
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m(x) = T (y).
2. FEvery n-point coherent observable takes the same value on x and y.

Proof. Assume first that 7,(z) = m,(y). Then y = ¢g-x for some g € G. Hence for every
n-point coherent observable R

R™(y) = R™(g - ) = R"(a).

Conversely, the quotient map
e X" = X"/G

is itself invariant under the diagonal action. Therefore, if every diagonally invariant map
agrees on x and y, then in particular

() = T (y)-
U

Remark 7.2.5 (Multi-point boundary). For n = 1, Theorem 7.2.4 is just ordinary quo-
tient semantics. For n > 2, diagonal orbit structure on X" may contain strictly more
information than the pointwise orbit list in Phys”, because diagonal equivalence requires
one common element of GG for all coordinates simultaneously.

7.3 Alignment and stabilizer cosets

We now convert simultaneous diagonal alignment into an intersection problem in the
group G.

Definition 7.3.1 (Stabilizers and alignment cosets). Fix n > 1, points
T1,...,T, € X,
and elements

Define
Yk ::gk_l-xk (1 <k<n).

Let
Hy .= Stab(xy) ={h € G: h-x, =z}

Define the associated alignment coset
Ok = Hkgk_l Q G.
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Lemma 7.3.2 (Coset intersection criterion). With notation as in Theorem 7.3.1,
Y1y Un) ~a (21,0, 2,) <= ﬂCk + Q.
k=1

Proof. By definition,
Y1y Yn) ~a (21,0, 2p)

if and only if there exists a € G such that
a-Tp =Y for all k.
Using yx = g;l - X, this is equivalent to
a-xTp = g,;l - Ty for all k.
Multiplying on the left by g gives
gkl - Ty = Ty, for all &,

hence
gra € Hy, for all k.

Equivalently,
a € Hkgk_1 = C}, for all k.

Thus such an a exists if and only if

n
a < ﬂ Ck
k=1

Remark 7.3.3 (Free-action specialization). If each stabilizer Hj, is trivial, then

Cr = {9, '},

and Theorem 7.3.2 reduces to the statement that simultaneous diagonal alignment holds
if and only if

g1 == 0n-

Thus in the free regime the multi-point obstruction is exactly the failure of all transport
labels to coincide.

109



7.4 Minimal detection size

Definition 7.4.1 (Minimal detection size). With notation as in Theorem 7.3.1, define
m::min{m I C{1,...,n}, ﬂCiZQ},
i€l
with the convention m = oo if no such subset exists.

Thus m is the smallest number of points whose simultaneous diagonal alignment
fails.

Remark 7.4.2 (Restriction notation). If I = {iy,...,i.} C{1,...,n}, we write

(l’i)z‘el = (Iil, ce ,Ii,«), (yi)iel = (yi17 cee 71/”)7
in the induced order on I.

Theorem 7.4.3 (Minimal obstruction theorem). In the local alignment setup, assume
m < oo. Then:

1. For every I C {1,...,n} with [I| < m,
(Yi)ier ~a (i)ier.
2. There exists I C {1,...,n} with |I| =m such that
(vi)ier 7#a (Ti)ier-

Hence m is the unique minimal cardinality at which failure of a common diagonal gauge
can be detected.

Proof. Let I C {1,...,n} with |/| < m. By minimality of m, one has

(Ci# 2.

iel
Applying Theorem 7.3.2 to the restricted tuples gives
(Yi)ier ~a (Ti)ier-

This proves the first statement. By definition of m, there exists I with |I| = m and
(Ci=2.

Applying Theorem 7.3.2 again yields
(Yi)ier 7#n (Ti)ier.

This proves the second statement. U
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Corollary 7.4.4 (m = 2 and m = 3 regimes). With notation as in Theorem 7.3.1:
1. m =2 if and only if there exist i # j such that

NG, =2.

2. m = 3 if and only if every pairwise intersection is nonempty, but there exist distinct
1,7,k such that
cnNe;NCy =a.

Proof. This is immediate from the definition of m. U

7.5 The triangle regime

Definition 7.5.1 (Triangle regime). We say that the configuration is in the triangle
regime if
m = 3.

Theorem 7.5.2 (Strict minimality of triangles). In the local alignment setup, assume
the triangle regime. Then there exist distinct indices i, j, k such that:

1. every two-point restriction among {1, j, k} is diagonally alignable;

2. the three-point restriction
(ylv ij yk)

18 not diagonally alignable with
(@i, x5, Tp).
Consequently:
1. no two-point coherent observable detects the obstruction;
2. some three-point coherent observable does detect it.
Proof. By definition of the triangle regime, there exists a triple {i, 7, k} such that
agnNeinNc, =a9.

Again because m = 3, every subset of cardinality < 3 has nonempty intersection. In

particular,
C;,NC; #9, CiNCy # 9, C;NCy # Q.

By Theorem 7.3.2, each corresponding two-point restriction is diagonally equivalent.
This proves the first statement. Applying Theorem 7.3.2 to the triple gives

(yiayjayk) N (xi>$j7$k)-
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This proves the second statement. The detectability statements follow from Theo-
rem 7.2.4: the two-point restrictions are diagonally equivalent and therefore cannot
be separated by any two-point coherent observable, whereas the three-point restriction
is not diagonally equivalent and is therefore separated by some three-point coherent ob-
servable. The separating three-point observable may be taken to be the orbit projection

7 X3 = X3/G.
O

Corollary 7.5.3 (Triangle detectability). In the triangle regime, n = 3 is strictly mini-
mal for detecting the obstruction to global diagonal alignment.

Proof. This is just a restatement of Theorem 7.5.2. O

Remark 7.5.4 (Structural meaning of the triangle regime). The significance of the triangle
regime is not that every obstruction must already occur at size 3. The significance is that
m = 3 is the first regime in which global incompatibility can persist despite complete
pairwise compatibility. Thus triangles are the first nontrivial finite witnesses of genuinely
relational transport failure.

7.6 Transport realization from lifts

We now connect the coset formalism of Theorems 7.3.1 and 7.3.2 directly to the lift and
transport structure of chapter 6, without introducing any auxiliary base object or path
choice.

Definition 7.6.1 (Finite transport sample). Let
R : T — Phys®™
be a quotient-level protocol, and let
T:IT—-X)G
be a representative lift. A finite transport sample extracted from T' consists of:

1. a finite family of objects
i1y, 0 € Ob(Z),

2. representatives
x i =T(ix) € X (1 <k <n),

3. morphisms in the action groupoid
(9r, Tk) = Tk — Yi (1 <k<n),

arising from the transport data carried by 7.
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For such a sample, define
Hk = Stab(xk), Ck = Hkgk_l

Lemma 7.6.2 (Intrinsicity of the induced cosets). Let a finite transport sample be ex-
tracted from a representative lift T'. Then the associated cosets

Cy = Hyg;, '

depend only on the transport morphisms of the lift and are unchanged by replacing any
chosen transport label g by another label representing the same morphism with the same
source . Consequently all intersection properties of the family {Cy} are intrinsic to

the lift.

Proof. Fix k. In the action groupoid, a morphism with source z; and target y; may be
written as

(gk,l’k) Tk = Yk

Suppose the same morphism is represented by another group element g; € G' with

(92;,931@) Tk — Yk

Then
gk - Tk Zykzg;-xk,
hence
Grgr - Tk = Tk
Therefore
9r9% € Hy.
Write
g1 = higr for some hy, € Hy,.
Then

Hi(g,) " = Hyg;, "hy.' = Hygy

because h; ' € Hy. Thus the coset Cy is unchanged. Since this holds for each k, all
intersections of the family {C}} are unchanged as well. O

Proposition 7.6.3 (Transport induces alignment cosets). Every finite transport sample
extracted from a representative lift determines canonically a family of alignment cosets

Cr = Hpg;, ', H;, = Stab(zy),

and the associated alignment problem is exactly the intrinsic alignment problem of The-
orem 7.3.2.

Proof. This is immediate from Theorem 7.6.1, Theorem 7.6.2, and Theorem 7.3.2. [
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Corollary 7.6.4 (Triangle obstruction for transport). If the cosets induced by a finite
transport sample lie in the triangle regime, then every pair of transported representa-
tives is simultaneously alignable, but some triple is not. Thus the first nontrivial finite
obstruction to global transport alignment s triangular.

Proof. Immediate from Theorem 7.5.2. O

Remark 7.6.5 (Morphism-locus character of the obstruction). The obstruction detected
here does not arise from quotient semantics itself. It arises only after representatives
have been chosen and transport labels compared across several points. Thus the triangle
regime lies strictly in the morphism locus of enrichment, i.e. strictly beyond the object-
level representative data isolated in Theorems 6.6.2 and 6.9.7.

7.7 Interpretation

The multi-point obstruction studied here is the first place where the morphism-locus
transport data of chapter 6 become visible as an intrinsically relational phenomenon.
At one point, quotient semantics forgets all representative dependence. At two points,
there may or may not already be an obstruction. But in the triangle regime, every
pair remains compatible while the triple fails. This is the first configuration in which
pairwise transport coherence ceases to imply global coherence. The conclusion is exact:
the triangle regime is the first regime in which compatibility ceases to be controlled by
lower-arity data. In that sense, triangles are the first irreducible finite carriers of global
transport incompatibility. This is the precise algebraic precursor of the later geometric
picture. The next chapter globalizes this triangular incompatibility into a loop-based
descent obstruction, and chapter 9 then identifies that loop defect and the triangle
witness as two presentations of the same intrinsic morphism-locus invariant. Under the
subsequent loop-level globalization of chapter 8 and the triangle-loop identification of
chapter 9, this same finite witness becomes the corresponding relational loop defect.
Under smooth realization, the infinitesimal form of that loop defect is curvature.

7.8 Conclusion

The finite obstruction boundary is now sharp: the triangle regime is the first irreducible
configuration in which transport data are pairwise compatible yet globally inconsistent.
No lower-arity test detects this failure.

Accordingly, chapter 8 globalizes this finite witness into a loop-representation descent
obstruction, and chapter 9 then identifies the finite triangle witness and loop defect as
two presentations of the same morphism-level obstruction datum.
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Chapter 8

Descent—ODbstruction Classification

8.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter globalizes the transport-visibility clause item (SP5) from finite triangle witnesses
to loop-level obstruction representations. Starting from the first finite witness isolated
in chapter 7, it develops the global obstruction classification via loop representations
required in chapter 9. Chapter 7 identified the first finite witness of failure of a common
diagonal gauge (Theorem 7.5.2). The present chapter addresses the complementary
global problem: how does one classify all representative lifts of a connected quotient
protocol up to gauge? The answer is controlled by a tree-loop decomposition. Fix a
spanning tree in the underlying undirected graph of Z. After a suitable gauge normal-
ization, all representatives become constant and every morphism in the tree groupoid
carries trivial transport. All residual transport then lives on loops. More precisely,
the remaining datum is a homomorphism from the based loop group of the groupoid
completion

4(9(1))

into the stabilizer subgroup of a chosen base representative. This loop representation
is the intrinsic obstruction to descent. Tree transport carries no gauge-invariant con-
tent; loop transport is the residue. Endpoint-determined transport on the groupoid
completion is equivalent to triviality of this residue. The chapter proves three things.

1. Every lift is gauge-equivalent to a tree-normalized lift with constant representative
choice.

2. Tree-normalized lifts are completely determined by their based loop representation.

3. Gauge-equivalence classes of lifts are classified by conjugacy classes of homomor-
phisms
p:Q,(G(T)) = H., H, = Stab(x,),

where x, is the chosen base representative.
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Thus the morphism locus of the two-locus principle admits a complete and explicit
obstruction theory. Beyond the already-separated object-level representative data, no
additional morphism-level obstruction parameter appears.

8.2 Connected quotient protocols and their lifts

Let
R : T — Phys®s

be a quotient-level protocol, where Z is a connected small category and Phys®™¢ is the
discrete category on the quotient state space Phys. By Theorem 6.4.4, connectedness of
7 implies that R is constant. We therefore fix the unique point

p € Phys

such that
R(i)=p  forallic Ob(T).

Choose once and for all a representative
T, € X with 7(x.) = p,

and set
H, :=Stab(z,) ={h € G: h-z,=x.}.

We work with representative lift data (z, ¢) in the sense of Theorem 6.6.1: thus

r, € X (1 € Ob(2)),

and
gr€G  (f €Mor(2)),
satisfy
g - T; = T; for every f :i — 7, (8.2.1)
Gia, = € for every 1, (8.2.2)
Gfrof = Gp gy for every composable i i)j f—/> k. (8.2.3)

Equivalently, these data determine a functor
T:-T—-X)G
lifting R.
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8.3 Tree normalization

We now isolate the gauge-removable part of the transport.

Definition 8.3.1 (Underlying graph and spanning tree). Let |Z| denote the underlying
undirected graph of Z: its vertices are the objects of Z, and an undirected edge joins @
and j whenever Z contains a morphism ¢ — j or j — i. A spanning tree T C |Z| is a
connected, acyclic spanning subgraph.

Fix a base object

iop € Ob(Z)
and a spanning tree 7 C |Z|. Let
g(7)
denote the groupoid completion of Z, as in Theorem 6.9.2. Let
G(T) € G(T)

denote the subgroupoid generated by the tree edges. Since T is a tree, for each object i
there is a unique morphism
Yi - 9 —> 1

in G(T).
Lemma 8.3.2 (Tree-path transport). For every object i,
G * Tig = Ti.
Proof. By Theorem 6.9.3, the transport cocycle extends uniquely from Z to a functor
T:G(I)— X | G.
Write

T(%) = (g'w xio)'
Since 7; : i9 — 1, the target of this morphism is x;. By definition of the action groupoid,
Gvi * Lipg = T4
O

Theorem 8.3.3 (Tree normalization). There exists a gauge modification h = (h;)icon(z)
such that the gauge-modified lift datum (z", g") satisfies:

1.
ah =z, for all i € Ob(Z);

2. for every morphism T in the tree groupoid G(T),

h _
g: =e.
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In particular, every tree edge carries trivial transport after normalization.

Proof. Because R is constant with value p, every representative ; lies in the orbit 7—!(p).
In particular,

m(x;y) = m(xs) = p.
Hence there exists © € G such that

U~ Tjy = T

By Theorem 8.3.2,
G, = Tig = T for all 1.

Define
hi =ug.' (1 € Ob(2)).

We first compute the transformed representatives. By definition of gauge modification,
xi‘ = h; - x; :ug;i1 - T
Using z; = g4, - T;,, we obtain
ah = wg (G - i) = U Ty = T

Thus all transformed representatives are equal to the base representative z,. Next let
T 11— j be any morphism in the tree groupoid G(7). Then in G(7) one has

=07 "
Hence, by functoriality of the extended transport,
9r = 9v, 95,
The transformed transport label is therefore
gr = higehit = (ugy ) (94,9, ) (gru™") = e.
This proves the second statement. U

Definition 8.3.4 (Tree-normalized lift). A representative lift datum (z,g) is called
tree-normalized if
T = Ty for all i € Ob(Z),

and
g-=e for all 7 € Mor(G(T)).

Remark 8.3.5 (What remains after normalization). After tree normalization, the object-
level data are constant and the entire tree transport vanishes. All residual information is
therefore concentrated on loops. This is the descent—obstruction form of the morphism
locus.
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8.4 Loop representations

Let
Q;,(G(Z)) = Homgz)(io, io)

denote the based loop group at iy, with group law given by composition in G(Z).

Lemma 8.4.1 (Loop holonomy lands in the stabilizer). If (z, g) is tree-normalized, then
for every loop
e 2,(9(1))
one has
ge € H, = Stab(z,).

Proof. Since (z, g) is tree-normalized, the representative at the base object is z,.. Because
¢ is a loop at iy, the corresponding morphism in the action groupoid is

(9o, Ts) @ Ty — Ty
Thus
go - Ty = Ty,
which is exactly the statement that g, € H.. OJ

Definition 8.4.2 (Obstruction representation). For a tree-normalized lift datum (z, g),
define
Py - Qi()(g(I)) — H,, pg(f) = Ge-

Lemma 8.4.3. The map py is a group homomorphism.

Proof. Let £,05 € Q;,(G(Z)). Since transport is functorial on the groupoid completion,
a0ty = G290 -

Therefore

pg(EQ © gl) = Gtyot; = G0290, = pg(€2)pg(€1)'
Thus p, is a homomorphism. O

Lemma 8.4.4 (Gauge conjugation of the loop representation). Let (z,g) be tree-
normalized, and let k € H,. Define a gauge transformation by

hi =k for all i € Ob(T).
Then the transformed tree-normalized lift datum satisfies
pgn(0) =k pg(0) k7 for all ¢ € Q;,(G(T)).
Proof. For any morphism « : i — j in G(Z), the gauge transformation rule gives
gh = higahi ' = kgak™".
Applying this to a loop ¢ : ig — 1y yields
pgn () = g} = kgek™ =k pg(€) k™

119



8.5 Reconstruction from the loop representation

We now prove the converse statement: a homomorphism into the base stabilizer deter-
mines a unique tree-normalized lift.

Definition 8.5.1 (Loop reduction map). For any morphism

Qi — g
in G(Z), define the associated based loop

Aa) =7 o a0 € 0 (G(T)).

Lemma 8.5.2 (Multiplicativity of loop reduction). For composable morphisms

1= 7=k
in G(I),

AL oa) =)o \a).

Proof. By definition,
MBoa)=7;"ofoaomy,.
Insert the identity
id; =075
between  and a. Then

ABoa)=(y," ofor) o (v oaoy) =AB)o ).

Proposition 8.5.3 (Reconstruction from a loop representation). Let
p: 2 (G(1)) — H.

be a homomorphism. Then there exists a unique tree-normalized representative lift datum
(x,g) such that

Pg = P-

Proof. Define
T = Xy for all i € Ob(Z).

For any morphism « : ¢ — j in G(Z), define
ga == p(AMa)) € H. C G.
We first check that this determines a functor

T,:G(I) = X J G.
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Because g, € H, = Stab(x,), one has
Go " Ti = Jo " Tx = Ty = Tj.
Hence
(Gas Ts) T T3 — T

is a well-defined morphism in the action groupoid. For the identity morphism id;, one
has
Aidy) = 7; ! oid, oy = idy,,

7

SO
gia, = p(ids,) = e.

For composable «a, 5, Theorem 8.5.2 and the homomorphism property of p give

ggoa = P(A(B 0 a)) = p(A(B) 0 Aa)) = p(A(B))p(A(@)) = gsga-

Thus Tp is a functor. Restricting from G(Z) to T gives a representative lift datum (z, g).
It remains to verify tree-normalization. If 7 : 7 — j is a morphism in the tree groupoid
G(T), then
T=707%,
hence
)\(7-) :7;107-0% :fyj*lofyjo’y;lo’yi :idio.
Therefore
gr = p(idio) = €.
So the lift is tree-normalized. Finally, for a loop ¢ € Q;, (G(Z)),

Al) =7 oloy, =1,

because v;, = id;,. Hence
pg(l) = ge = p(0).

Thus p, = p. Uniqueness is immediate: a tree-normalized lift is determined by its values
on all morphisms, and for each « those values are determined to be p(A(«)). O

8.6 Descent—obstruction classification

We now combine normalization, reconstruction, and gauge conjugation into the main
theorem.

Theorem 8.6.1 (Descent—obstruction classification). Under the standing principle
Standing Principle 1, let I be connected, fix a base object ig, and fix a representative

z, € T (p), H, = Stab(z,).
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Then gauge-equivalence classes of representative lifts of the connected quotient protocol
R : T — Phys®
are classified by H,-conjugacy classes of homomorphisms
p:Q.(G()) = H,.

Equivalently: after tree normalization, all residual transport data are recorded exactly by
the based loop representation into the base stabilizer.

Proof. We divide the proof into four steps. Step 1: every gauge class admits a tree-

normalized representative. This is Theorem 8.3.3. Hence every gauge-equivalence class
contains at least one tree-normalized lift datum. Step 2: every tree-normalized lift

determines a homomorphism p : ;,(G(Z)) — H.. Given a tree-normalized lift datum
(x,g), define p, by Theorem 8.4.2. By Theorem 8.4.1,

py(€) € H, for all ¢,

and by Theorem 8.4.3, p, is a homomorphism. Step 3: every such homomorphism

reconstructs a unique tree-normalized lift. This is exactly Theorem 8.5.3. Therefore
tree-normalized lifts are in bijection with homomorphisms

p: Q% (G(Z)) — H..

Step 4: residual gauge acts by H,-conjugation. Let (x,g) and (2’,¢') be two tree-

normalized lifts belonging to the same gauge-equivalence class. Since both are tree-
normalized, all representatives are equal to x,, and all tree morphisms have trivial trans-
port. Let h = (h;) be a gauge modification with

(2, ¢) = (", g").
Because
=1 = m, for all 1,

one has
hi * Ty = Ty,

hence each h; € H,. Now let 7 : © — j be a tree morphism. Since both lifts are
tree-normalized,
e=g. = h;gh;" = hjeh ",

SO

h]’ - hz

As the tree is connected, it follows that all h; are equal to a single element

ke H,.
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By Theorem 8.4.4,
pg(0) =k py(£) k™ for all /.

Thus gauge-equivalent tree-normalized lifts determine H,-conjugate homomorphisms.
Conversely, let p,p : Q;,(G(Z)) — H. be two homomorphisms that are H,.-conjugate,

say
PO =kp(O)k™ (ke H.).

Let (z,g) and (2', ¢') be the corresponding tree-normalized lifts given by Theorem 8.5.3.
Then the constant gauge transformation h; := k transforms (z, g) into (z/,¢'). Indeed,
for any v : 7 — 7,

gh=kga k™' =kp(A(a) k™" = p/(Ma)) = gL,

Since both reconstructed lifts are tree-normalized, this proves that they are gauge-
equivalent. Combining the four steps yields the classification. O

8.7 Endpoint-determined transport

The obstruction representation measures exactly the failure of endpoint determinacy. In
this chapter, endpoint-determined transport means endpoint-determined transport on
the groupoid completion G(Z).

Corollary 8.7.1 (Endpoint-determined transport). For a connected indexing category,
the following are equivalent.

1. Transport on the groupoid completion G(I) is endpoint-determined.
2. Fvery loop holonomy is trivial.
3. The obstruction representation
by U(G(T)) > H,
1s the trivial homomorphism.
Proof. We first prove (i)=-(ii). Assume transport is endpoint-determined on G(Z). Let
e Q,(G(1))

be any loop at 7. Since ¢ and id;, have the same source and target, endpoint-determinacy
implies

ge = Yid, = €
Thus every loop holonomy is trivial. Next, (ii)=-(iii) is immediate from the definition of
pg: if every loop holonomy is trivial, then

py(0) =gi—e  for every (€ O, (G(T),

123



S0 pg is the trivial homomorphism. Finally, we prove (iii)=-(i). Assume p, is trivial. Let

a,fr1—g
be morphisms in G(Z) with the same source and target. Then

w:=pFloa
is a loop at 7. Conjugating by the tree paths gives a based loop at i,

Mw) =17; " owo i € Qi (G(T)).
Since p, is trivial,
Ir(w) = €.
By definition of A,
Irw) = 9, GG
hence
Jw = €.

Using w = 87! o a, functoriality gives

€= gu=Ggs1oa = 95 Ja-
Therefore
Ja = 9p-
Thus transport on G(Z) is endpoint-determined. O
Corollary 8.7.2 (Flatness isolates object-level enrichment). A connected representa-

tive lift is gauge-equivalent to one with trivial transport if and only if its obstruction
representation is trivial.

Proof. Assume first that the obstruction representation is trivial. By Theorem 8.7.1,
transport is endpoint-determined on G(Z). Let (2/,¢') be a tree-normalized representa-
tive of the gauge class, given by Theorem 8.3.3. Since (z/,¢’) is tree-normalized, one

has
g.=e  forevery 7 € Mor(G(T)).

Now let v : i — j be any morphism in G(Z). The tree morphism
T::'yjo%*lzi—>j

has the same source and target as a. Since transport is endpoint-determined,

/

9o =g, =ec.

Hence every morphism of G(Z), and therefore every morphism of Z, carries trivial trans-
port in the tree-normalized representative. Thus the original lift is gauge-equivalent to
one with trivial transport. Conversely, if the lift is gauge-equivalent to one with trivial
transport, then in that representative

ge=e€ for every ¢ € Q;,(G(1)),
so the obstruction representation is trivial. Since triviality is preserved under gauge

conjugation, the original lift also has trivial obstruction representation. U
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8.8 Interpretation

The classification theorem shows that the morphism locus of enrichment has a rigid in-
ternal structure. Tree transport carries no gauge-invariant content. The residual content
is carried entirely by the loop representation into the stabilizer of a single representative.
Thus the obstruction is not, in general, a single group element, but a conjugacy class of
homomorphisms

Qio (Q(I)) — H,.

This is the exact descent—obstruction form of the two-locus spine:
e the object locus is representative choice;
e the morphism locus is the obstruction representation.

No third enrichment appears, because the action groupoid contains only objects in X
and morphisms labeled by elements of G. This loop representation is the algebraic
residue that persists into the later chapters. In chapter 9 it is identified with the finite
triangle witness on the minimal directed triangle subsystem, from there it drives the
observer-level irreversible descent of chapter 10, continues through the stitched refine-
ment /observer arena of chapter 11, and only later does the obstruction chain pass into
graded commutator defects and curvature after smooth realization.

8.9 Conclusion

The loop-side classification is complete: after tree normalization, all gauge-invariant
morphism enrichment is concentrated in the conjugacy class of the obstruction repre-
sentation €2;,(G(Z)) — H.. This identifies descent failure as the exact global residue of
transport nontriviality.

Accordingly, chapter 9 proves that this global loop obstruction and the finite trian-
gle witness are two presentations of one invariant datum, and chapter 10 then derives
observer-level irreversible descent from that same static transport obstruction.
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Chapter 9

Triangle-Loop Identification as the
Rigidity Bridge

9.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter identifies the finite and loop forms of item (SP5) as one and the same obstruction
datum. Closing the discrete obstruction arc, it proves that triangle failure and loop-
defect failure represent the same datum, preparing chapter 10; only later, through the
observer-level and stitching continuation, does this bridge feed the smooth realization
chapters. Chapters 7 and 8 isolated two a priori different descriptions of nontrivial
morphism-level enrichment. From chapter 7, the first finite obstruction to a common
diagonal gauge occurs at three points. In the triangle regime, every pairwise restriction is
diagonally alignable, but the full triple is not. Equivalently, the corresponding stabilizer
cosets have nonempty pairwise intersections while the full triple intersection is empty.
From chapter 8, transport on a connected protocol, after tree normalization, is classified
by a based loop representation into a stabilizer group. In that language, nontriviality
is carried by loop defect. The purpose of the present chapter is to prove that, on the
minimal three-vertex subsystem carrying the first finite obstruction, these are the same
phenomenon. The triangle obstruction is not merely analogous to loop defect. It is
exactly the obstruction to descending transport through triangle coherence. The key
point is categorical. In the free path groupoid, a directed triangle is merely a loop. The
relevant new structure appears only after one specifies that directed triangle loops are
to count as coherent. This produces a quotient groupoid. The correct obstruction is
then not nontrivial transport on that quotient, but rather the failure of the original
transport functor to factor through it. The logical output of the chapter is the following
equivalence on a directed triangle subsystem:

triangle regime <= failure of coherent vertex gauge
— [k # [e]

<= failure of descent through triangle coherence
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Here [r,] denotes the conjugacy class of the triangle defect in the stabilizer group. The
passage to conjugacy is essential: the defect element itself depends on normalization
choices, but its triviality or nontriviality does not. No appeal is made in this chapter to
smooth realization, curvature, filtrations, or quadratic carriers. Its role is narrower and
more rigid. It identifies the first finite diagonal obstruction with the first obstruction to
transport descent through triangle coherence. Dependence on labeled results. The

chapter uses:
e representative lift classification and tree normalization (Theorems 6.6.1 and 8.3.3),
e the loop-based formulation of transport in the groupoid completion (chapter 8),

e the strict minimality of the triangle regime (Theorem 7.5.2).

Use in subsequent chapters. The chapter provides:
e a canonical obstruction class carried by directed triangles,

e identification of the minimal triangle subsystem as the first finite witness of failure
of transport descent through triangle coherence,

e the same static obstruction class carried next into the observer-level irreversible
descent of chapter 10.

9.2 Single-object transport extracted from a con-
nected lift

We first isolate the exact single-object transport regime determined by the classification
theory of chapter 8. Let - .
R : T — Phys®sc

be a connected quotient protocol, and let
(z, 9)
be representative lift data in the sense of Theorem 6.6.1. Fix a base representative
z, € X
lying over the unique value of R, and set
H, := Stab(z,).

By Theorem 8.3.3, every gauge class admits a tree-normalized representative. We there-
fore fix, throughout the chapter, a tree-normalized lift datum

(z,9)
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such that
T = Ty for all i € Ob(Z),

and
g-=e for all 7 € Mor(G(T))

for a chosen spanning tree 7 C |Z|.
Lemma 9.2.1 (Single-object transport values). For every morphism
a:i—j in G(Z),

one has
Ja € H,.

Proof. Since the lift is tree-normalized,
T =T = Ty for all 4, 5.
Because the transport law on the groupoid completion satisfies
Ga " X5 = Tj,

it follows that
Jo * Ty = Ty.

Thus g, € Stab(z,) = H.. O

Definition 9.2.2 (Finite transport subsystem). A finite transport subsystem of the
tree-normalized lift is a finite directed graph

N =(V,E)

together with a graph morphism into the underlying directed graph of G(Z). Equivalently,
for each directed edge
e:u—v (u,v e V),

one specifies a morphism
Qe iU =V in G(7).

The associated transport assignment is the map
7:E— H,, 7(€) = ga,-

Remark 9.2.3 (Single-object comparison regime). By Theorem 9.2.1, every finite trans-
port subsystem is governed by a one-object comparison groupoid with automorphism
group H,. All representative data have been gauged to the single object x,, and the
entire morphism locus is carried by the edge-labeling map

T:F— H,.

This is the precise single-object transport regime used below.
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9.3 Free path groupoid and triangle coherence

Let
N =(V,E)

be a finite transport subsystem with transport assignment
T:F— H,.
Definition 9.3.1 (Free path groupoid (recalled)). Let
Path®™(N)

denote the free path groupoid on N, exactly as in Theorem 3.8.1: it is obtained by
adjoining to each directed edge
e u—v

a formal inverse
eliv— Uu,

and imposing only the groupoid relations generated by identities and cancellation of
adjacent inverse pairs.

Definition 9.3.2 (Extended transport functor). The edge-labeling map 7 : E — H,
extends uniquely to a functor

Hol : Path®(N) — BH,,

where BH, denotes the one-object groupoid with automorphism group H,. On formal
inverses,

Hol(e ) = Hol(e) ™" = 7(e) "

Definition 9.3.3 (Directed triangle loop). A directed triangle loop in N is a composable
loop of the form

fz(pmqelw’ﬂp).
Definition 9.3.4 (Triangle defect). For a directed triangle loop
Ez(peﬂnjelw“ei)p),
its triangle defect is the element
ke = T(erp) T(eqr) T(€pg) € H,y.
Lemma 9.3.5 (Functorial realization of triangle defect). For every directed triangle loop
i Hol(¢) = k.
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Proof. By definition of the functor Hol,

Hol(¢) = Hol(e,,) Hol(e,) Hol(ey,) = 7(erp) T(eqr) T(€pg) = K-

Definition 9.3.6 (Triangle coherence quotient). Let
Qa : Path®™(N) — Pathz (NV)

denote the quotient of Path®(N) by the smallest groupoid congruence for which every
directed triangle loop becomes the identity at its base vertex. Thus every morphism of
the form
€pq €qr Erp
p—q—1r —D

is identified with
id,),

and the quotient is closed under composition and conjugation in the groupoid sense.
Definition 9.3.7 (Based loop groups). For each base vertex p € V, define

QpN) = Homp,,+ (v (p,p), QpA (W) = HomPathi(./\/’) (p,p)-
These are groups under composition.
Definition 9.3.8 (Triangle normal subgroup). Fix p € V. Let

Npp €Y, (N )
be the normal subgroup generated by all conjugates
vy
where ¢ is a directed triangle loop based at some vertex ¢ € V', and
TP —q

is any morphism in Path®(N\).

Theorem 9.3.9 (Loop-group quotient by triangle coherence). For each base vertex
p €V, the quotient functor

Qa : Path®(\) — Path (NV)
induces a surjective group homomorphism
(Qa)p : W) = QP (N,
whose kernel is exactly Na ,. Consequently there is a canonical isomorphism

Q(N) = Q(N)/Nay.
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Proof. Any functor between groupoids induces a homomorphism on based loop groups,
so Qa induces

(Qa)p : QN) — QpA(N)

Surjectivity follows from surjectivity of QA on morphisms. By construction of the quo-
tient groupoid, the only new relations imposed beyond those already present in the free
path groupoid are exactly the triangle coherence relations, together with all their con-
sequences under composition and conjugation. On the based loop group at p, these
consequences are precisely the normal closure of all conjugates of directed triangle loops
transported to the basepoint p. Hence

ker((Qa)p) = Nap.

The first isomorphism theorem therefore yields

Q(N) 2 Q(N)/Nay-

p

[l

Remark 9.3.10 (Why the quotient is necessary). Directed triangle loops are not relations
in the free path groupoid. Before quotienting, they are merely loops. The passage to
PatthE (NV) is exactly the imposition of triangle coherence. The bridge proved below
compares finite triangle obstruction with the descent of transport through this coherence
quotient, not with an a priori functor already defined on the quotient.

9.4 Gauge invariance of triangle defect

Theorem 9.4.1 (Gauge invariance of triangle defect). Let ¢ be a directed triangle sub-
system of a finite transport subsystem extracted from a tree-normalized connected lift.
Under any change of:

1. base representative x,,
2. tree normalization,
3. embedding of the subsystem into a larger finite transport system,
the triangle defect transforms by conjugation in the stabilizer group:
Ko hkgh™t (h € H,).

In particular,
Kg=e€ or kKp#e

18 1nvariant.
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Proof. Under any admissible change of normalization, edge labels transform by vertex
relabeling:
T(e:u—v) = hy7(e)hyt,

for some choice of elements h, € H, at the vertices. Let
(= (p%qmrﬁp).

Then
Ko = T(erp) T(€qr) T(€pg)-

After relabeling,

Kg > (hpT(erp)hjl) (hrT(eqr)h;I) (th(epq)hgl)
= hy T(erp) T(egr) T(€pg) h;1

= hplighljl.

Thus the defect transforms by conjugation. Conjugation preserves the identity element,
so triviality or nontriviality is invariant. 0

Remark 9.4.2 (Canonical obstruction class). By Theorem 9.4.1, a directed triangle carries
a canonical conjugacy class
[k¢] € H,/con].

The intrinsic content of the obstruction is precisely the statement

kel = [e] or [k # [e].

9.5 Descent through triangle coherence

We now identify the exact obstruction to transport descent through triangle coherence.

Definition 9.5.1 (Descent through triangle coherence). The transport functor
Hol : Path®(NV) — BH,

is said to descend through triangle coherence if there exists a functor
Holy : Path% (N) — BH,

such that
Hol = Holx 0 Qa.

Theorem 9.5.2 (Descent criterion). The transport functor Hol descends through triangle
coherence if and only if

Hol(¢) = e for every directed triangle loop (.
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Equivalently, for a base vertexp € V,
Na,p C ker(Hol,),

where

Hol, : Q,(N) — H.,
is the induced based-loop homomorphism. In particular, for a directed triangle subsystem
(= (pmq%rmp),

one has
Hol({) =e <= rp=ce.

Proof. Suppose first that Hol descends through Qa, say
Hol = Holx 0 Qa.
If 7 is any directed triangle loop based at p, then
Qa(l) =1id, .

Therefore
Hol(¢) = Hola(QAa(¢)) = Hola(id,,) = e.

Conversely, assume that

Hol(¢) = e for every directed triangle loop ¢.

Then every generator of the congruence defining Pa’l:thE (N) is sent by Hol to an identity
morphism in BH,. Since BH, is a groupoid, the same holds for all consequences of these
relations under composition and conjugation. Hence Hol is constant on every congruence
class defining the triangle quotient. By the universal property of the quotient groupoid,
there exists a unique functor

Holn : Path% (V) — BH,

such that
Hol = HOIA e} QA-

This proves the first equivalence. For the based-loop formulation, the descended functor
exists exactly when every element of the normal subgroup generated by triangle loops
is killed by Hol,. By Theorem 9.3.9, this is equivalent to

Np p C ker(Hol,).
Finally, for a directed triangle subsystem, Theorem 9.3.5 gives
HOl(g) = Ky.

Hence
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Lemma 9.5.3 (Basepoint independence of descent). The condition
Np,p C ker(Hol,)
is independent of the choice of base vertexp € V.

Proof. Let p,q € V, and let
vip—q
be any morphism in Path®(A). Conjugation by v defines a group isomorphism
¢y 1 Qp(N) = Qu(N), ¢y (w) =ywy .

This isomorphism sends conjugates of directed triangle loops based at p to conjugates
of directed triangle loops based at q. Hence

& (Nayp) = Nag.
By functoriality of Hol,
Hol, (¢, (w)) = Hol(y) Hol,(w) Hol(y)~".

Therefore
Hol,(w) =e <= Holy(c,(w)) =e.
Thus
Npp Cker(Hol,) <= Na, C ker(Hol,).
So the condition is independent of the base vertex. O

Definition 9.5.4 (Quotient loop defect after descent). Assume Hol descends through
triangle coherence. For each base vertex p € V, let

AL OA
o, QS (N) — H,
denote the based-loop homomorphism induced by the descended functor
Hol, : Path% (N) — BH,.

Theorem 9.5.5 (Route dependence equals loop defect on the descended quotient). As-
sume Hol descends through triangle coherence, and let

Hol, : Path% (N) — BH,
be the descended functor. Then for a base vertex p € V', transport on
Path (N)
is endpoint-determined if and only if every loop defect in
Q5 (N)

15 trivial. By Theorem 9.5.3, this condition is independent of the choice of p.
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Proof. Suppose transport on PatthE (NV) is not endpoint-determined. Then there exist
co-terminal morphisms

Y1,Y2 P —q
such that
Hol (71) # Hola(72).

Since the target BH, is a groupoid, Hola(72) is invertible, and therefore

Hola (5" 0 11) = Hola(72) "' Hola () # e.
Hence the loop
7t om € Qp(N)
has nontrivial defect. Conversely, if some loop

Le QRN

satisfies
(5pA(€) = Hola(¢) # e,

then the co-terminal morphisms ¢ and id, have different transport values. Thus transport
is not endpoint-determined. 0

9.6 Coherent vertex gauges on directed triangles

We now isolate the exact three-vertex obstruction.

Definition 9.6.1 (Directed triangle subsystem). A directed triangle subsystem of N is
a full three-vertex directed subgraph

P g I I,
Its transport labels are
a = T(epq), b:=T(eq), c:=T(erp),

and its triangle defect is
ke = cba € H,.

Definition 9.6.2 (Coherent vertex gauge on a directed triangle). Let
(= (p g S p)
be a directed triangle subsystem. A coherent vertex gauge on ¢ is a choice of elements
Up, Ug, Uy € H,
such that

Ug = T(epq) Up,
ur = 7(eg) Ug,

Up = T(€rp) Uy
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Lemma 9.6.3 (Pairwise coherence on a directed triangle). Every two-edge restriction
of a directed triangle subsystem admits a coherent vertex gauge.

Proof. Fix a directed triangle subsystem
P g S S,

For any chosen two-edge restriction, select an arbitrary source value in H, at the initial
vertex of the first chosen edge. The transport label on that edge then determines the
target value uniquely, and the transport label on the second chosen edge determines the
next value uniquely. Thus each two-edge restriction admits a coherent vertex gauge. [l

Proposition 9.6.4 (Global coherence on a directed triangle). Let
(= (p g e 20 p)
be a directed triangle subsystem. Then the following are equivalent.
(i) ¢ admits a coherent vertex gauge.
(ii) Its triangle defect is trivial:

Fio = T(erp) T(€qr) T(epg) = €.

(i) Transport on the free path groupoid of this three-vertex subsystem descends through
its triangle coherence quotient.

Proof. (1)=(ii). Assume a coherent vertex gauge u,, u,, u, exists. Then
ug = T(€pq)tp, ur = 7(€qr )y, Up = T(€rp)tr.

Substituting successively gives

up = T(€rp) T(€qr) T(€pg) Up = K.
Multiplying on the right by u,, ! yields

K¢ = €.

(ii)=-(i). Assume ¢ = e. Choose any u, € H,, and define

Ug = T(Epg) Up, Uy = T(€gr)Uy-

Then
T(erp)Ur = T(erp) T(Eqr) T(Epq) Up = Koty = Uy

Hence u,, u,, u, form a coherent vertex gauge. (ii)<=-(iii). Apply Theorem 9.5.2 to the
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present three-vertex subsystem. By Theorem 9.3.5, the unique directed triangle loop /¢
satisfies

HOI(E) = Ky.

Therefore transport descends through triangle coherence if and only if
Hol(¢) = e,

which is equivalent to
Ry = €.

O

Corollary 9.6.5 (Directed triangles are the minimal coherent obstruction). For a di-
rected triangle subsystem, every two-edge restriction is coherently gaugeable, while the
full three-edge system fails to admit a coherent vertex gauge if and only if the triangle
defect is mnontrivial. Equivalently, the three-edge system is the minimal obstruction to
descent through triangle coherence on that subsystem.

Proof. The pairwise statement is Theorem 9.6.3. The full three-edge statement is the
contrapositive of Theorem 9.6.4. 0

9.7 Single-object reformulation of the Chapter 7 trian-
gle regime

We now identify the exact relation between the diagonal obstruction of chapter 7 and
coherent vertex gauges on a finite subsystem of a tree-normalized lift.

Proposition 9.7.1 (Diagonal alignment versus coherent vertex gauge). Let N = (V, F)
be a finite transport subsystem extracted from a tree-normalized connected lift. Then the
existence of a common diagonal gauge on the corresponding finite subsystem is equivalent
to the existence of a coherent vertex gauge on N, namely an assignment

u, € H, (veV)

such that for every directed edge
e:u—v

one has
Uy = T(€) Uy.

Proof. Because the lift is tree-normalized, every object representative on the finite sub-
system is equal to the single base representative x,, and every transport label lies in
the stabilizer group H, = Stab(xz,). A choice of vertex labels u, € H, therefore acts
entirely within the single orbit of x,. By the diagonal-alignment criterion of chapter 7,
common diagonal gaugeability is exactly the existence of a single compatible choice of
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representatives across the finite subsystem. In the present single-object regime, such
compatibility along an edge
e u—v

means precisely that the target label is obtained from the source label by the transport
element 7(e):

Uy = T(€) Uy.

Thus the existence of a common diagonal gauge is equivalent to the existence of a
coherent vertex gauge. 0

Corollary 9.7.2 (Triangle regime in the single-object transport model). On a directed
triangle subsystem extracted from a tree-normalized connected lift, the triangle regime of
chapter 7 is equivalent to pairwise coherent gaugeability together with failure of a coherent
vertex gauge on the full triangle.

Proof. By Theorem 9.7.1, common diagonal gaugeability on a finite subsystem is equiv-
alent to coherent vertex gaugeability. Apply this to the two-edge restrictions and to the
full three-edge subsystem. 0

9.8 Triangle-loop identification as the rigidity bridge
We can now state the bridge theorem in exact form.

Theorem 9.8.1 (Triangle-loop identification). Under the standing principle Standing
Principle 1, let

fz(pep—q>q€l>reﬂ>p)

be a directed triangle subsystem of a finite transport subsystem extracted from a tree-
normalized connected lift. Then the following are equivalent.

(1) The corresponding three-point subsystem is in the triangle regime of chapter 7:
every pairwise restriction admits a common diagonal gauge, but the full triple does
not.

(2) The directed triangle ¢ admits coherent gauges on every two-edge restriction, but
no coherent vertex gauge on the full triangle.

(3) The triangle defect is nontrivial:
ke = T(erp) T(eqr) T(€py) # €.
(4) The canonical conjugacy class is nontrivial:
[ke] # €] in H,/conj.
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(5) Transport on the free path groupoid of this three-vertex subsystem does not descend
through its triangle coherence quotient.

If, in addition, Kk, = e, so that descent exists, then the descended transport on the triangle
quotient is endpoint-determined if and only if its quotient loop defects are trivial.

Proof. (1)<=(2). This is Theorem 9.7.2. (2)<=(3). By Theorem 9.6.5, every two-

edge restriction is coherently gaugeable, while the full triangle fails to admit a coherent
vertex gauge if and only if ky # e. (3)<=>(4). By Theorem 9.4.1, x, transforms only by

conjugation under admissible changes of normalization. Hence
ke=e <= |k =le],

and therefore
ke e <= |k #le]
(3)<=(5). By Theorem 9.6.4,

kg =e <= transport descends through triangle coherence on the subsystem.
Negating both sides yields
ke #e <= transport does not descend through triangle coherence.

The final statement is exactly Theorem 9.5.5, applied in the case where descent exists.
O

Corollary 9.8.2 (Structural closure at the triangle boundary). On the minimal three-
vertex subsystem carrying a finite diagonal obstruction, failure of transport descent
through triangle coherence is exactly the first finite morphism-level witness of global trans-
port incompatibility. Equivalently, the first finite witness of failure of transport descent
through triangle coherence is triangular.

Proof. By Theorem 9.8.1, on a directed triangle subsystem the triangle regime of chap-
ter 7 is equivalent to failure of transport descent through triangle coherence. Since
Theorem 7.5.2 identifies the triangle regime as the first strictly minimal finite witness
of global incompatibility, the same subsystem is the first finite witness of failure of such
descent. 0J

9.9 Interpretation

The bridge established in this chapter is exact at the level at which it is claimed. The
finite diagonal obstruction of chapter 7 is not merely analogous to loop theory. On the
minimal directed triangle subsystem, it is exactly the obstruction to descending transport
through triangle coherence. Thus the first intrinsically multi-point failure of quotient
semantics is already groupoidal. At the same time, the chapter makes no unsupported
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claim about graded depth, commutator filtrations, or quadratic carriers. Those belong to
later chapters, and require their own algebraic carriers and proofs. The role of the present
chapter is narrower and more rigid: it proves that the first finite diagonal obstruction
and the first obstruction to transport descent coincide on the minimal triangle subsystem
on which the obstruction is carried.

Remark 9.9.1 (What is not yet used). Nothing in the present chapter uses smooth re-
alization, curvature, connections, augmentation filtrations, or quadratic carriers. The
role of the chapter is exactly to identify the correct finite combinatorial obstruction and
to show that, after triangle coherence is specified, this obstruction is precisely failure of
transport descent on the corresponding triangle subsystem. The immediate continuation
is chapter 10, where this same static obstruction is carried into observer-level irreversible
descent; chapter 11 then extends that continuation before the later curvature and inter-
face chapters chapters 12 and 13 begin from it, but none of those later chapters is used
here.

9.10 Conclusion

The bridge theorem closes the discrete obstruction arc with theorem-level precision: on
the minimal triangle subsystem, finite triangular incompatibility, nontrivial loop defect,
and failure of transport descent are equivalent manifestations of a single obstruction
class.

Accordingly, chapter 10 carries this same class into the temporal regime, where de-
scent failure becomes the structural mechanism of irreversible dynamics; chapter 11
then continues that residue through the stitching construction before the later smooth
realization chapters chapters 12 and 13.
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Part 1V

Dynamics, Irreversibility, and
Spacetime
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Chapter 10

Observer-Level Irreversible Descent
and the Two-Locus Residue

10.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter sets up the internal observer-reduction framework at fixed quotient semantics, i.e.
relative to items (SP4) and (SP5), and isolates the conditional regime in which observer-
level irreversibility can arise. Using the static transport obstruction of chapter 9, it
sets up the internal observer-reduction framework and the conditional irreversibility
criterion carried next into chapter 11; only later, together with the stabilized interface-
side package, do those observer-level structures feed chapter 14. Chapters 2, 3, 6, 8 and 9
established two structural facts. First, closed-system comparison semantics determines
a canonical diagonal quotient

m: X — Phys:= X/G,

which removes precisely the redundant degrees of freedom coming from the intrinsic
diagonal symmetry. This quotient is internal to the closed system. It is not an observer
coarse-graining, and by itself it creates no arrow of time. Second, any enrichment of
quotient-level protocol data back to representatives in X remains exhausted by the
same two previously classified loci, possibly both and with no third enrichment locus:
representative choice and morphism-level transport or holonomy data. The purpose of
the present chapter is to determine how this quotient architecture separates intrinsic
reversible descent from the later conditional observer-induced descent regime. There are
two logically distinct descent stages:

X =5 Phys -5 V-

(i) The intrinsic quotient
m: X — Phys

preserves reversibility: a reversible G-equivariant flow on X descends to a reversible
flow on Phys.
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(ii) Irreversibility may arise only after a further internal observer reduction
0: Phys - Y,

built from restricted admissible quotient-level observations; the chapter’s irre-
versibility criterion then applies only once a proper such observer family is already
forward-compatible with the descended reversible flow on Phys.

The first task of the chapter is to isolate this two-stage architecture and, once a com-
patible irreversible descent is fixed, derive the resulting filtration of indistinguishability
relations on Phys. From that filtration follow two canonical consequences: a monotone
entropy functional and an extended pseudo-ultrametric geometry. The second task is
structural. We prove that irreversibility at the observer level introduces no new enrich-
ment primitive. Even after the reduction 6, every compositional lift of quotient-level
data back to representatives in X remains exhausted by the same two loci identified in
Theorems 6.6.1 and 6.6.2: representative choice and morphism-level transport or holon-
omy data, possibly both, with no third enrichment locus. The central structural claim
is therefore the following: once a G-equivariant reversible flow on X and its descended
reversible flow on Phys are fixed, nontrivial transport obstruction forces irreversible ob-
server descent whenever a proper internal observer family built from restricted quotient-
level observations is already forward-compatible with that descended flow. Dependence

on labeled results. This chapter uses:
e the intrinsic quotient semantics X — Phys established in the quotient chapters;
e representative lift classification and the two-locus analysis from Chapters 6 and §;

e the triangle-loop bridge and nontrivial transport obstruction from Chapter 9.

Use in subsequent chapters. This chapter provides:

e the rigid separation between intrinsic reversible quotient semantics and the later
observer-level descent on Phys where irreversible behavior may arise;

e the internal observer-reduction framework on Phys, together with the conditional
irreversibility criterion for proper observer families built from restricted quotient-
level protocols once forward compatibility is fixed;

e the canonical filtration of observer indistinguishability on Phys attached to a com-
patible irreversible descent;

e the entropy and extended pseudo-ultrametric structures induced by that filtration;

e the theorem that even in the irreversible regime the enrichment residue above
quotient semantics remains exhausted by the same two loci: representative choice
and morphism-level transport or holonomy data, possibly both, with no third
locus.
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10.2 Reversible flows and forward factors

We begin with the abstract distinction between reversible dynamics and forward-only
reduced dynamics.

Definition 10.2.1 (Reversible flow). A reversible flow on a set X is a family

(1) ter
of bijections ®;: X — X satisfying
dy = idy, Dy =D 0D for all s,t € R.

Definition 10.2.2 (Forward factor map). Let (®;);cg be a reversible flow on X. A

surjection
p: X »Y

is a forward factor map if for every t > 0 there exists a map
U,: Y =Y

such that
po®, =V,0p.

Lemma 10.2.3 (Forward factor semigroup). If p: X — Y is a forward factor map, then
the family (Vy)i>o satisfies

U, = idy, Uy o=V, 00, for all s,t > 0.

Proof. Since
po Py =p,

surjectivity of p implies
\IJO - ldy .

Let s,t > 0. Then
U, oV, 0p=V,0poP,=pod,od,=pod,,, =V, ,0p.

Again by surjectivity of p,
\I]t+5 = \Ilt o) \IIS.

U

Definition 10.2.4 (Information loss). A forward factor map p loses information if there
exist distinct points z1, o € X and a time ¢y > 0 such that

p(r1) = p(z2)

but
P(P_sy (1)) # PPty (22))-
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Thus p identifies states which remain distinguishable when the underlying reversible
dynamics is run backward.

Lemma 10.2.5 (Information loss obstructs two-sided descent). If p loses information,
then there does not exist a family

(We)rer
extending (V;)i>0 and satisfying

po@t:\itop for allt € R.

Proof. Assume for contradiction that such an extension exists. Choose x1, xs, tg witness-
ing information loss. Evaluating the intertwining identity at time —t, gives

Voio(p(21)) = p(@io (1)), Wogo(p(22)) = (Pt (22)).

Since p(x1) = p(x2), the two left-hand sides are equal, whereas the two right-hand sides
are distinct by hypothesis. This is impossible. 0

Remark 10.2.6 (Irreversibility mechanism). Noninjectivity of p alone does not force ir-
reversibility. The obstruction is the backward fiber separation of Theorem 10.2.4. Ir-
reversibility appears exactly when states that are identified at the reduced level fail to
remain identified under backward evolution in the unreduced reversible system.

10.3 The intrinsic quotient preserves reversibility

We now apply the abstract discussion to the closed-system quotient architecture.

Definition 10.3.1 (G-equivariant flow). A reversible flow (®;)icr on X is G-equivariant
if
Oy(g-x) =g Dy(x) forallge G, x € X, t e R.

Proposition 10.3.2 (Time descends through the intrinsic quotient). Suppose (Py)icr
1s a G-equivariant reversible flow on X. Then there exists a unique reversible flow

(‘Ijt)teR

on Phys such that R
mTo®, =V,om forallt € R.

Proof. Define R
Wy([z]) := [®e(2)].

To prove well-definedness, suppose [z] = [y]. Then y = g - x for some g € G. By
equivariance,

Di(y) = (g - ) = g - Py(x),
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so [®;(y)] = [®:(z)]. Thus V¥, is well defined. For every = € X,

-~

(T 0m)(w) = Ty([z]) = [®s(2)] = (70 B)(x),

so the intertwining identity holds. The flow laws follow directly from those of (®;):

and
Uy ([2]) = [Pras ()] = [04(D4())] = Ty (T,([2])).

Since each ®; is bijective, each \T/t is bijective with inverse \T',t. Hence ((I\ft)teR is a
reversible flow on Phys. Uniqueness follows from surjectivity of 7. O

Corollary 10.3.3 (No arrow from the intrinsic quotient). If
(1) = m(x2),
then for every t > 0 one has
T(®_i(21)) = m(Py(22)).

Proof. By Theorem 10.3.2, the descended reversible flow (\T/t)te[g exists on Phys. There-
fore

(P i(11)) = Vy(w(21)) = oy(m(wz)) = 7(P-s(2)).
U

Thus the intrinsic diagonal quotient preserves reversibility. Any arrow of time must
therefore arise only after a later internal observer reduction

0: Phys — Y.

10.4 Internal observer reductions

The second descent stage must be internal to the closed system. Accordingly, we now set
up the internal observer-reduction framework using restricted quotient-level observation
protocols.

Definition 10.4.1 (Admissible quotient-level observable). An admissible quotient-level
observable is a map
w: Phys -V

which arises from an admissible quotient-level protocol functor and is invariant under
the transport equivalences already determined at the quotient level.
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Definition 10.4.2 (Observable family). A quotient-level observable family is a collection
O = {w,: Phys = V, }aeca
of admissible quotient-level observables.

Definition 10.4.3 (Observer indistinguishability). Given a quotient-level observable
family O, define a relation ~g on Phys by

P~ @ = we(p) = wa(q) for all a € A.

Lemma 10.4.4 (Observer indistinguishability is an equivalence relation). For every
quotient-level observable family O, the relation ~g is an equivalence relation on Phys.

Proof. Reflexivity and symmetry are immediate. For transitivity, suppose
D ~oq and qror.

Then for every a € A,

Hence p ~g 7. 0

Definition 10.4.5 (Internal observer reduction). Let © be a quotient-level observable
family. Define

Yo := Phys/~g,
and let

fo: Phys — Yy
be the canonical quotient map

0o(p) := [pl~s-

This map is called the internal observer reduction induced by O.

Remark 10.4.6 (Internality). The map g is not an externally imposed coarse-graining.
It is determined entirely by a restricted family of admissible quotient-level observations
already internal to the closed system.

Proposition 10.4.7 (Universal property of observer reduction). For every w, € 9,
there exists a unique map
We: Yo =V,

such that
We = Wy 0 By.

Moreover, 04 is initial among surjections with this property.
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Proof. If p ~g q, then w,(p) = wa(q), so w, is constant on ~p-classes. Therefore
BallPles) = walp)
is well defined. Uniqueness follows from surjectivity of f5. Now suppose
n: Phys — 7

is another surjection through which every w, factors. If n(p) = n(q), then w,(p) = w.(q)
for every a, hence p ~y q. Therefore n refines ~g, and there exists a unique map

u: 4 — YD
with
0o =uon.
Thus 0y is initial among such surjections. 0

Definition 10.4.8 (Proper observer family). A quotient-level observable family O is
proper if there exist distinct points p1, po € Phys such that

p1 ~9 P2
Equivalently, the induced observer reduction 6 is noninjective.

Definition 10.4.9 (Forward-compatible observer family). Let (¥,),cr be a reversible
flow on Phys. A quotient-level observable family O is forward-compatible with (¥,) if
for every t > 0 there exists a map

TP Yo — Yo

such that
QDOCI\ItI\I/?OHD.

~

Definition 10.4.10 (Backward-stable observer family). Let (¥;);cr be a reversible flow
on Phys, and let O be a quotient-level observable family that is forward-compatible with
(¥;). We say that O is backward-stable if the intertwining identity extends to all ¢ € R,
i.e. if there exists a family

(‘Ij?)tGR

on Yy such that
QDo\Tlt:\II?OQD for all t € R.
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10.5 Transport obstruction and fixed-flow observer ir-
reversibility

We now identify the exact point at which, relative to fixed reversible flow data, nontrivial
transport obstruction forces observer-level irreversibility once the associated restricted
observer family is forward-compatible.

Definition 10.5.1 (Observer-level information loss on Phys). Let (\T/t)te[g be a reversible
flow on Phys, and let O be a quotient-level observable family that is forward-compatible
with (U;). We say that O loses information if there exist distinct points py, pa € Phys
and a time tg > 0 such that

0o(p1) = o (p2)
but
0o (W4 (1)) # 00 (T 4y (p2)).

Lemma 10.5.2 (Lifted and quotient-level information loss agree). Let (®;) be a G-
equivariant reversible flow on X, let (U;) be the descended reversible flow on Phys, and

let O be a quotient-level observable family on Phys that is forward-compatible with ((I\/t)
Set

0 := 0y, p:=0om.
Then p loses information in the sense of Theorem 10.2.4 if and only if O loses informa-

tion in the sense of Theorem 10.5.1.

Proof. Assume first that p loses information. Then there exist z1,29 € X and t5 > 0
such that

p(r1) = p(z2)

but
PPty (1)) # P(Dyy (22)).
Set
pi :=m(x;) € Phys (i=1,2).
Then

0(p1) = p(a1) = p(x2) = 0(p2).
Moreover, by Theorem 10.3.2,
(Do () = {I\j—to(pi)‘

Hence
OV sy (p1)) = p(®_ty (1)) # (@4 (22)) = O(T_y, (p2)).

Thus O loses information on Phys. Conversely, assume £ loses information on Phys.
Then there exist distinct points pi, p2 € Phys and ¢ty > 0 such that

0(p1) = 0(p2)
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but
O(T 1 (p1)) # O(¥ sy (p2)).
Choose representatives z; € X with
m(x;) = p; (1=1,2).
Then
p(x1) = 0(m(21)) = 0(p1) = 0(p2) = O(7(22)) = p(a2),
while again by Theorem 10.3.2,
P(P—t () = O(m (Pt (25))) = O(¥ s, (pi))-
Hence

PP s (1)) # p(Pty(2)).

Thus p loses information. 0

Definition 10.5.3 (Compatible irreversible descent). A compatible irreversible descent
consists of:

(1) a G-equivariant reversible flow
(P¢)rer
on X;

(2) a proper quotient-level observable family O on Phys, forward-compatible with

the descended reversible flow (\Tlt)teR on Phys determined by item (1) via The-
orem 10.3.2;

(3) the induced internal observer reduction
0 :=0y: Phys — Yy
(4) information loss for O, equivalently for p := 6 o 7, in the sense of Theorem 10.5.2.
Lemma 10.5.4 (Factor identity on Phys). Let
p=0om: X »Y

be a compatible irreversible descent, let (CI\lt)teR be the descended reversible flow on Phys,
and let (V;);>0 be the induced forward semigroup on'Y . Then for every t > 0,

Ho\Ilt W, 00.
Proof. For x € X and t > 0,
(0o CI\ft om)(x) =(0omod)(x) = (poPy)(x) = (V;0p)(x) = (V;000m)(x).

Since 7 is surjective,

00\/1\/15:\111309.
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We now state the supported conditional forcing theorem.

Theorem 10.5.5 (Conditional fixed-flow observer irreversibility). Under the standing
principle Standing Principle 1, assume the closed comparison system is nontrivial in the
sense that the transport obstruction of Chapter 9 is nonvanishing on some finite transport
subsystem. Let (®y)ier be a G-equivariant reversible flow on X, and let (Vy)er be the
descended reversible flow on Phys. Fix a minimal triangle subsystem on which transport
fails to descend through triangle coherence, and let O be the proper admissible quotient-
level observable family on Phys whose values depend only on forward-coherent restrictions
of that subsystem. Assume that O is forward-compatible with (V). Then:

(i) O s not backward-stable with respect to (\Tft);

(ii) the induced internal observer reduction
99 . PhyS — Yg
loses information in the sense of Theorem 10.5.1;

(iii) the composite
p:=~0pom

loses information on X, hence defines a compatible irreversible descent.

Proof. By Theorem 9.8.1, nontrivial transport obstruction means that there exists a
finite transport subsystem carrying a minimal triangle regime, equivalently a directed
triangle subsystem on which transport fails to descend through triangle coherence. Fix
such a subsystem, and let © be the associated admissible quotient-level observable
family from the statement. This family is internal, because it is defined entirely in
terms of admissible quotient-level protocols, and it is proper because the full triangle
obstruction is invisible on every two-edge restriction while distinct global states remain.
Let 0p: Phys — Yy be the induced observer reduction. By assumption, O is forward-
compatible with the fixed descended reversible flow (U;);cg on Phys. We claim that O
is not backward-stable. Suppose instead that it were backward-stable with respect to
(¥;). Then there would exist a family

(U7)ser

on Yy such that R N
QDo\I/t:\IJtDOQD for all t € R.

On the chosen minimal obstructed subsystem, the family O records only the forward-
coherent restricted reports. A two-sided intertwining through 6y would therefore make
those restricted reports stable under full transport and force the missing global coherence
to descend through the observer quotient. By the triangle—loop identification of Theo-
rem 9.8.1, that would give a two-sided transport descent across the transport-obstructed
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subsystem, contradicting the assumed obstruction. Hence 9 is not backward-stable. If,
for every t > 0 and every p1,py € Phys with 05 (p;) = 09(p2), one also had

90@%(101)) = 90@%@2)),

then each backward iterate \/I\/,t would descend through the surjection 6y to a map on
Y. Together with forward compatibility for ¢ > 0, this would make O backward-stable,
a contradiction. Therefore there exist distinct points pi,ps € Phys and a time t5 > 0
such that

0o(p1) = Oo(p2)
but R R
00 (V15 (1)) # 00 (¥, (p2))-

That is exactly observer-level information loss in the sense of Theorem 10.5.1. By The-
orem 10.5.2, the composite
p:=0pom

loses information on X as well. Since O is proper and forward-compatible with the fixed
descended flow, p is therefore a compatible irreversible descent. [l

Corollary 10.5.6 (Conditional irreversibility for a fixed flow). Assume the hypotheses
of Theorem 10.5.5. Then, for the fixed reversible flow data, the associated internal
observer reduction Oy is forward-compatible but not backward-stable and therefore exhibits
observer-level irreversibility.

Proof. Fix the G-equivariant reversible flow (®;) on X, the descended reversible flow
(U,) on Phys, and the associated observer family O as in Theorem 10.5.5. The theorem
gives non-backward-stability and observer-level information loss for 6y, which is exactly
the claimed irreversibility. 0

Remark 10.5.7 (Internal source of the arrow). The observer reduction # is now fully
internalized: it is induced by a proper restricted family of admissible quotient-level
observations. Irreversibility is therefore not postulated by an external coarse-graining.
For the fixed reversible flow data of Theorem 10.5.5, it appears precisely when internal
observer reduction is forward-compatible with the descended flow but not backward-
stable.

10.6 Time-indexed indistinguishability on Phys
Fix a compatible irreversible descent. Thus a G-equivariant reversible flow (®;);cr on
X is given together with its descended reversible flow (¥;);cg on Phys, and an internal

observer reduction
X1>Physi>Y, p=~0om.
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Definition 10.6.1 (Kernel filtration on Phys). For each ¢ > 0, define an equivalence
relation

F; :=ker(6 o U;) C Phys x Phys

by N N
(p1,p2) € Fr <= 0(¥(p1)) = 0(Vi(p2)).

Lemma 10.6.2 (Equivalence). Each F; is an equivalence relation on Phys.

Proof. Fix t > 0. Since F; is the kernel relation of the map
f,:=00W,: Phys —» Y,

the relation

(p.q) € Fr <= filp) = fi(q)

is reflexive, symmetric, and transitive. O

Lemma 10.6.3 (Monotone coarsening). If 0 < s <t, then
Fs © Fe.

Proof. Let (p1,p2) € Fs. By definition,

O(Ws(p1)) = 0(T,(p2)).

Write
t=s+(t—s).

Applying ¥,_, to both sides gives
Uiy (0(Ts(p1) = o s (0T, (p2))).

Using Theorem 10.5.4, R
Uy g0 =100 vy,

and then the flow law on Phys, we obtain

~ ~

O(Wi(p1)) = 0(Pe(p2))-

Hence (p1,p2) € Fi, 80O
Fs C F.

[l

Lemma 10.6.4 (Coarsening map between quotient partitions). If 0 < s < t, then the
tdentity map on Phys induces a canonical surjection

Qs - PhyS/Fs - Phys/"t;fa [p]}'s — [p]]:t'
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Proof. Well-definedness follows from Theorem 10.6.3: if

Pl = [P]7.,

then
(p,p) € Fs € Fu,
hence
plF, = V7
Surjectivity is immediate. 0

Remark 10.6.5 (Arrow of time). The filtration
FoC Fs CF (0<s<t)

grows monotonically. Thus indistinguishable states can merge but never split. The
arrow of time is therefore located entirely in the observer reduction #, not in the intrinsic
quotient 7.

10.7 Entropy and extended pseudo-ultrametric
Definition 10.7.1 (Observer entropy). Assume that
|Phys/Fi| < oo
for the times under consideration. Define
So(t) := —log |Phys/F|.

Proposition 10.7.2 (Entropy monotonicity). Assume that |Phys/F;| < oo for the times
under consideration. Then Sy(t) is nondecreasing in t.

Proof. 1f 0 < s < t, then by Theorem 10.6.4 there exists a surjection
¢st: Phys/Fs — Phys/F;.

Hence

|Phys/F;| < |Phys/F|.
Applying the decreasing function — log yields

S@(S) S Sg(t).
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Remark 10.7.3 (Observer dependence). The entropy functional depends on the reduction
0. Different internal observer families induce different filtrations

(F2)e=0

and therefore different entropy functions. What is intrinsic is not the numerical value of
Sp(t), but its monotone direction, which follows purely from kernel growth.

Definition 10.7.4 (Observer extended pseudo-ultrametric). Define a function
dy: Phys x Phys — [0, o0]

by
do(p,q) :=nf{t > 0: (p,q) € F:}.

If the displayed set is empty, we use the convention dy(p, q) = +o0.

Proposition 10.7.5 (Extended pseudo-ultrametric structure). The function dy is an
extended pseudo-ultrametric on Phys. That is:

(i)
dg(p,p) = 0;
(ii)
do(p,q) = do(q,p);
(iii)
do(p,r) < max{dp(p,q),ds(q,7)}.

Proof. Since
(p,p) € Fo,

one has
dg(p,p) = 0.

Each relation F; is symmetric, hence so is dy. For the strong triangle inequality, set
a = dg(p,q), b:=dg(q,7), m := max{a, b}.

If m = 400, then
do(p,r) < max{dy(p,q),ds(q,7)}

is immediate. So assume m < +o00. Let € > 0. By definition of infimum, there exist
t1§a+5, t2§b—|—€

such that
(p7Q)E‘El7 (Q7T)€~Ft2‘
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Set
t := max{ty,ta} <m+e.

By Theorem 10.6.3,
(pa Q) € E? (q,T) S ft-

Since JF; is an equivalence relation, it is transitive, so
(p7 T) S ‘Ft~

Hence
do(p,r) <t <m+e.

Letting ¢ | 0 yields
do(p,7) < max{dy(p,q), ds(q,7)}-
O

Remark 10.7.6 (Coarsening time as geometry). The extended pseudo-ultrametric dy pack-
ages the filtration (F;);>0 as a geometry on Phys: states are close when they become
f-indistinguishable early. Pairs that never become #-indistinguishable simply remain at
infinite distance. This geometry is observer-dependent, but the strong triangle inequality
is purely filtration-theoretic.

10.8 The two-locus residue

We now return to the enrichment question. The point is that observer reduction changes
distinguishability at the level of reduced dynamics, but does not change the internal
classification of compositional lifts back to representatives.

Theorem 10.8.1 (Irreversible descent preserves the two-locus residue). Under the stand-
ing principle Standing Principle 1, let

p=0om: X »Y
be a compatible irreversible descent. Then:

(1) the reduced forward dynamics on'Y is irreversible in the sense that it admits no
two-sided extension intertwining p;

(2) quotient semantics remains determined by the intrinsic quotient

m: X — Phys;
(3) every compositional lift of quotient-level protocol data to representatives in X re-
mains exhausted by the same two previously classified loci, possibly both and with

no third locus:
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(a) representative sections;

(b) morphism-level transport/holonomy data.

Proof. Ttem (1) is exactly Theorem 10.2.5: information loss precludes any two-sided
extension of the reduced forward semigroup intertwining p. For item (2), the quotient
semantics of the closed system is unchanged by the observer reduction. The intrinsic
physical state space is Phys = X /G, obtained from the canonical diagonal quotient. The
map

0: Phys » Y

is an additional internal observer reduction imposed after that quotient. It may erase
distinctions between physically distinct states, but it does not alter the intrinsic quotient
semantics itself. For item (3), any compositional enrichment of quotient-level protocol
data back to representatives in X is a representative-lift problem through the action
groupoid. By the lift-classification theorem of Chapter 6 and the descent-obstruction
classification of Chapter 8, such a lift is exhausted by the same two kinds of additional
data: object-level representative choice and morphism-level transport cocycle or holon-
omy data. Since the observer reduction 6 acts only after passage to Phys, it creates
no new action-groupoid lift data above quotient semantics. Hence no third enrichment
locus appears. O

Remark 10.8.2 (Structural summary). The logical architecture is therefore rigid:
X =5 Phys -5 V-

The first map is intrinsic and reversible; it defines the closed-system quotient seman-
tics. The second map is internal but observer-dependent; it may be irreversible and
induces the monotone indistinguishability filtration on Phys. Yet even in the irreversible
regime, representative choice and morphism-level transport or holonomy data remain
the only enrichment loci above quotient semantics, possibly both, with no third locus,
by Theorems 6.6.1 and 6.6.2.

10.9 Interpretation

The chapter establishes four points which should be kept sharply separate. First, the
canonical quotient
m: X — Phys

is not an irreversible coarse-graining. It removes only the intrinsic diagonal redundancy
determined by closed comparison semantics. Because G-equivariant reversible flows de-
scend through 7 as reversible flows, no arrow of time originates there. Second, observer
reduction is internal to the closed system. It is not an externally imposed surjection,
but the quotient induced by a proper restricted family of admissible quotient-level ob-
servations. Thus the second descent stage

0: Phys » Y
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arises from observer limitation already encoded inside the comparison stack. Third, once
a reversible flow on X and its descended reversible flow on Phys are fixed, irreversibil-
ity appears only when such an internal observer reduction is forward-compatible with
that descended flow but not backward-stable. The exact mechanism is backward fiber
separation. This induces the monotone kernel filtration

(Ft)e=0

on Phys, from which observer entropy and the extended pseudo-ultrametric geometry
follow canonically. Fourth, the enrichment residue is unaffected by this observer-level
irreversibility. Even when reduced dynamics becomes irreversible on Y, the only compo-
sitional ways to lift quotient-level data back to X remain the two loci of Theorems 6.6.1
and 6.6.2: representative choice and morphism-level transport or holonomy data, possi-
bly both, with no third enrichment locus. In particular, the chapter introduces no new
primitive for irreversible behavior. Irreversibility is carried by internal observer-induced
failure of descent, not by an enlargement of the intrinsic comparison stack.

Remark 10.9.1 (What is not yet used). Nothing in the present chapter uses smooth
realization, connection theory, curvature, graded commutator structure, or quadratic
carriers. The role of the chapter is more basic: for fixed reversible flow data, it isolates
the exact observer-level locus at which irreversibility can appear once a proper inter-
nal observer family is forward-compatible, and it proves that representative choice and
morphism-level transport or holonomy data remain the only enrichment loci above quo-
tient semantics, possibly both, with no third locus. Chapter 11 is the immediate next
continuation, and chapters 14 and 17 use the stabilized arena later, but none of that is
used here.

10.10 Conclusion

The chapter isolates irreversibility at its exact structural location: not in the intrinsic
quotient map X — Phys, but in the subsequent observer-induced descent Phys — Y
once fixed reversible flow data are in place and a proper internal observer family is
forward-compatible with the descended flow but fails to be backward-stable. The arrow
of time is therefore derived internally rather than postulated externally.

Accordingly, chapter 11 stabilizes this dynamical picture by assembling refinement
and observer-time quotients into a canonical two-parameter inverse-limit arena later
used in chapters 14 and 17.
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Chapter 11

Transport-Closed Dynamics and
Spacetime Interleaving

11.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter determines the transport-closed dynamics consequences of items (SP4) and (SP5)
on the closed side of the stack. Using the observer-side irreversible filtration inherited
from chapter 10, it then assembles the canonical stitched refinement/observer arena ST
used immediately in chapter 12 and later in chapters 14 and 17. Chapter 10 isolated the
source of irreversibility in the closed-system stack. The intrinsic quotient

m: X — Phys := X/G

does not itself generate an arrow of time: reversible evolution on X descends to reversible
evolution on Phys. Irreversibility enters only at the later internal observer-induced de-
scent on Phys, and the observer-side temporal filtration used here is inherited from that
stage. The purpose of the present chapter is different. We return to the closed side
of the framework and determine what transport closure entails on admissible dynamics
before any observer reduction is imposed. Two facts are proved.

(i) Under closed-system semantics and transport closure, every admissible dynamical
evolution preserves the primitive comparison structure and therefore lies in the
intrinsic symmetry group

G = Aut(U,C).

(ii) Once comparison preservation is determined, admissible dynamics acts canonically
on the refinement tower of Boolean algebras and hence on its Stone inverse limit.
If an observer reduction on the limit descends to finite refinement levels, then
temporal coarse-graining and spatial refinement interleave functorially, yielding a
canonical two-parameter inverse system.
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To state the second conclusion in an intrinsically categorical form, we prove not merely
that each admissible symmetry acts on each refinement stage, but that

Aut(U,C)

acts by automorphisms of the entire refinement inverse system. The resulting two-
parameter limit object is the first object in the stack in which refinement and observer-
induced temporal coarsening are assembled into a single canonical construction. The

logical position of the chapter is therefore

transport closure = comparison-preserving dynamics = refinement action

— refinement /observer interleaving = ST.

No curvature, smooth realization, or macroscopic field law appears here. Those belong
to later chapters.

11.2 Transport closure determines comparison preser-
vation

We begin by fixing the meaning of transport closure at the present level of the stack.

Definition 11.2.1 (Transport-closed extension). An extension of quotient semantics is
called transport-closed if it introduces neither

(i) object-locus representative data, i.e. no section
s: Phys — X with T 05 = idppys,
nor
(ii) morphism-locus obstruction, i.e. no nontrivial holonomy or loop defect.

Equivalently, by the descent—obstruction classification together with the loop criterion
from the transport spine (Theorem 4.5.1 and the endpoint-determined criterion in the
descent—obstruction chapter), admissible transport is endpoint-determined.

Definition 11.2.2 (Admissible dynamics). A dynamical evolution on U is called admis-
sible if it is realized within a transport-closed extension of quotient semantics.

The first result removes an external hypothesis. Comparison preservation is not
assumed; it is determined.

Lemma 11.2.3 (Transport-closed endpoint-determined realizations add no new com-
parison data). Under the standing principle Standing Principle 1, assume closed-system
semantics and transport closure. Any endpoint-determined realization of quotient-level
dynamics introduces no comparison distinction beyond the descended content on Phys.
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Proof. By the two-locus classification, any admissible enrichment beyond quotient se-
mantics is exhausted by object-locus representative choice and morphism-locus transport
obstruction, possibly with both and with no third locus. Endpoint-determined transport
excludes the morphism locus, while transport closure excludes the object locus. Hence no
additional comparison distinction can be introduced beyond the quotient-level content
already determined by Phys. 0

Theorem 11.2.4 (Transport closure determines comparison preservation). Under the
standing principle Standing Principle 1, assume closed-system semantics and transport
closure. Then every admissible dynamical transformation on U preserves every compar-
1son predicate and therefore belongs to the intrinsic symmetry group

G = Aut(U,C).
Proof. Let ®: U — U be admissible. Suppose
o ¢ Aut(U,C).
Then, by definition of Aut(U, C), there exist ¢ € C and u,v € U such that

c(P(u), P(v)) # c(u,v).

Under rectangular completeness, the comparison world admits its canonical diagonal
presentation
U= X =X, x Xg, m: X — Phys := X/G,

and closed-system semantics identifies admissible state content with data descending
through 7. Thus any admissible realization of ® must respect the quotient boundary
determined by 7. But the inequality

c(®(u), ®(v)) # c(u, v)

shows that ¢ produces a comparison distinction not already determined by the descended
quotient content on Phys. By Theorem 11.2.3, no endpoint-determined realization can
produce such a distinction. Hence any realization of ® must involve enrichment beyond
endpoint-determined quotient semantics. By the universal two-locus classification of
enrichment (Theorem 2.6.1 in chapter 3, equivalently the action-groupoid classification
together with the section-holonomy dichotomy), every such non-endpoint-determined
realization is exhausted by representative choice and morphism-level transport, possibly
with both and with no third locus. Transport closure excludes both. This contradiction

proves that ® € Aut(U,C). O

Remark 11.2.5 (Derived symmetry). Theorem 11.2.4 replaces the external hypothesis
that admissible dynamics preserves comparisons. In the closed-system stack, comparison
preservation is not an independent postulate. It is a consequence of admissibility together
with transport closure.
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11.3 Refinement tower and Stone inverse limit

We now pass from the comparison layer to the refinement layer. Let

(Br)ken

be the refinement tower of chapter 1, and let

()

be the generated limit Boolean algebra. Write
Sk := UF(By), Seo := UF(By)
for the corresponding Stone spaces. Restriction of ultrafilters along the inclusions
Br C Bit1

induces bonding maps
Ort1,kt k1 — Sk

Proposition 11.3.1 (Stone inverse limit). There is a canonical homeomorphism

Soo = l'LnSk.
k

We denote the inverse-limit projections by
Pk - Soo — Sk

Proof. This is the inverse-limit representation of admissible ultrafilters proved in the
foundational chapter, applied to the present refinement tower. [l

Lemma 11.3.2 (Surjectivity of the projections). For every k, the projection
Pkt Soo —> Sk
18 surjective.

Proof. Each bonding map
Oka1k: Sk41 — Sk

is induced by restriction of ultrafilters along
Br € Bi1-

Every ultrafilter on By extends to an ultrafilter on Byiq, so each ¢y is surjective.
The coordinate projections from an inverse limit of nonempty compact Hausdorff spaces
with surjective bonding maps are therefore surjective. Under the identification of Theo-
rem 11.3.1, this is exactly the surjectivity of py. U
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11.4 Functorial action on the refinement inverse sys-
tem

Once admissible dynamics is determined into Aut(U,C), it acts not only on U but on
every comparison-generated Boolean stage, and hence on the full Stone tower.

Proposition 11.4.1 (Boolean invariance). Every comparison-preserving bijection
¢ € Aut(U,C)

acts on B, by pullback
E— ¢ (E),

preserves each finite-stage algebra By, and therefore induces maps
OM: S = Sk 87 S S

Proof. Tt is enough to check preservation on the generating comparison sets. For a basic
left comparison set
Loy ={uveU:cu,w) =1},

we have
U € ¢ H(Lew) == clpu),w) =1 < c(u,¢ *(w)) =1 < ue Le.g-1(w)-

Thus pullback sends left generators to left generators. Similarly, for a basic right com-
parison set

Ry ={uecU:c(w,u) =1},
one computes
u€ ¢ (Rew) < c(w,d(u)) =1 < (¢ (w),u) =1 < u€ Rey1(w)

Hence right generators are preserved as well. Therefore pullback preserves the generating
comparison family, hence every B, and therefore B,. The induced maps on Stone spaces
are the stated maps. 0

Theorem 11.4.2 (Functorial action on the refinement inverse system). The assignment

6 (6%),cn

defines an action of
Aut(U,C)

by automorphisms of the inverse system

(Sks Prr1k) ey
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Equivalently, for every
¢ € Aut(U,C)
and every k, the square

Hk+1)
Sk+1 — Sk+1

¢k+1,kl l¢k+1,k

Sk —_— Sk
dk)

commutes, and
1Y =ids,  (Gow) =W o
for all k.

Proof. Fix ¢ € Aut(U,C). By Theorem 11.4.1, the maps
are well-defined. To verify compatibility with the bonding maps, let u € Si.1. Then

Ort1,k (¢(k+1)(u)) = ¢" 1 (u) N By.
By definition, R
Ee o™ HVu) «— ¢ Y(E)eu  (F€By).
Restricting to E' € By, we obtain
E € ¢pin(0" V(W) <= ¢ Y(E) cunB, <= E c¢®(unBy).
Thus R R
Gy 0 0FT =™ o gy
Identity and composition are immediate from the corresponding facts for pullback on

subsets of U. The identity automorphism induces the identity on every Boolean algebra,

hence
~(k)
id ~ =idg, .

If ¢,9 € Aut(U,C), then

(poy) =y log™,
SO . ~

(poy)  =oM oy,
Therefore Aut(U, C) acts by automorphisms of the inverse system. O
Corollary 11.4.3 (Action on the Stone limit). The action of Aut(U,C) on the inverse
system induces an action on the inverse limit Ss. Under the identification

S 2 lim 5,
k

this action agrees with the Stone action

1 S — Se.
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Proof. By Theorem 11.4.2, each ¢ € Aut(U,C) determines a compatible family of maps
on the inverse system and hence a unique induced map on the inverse limit. By con-
struction, this is the Stone-dual map induced directly from pullback on B,. U

Corollary 11.4.4 (Induced flow on the Stone limit). Let

(1) ter
be an admissible reversible flow on U. Then each ®; induces compatible homeomorphisms
M. 8 = S B Se = Sa,

and

~

(P7)ter

15 a reversible flow on Sy .

Proof. By Theorem 11.2.4, each ®,; lies in Aut(U,C), so Theorems 11.4.2 and 11.4.3
produce the induced maps on every Sy and on S,,. Since

q)t-i—s = q)t o q)57 ®0 - idU;

the induced maps satisfy

EISIQC&-)S = (/Isgk) o &\)gk)v 6(()@ - idsk,
and likewise on S.. Hence (°),cr is a reversible flow. O

11.5 Observer reduction on the Stone limit

We now reintroduce observer structure, but only at the limit level. Let
O: S > Y

be a surjective observer reduction.

Definition 11.5.1 (k-level admissibility). The observer reduction 0, is called k-level
admissible if it is constant on fibers of

Pk Seo = Sk,

that is,
pr(®) = pr(y) = 0o () = 00 (y)-

Lemma 11.5.2 (Descent criterion). Fiz k. The following are equivalent:
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(i) There exists a map
le Sk —Y

such that
O o pr = O.
(i) O is k-level admissible.
If such a map exists, it is unique.

Proof. 1f 0, exists and pi(z) = pi(y), then

Oco () = Ok (pr(2)) = Ok (pr(y)) = Osc(v),

so 0. is constant on fibers of p,. Conversely, assume 6., is constant on fibers of p.
Given u € Sk, choose = € S, with pi(z) = u, which is possible by Theorem 11.3.2, and
define

Or(u) := O ().
This is well-defined by fiber constancy. The identity
Ok © pr = 0o
is immediate, and uniqueness follows from the surjectivity of p. 0

Definition 11.5.3 (Induced finite-level filtration). Assume 6., is k-level admissible, and
let
Gk: Sk —Y

be the descended map of Theorem 11.5.2. For t > 0, define
ft(k) = ker(é’k o @Ek)) C S, x S,

that is, R R
(a,0) € FY = 6,(0(a)) = 6,(B" (1)).

Remark 11.5.4 (No independent finite-level observer). Finite-level observer data are not
primitive. If 6, is k-level admissible, then 6, exists uniquely. If 6, is not k-level
admissible, no such 0, exists. Any independent specification of a finite-level observer
map would therefore constitute additional structure beyond the closed-system boundary.

11.6 Determined interleaving across refinement

We now prove that observer-induced temporal identifications descend along refinement
whenever observer descent is available at adjacent levels.

Theorem 11.6.1 (Interleaving). Assume that 0, is both (k + 1)-level admissible and
k-level admissible. Then for everyt > 0,

(Prt1k X ¢k+1,k)(}}(k+1)) c F®,
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Proof. Let

Then

Choose x,y € Sy with

Using
Ok+1 0 Pry1 = 0o

and

Pry1 0 o = @Hl) O Pk+1,
we obtain

00 (D (1)) = O (BF°(1)) -
Now use

Pk = Pk+1k © Pit1, pro @ = fﬁg"’) O P, O © pr = Ouo.

Then

~

Ok @gk) (Drt1,6(w)) = bk (q)gk)(ﬁsk-i-l,kz(v)))’

which is exactly the statement that

(Prs1p(w), Pryrk(v)) € }"t(k)_

Corollary 11.6.2 (Refinement contraction). Define

dyy(a,b) := inf{t > 0: (a,b) € FM,
whenever the infimum is meaningful. Then

A (P10 (1), Prs1k(v)) < dpga (u, v).

Proof. 1f
(U,'U) S ft(k+1)>

then Theorem 11.6.1 gives

(Qbk—i-l,k(u); ¢k+1,k(v)) c ft(k).

Taking the infimum over all such ¢ yields the claim.
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11.7 Spacetime as a joint two-parameter limit

Theorems 11.4.2 and 11.6.1 produce two independent directions of structure.

e Refinement yields the inverse system

_>Sk+1_>Sk_>

e Observer-induced temporal coarse-graining yields, at each admissible level k, the
quotient family

Si) F.
Consider therefore the two-parameter diagram
(kt) > 5/},

restricted to those pairs (k, t) for which 6, descends to level k and for which the temporal
bonding maps are defined. The refinement-direction bonding maps are supplied by
Theorem 11.6.1. Temporal bonding maps exist on any subdomain of ¢ on which

t —> ]:t(k)
1S monotone.

Definition 11.7.1 (Spacetime object). The spacetime object is

ST := lim (S,/ 7)),

(k,t)

taken over the two-parameter domain on which the quotients and bonding maps are
defined.

Remark 11.7.2 (Interpretation). The object ST packages two distinct structural direc-
tions:

(i) spatial refinement, represented by the inverse-system direction in k;
(ii) temporal coarsening, represented by the observer-induced quotient direction in ¢.

It is therefore the first object in the stack in which the two limiting directions coexist in
a single canonical construction.

Remark 11.7.3 (Determined versus observer-relative data). Up to this point, the follow-
ing data are determined:

e the intrinsic symmetry group

G = Aut(U,C);
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e comparison preservation of admissible dynamics under transport closure;

the functorial action of Aut(U,C) on the refinement inverse system;

the induced action on the Stone limit;

the refinement-direction interleaving maps;

the corresponding two-parameter spacetime object on every domain where observer
descent and temporal monotonicity are available.

What remains observer-relative is the choice of reduction
O: Soo — Y,

and hence the set of finite levels at which descent occurs, together with the temporal
domain on which the induced filtration is monotone.

Remark 11.7.4 (Position in the stack). This chapter does not yet introduce curvature.
Its output is the structural arena on which later curvature data will be realized:

transport-closed dynamics = Aut(U, C)-action
= refinement /observer interleaving = ST.

The curvature chapters begin only after this arena has been fixed.

11.8 Conclusion

This chapter fixes the first joint refinement-time arena in the stack: the two-parameter
inverse-limit object ST, where intrinsic refinement and observer-induced temporal coars-
ening are represented within one coherent construction.

Accordingly, chapter 12 uses the stitched arena ST to realize the first intrinsic trans-
port obstruction as smooth curvature, while chapters 14 and 17 reuse that same arena
later in the causal and connection-first developments.
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Part V

Curvature and the Einstein Boundary
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Chapter 12

Relational Loop Defect and Riemann
Curvature

12.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the smooth-realization consequences of the transport-visibility clause
item (SP5). Combining the discrete obstruction arc of chapters 7 to 9 with the stitched
refinement /observer interleaving arena of chapter 11, it derives the first smooth curvature
realization used in chapter 13. Chapters 7 to 9 isolated an intrinsic obstruction to
endpoint-determined transport. At finite arity the first witness of that obstruction occurs
on triangle boundaries. At the algebraic level, its first visible carrier lies in the quadratic
commutator layer. The purpose of the present chapter is to identify the canonical
smooth realization of that obstruction. Differential geometry is not introduced here as
an additional axiom. The relevant obstruction has already been isolated on intrinsic
grounds: comparison structure, quotient semantics, transport, loop defect, and triangle
obstruction all arise before any smooth manifold is mentioned. The question is how
this intrinsic obstruction appears under smooth realization. The answer is that for Levi—
Civita transport on a smooth pseudo-Riemannian manifold, the leading infinitesimal loop
defect around a minimal 2-cell is precisely Riemann curvature. Four ingredients enter.
First, the transport group carries the augmentation filtration, and the first nontrivial
commutator carrier is

F’K/FPK.

Second, triangle boundaries furnish the first finite witnesses of morphism-level transport
defect. The first obstruction is therefore already intrinsically 2-skeletal. Third, triangle
coherence is encoded by a quotient of the free path groupoid characterized by a universal
property: it is the initial groupoid in which all directed triangle loops are trivial. Fourth,
under Levi-Civita realization, the leading infinitesimal defect around a small 2-cell is
the curvature operator

R(0;,0;).
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The theorem proved in this chapter is that these structures match canonically: the first
intrinsic transport obstruction is quadratic and 2-skeletal, and its smooth infinitesimal
realization is Riemann curvature.

Remark 12.1.1 (Ontological transition). Everything prior to smooth realization is intrin-
sic and algebraic: comparison structure, quotient semantics, transport, loop defect, and
triangle obstruction. Smooth manifolds enter only as realizations of the already isolated
transport residue. Geometry is therefore not postulated independently. It is recognized
as the smooth form of an intrinsic obstruction.

12.2 Augmentation filtration and the first commutator
carrier

Let K be a group. Let
e ZIK| > 7Z

be the augmentation homomorphism, let
I := ker(e)

be the augmentation ideal, and let
ZIK]

denote the [-adic completion.

Definition 12.2.1 (Augmentation filtration). For each m > 1, define
F'K ={geK:g—1¢ ™ CZ[K]}.
The associated graded pieces are
g K = F"K/F"K.
Remark 12.2.2 (Degree 1 is tautological). For every g € K, one has €(g) = 1, hence
g—1lel.

Therefore
F'K = K.

Thus degree 1 carries no commutator information. The first nontrivial graded transport
residue can appear only in degree 2.

Lemma 12.2.3 (Commutators raise augmentation order). For all integers r,s > 1,

[F"K,F°K] C F'tK.
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Proof. Let a € F'K and b € F°K. Then there exist
wel, vel’

such that
a=1+u, b=1+v

—

inside Z[K]. Since u € I" and v € I°, the geometric-series expansions in the I-adic
completion give

al=1—u+0(I""), bl =1—v+ O
Hence modulo I7+s+1,
aba b = (1+u)(1+0)(1 —u)(1—v)
=1+ uv —ou.
Since uv — vu € I""%, it follows that
la,b] —1 € I"**,

Therefore
la,b] € FTK.

O

Corollary 12.2.4 (First visible noncommutativity). In a one-object transport system,
the first graded carrier of transport noncommutativity is

F’K/F?K.

Proof. By Theorem 12.2.2, one has F* K = K. Hence every commutator lies in F2K by
Theorem 12.2.3 with r = s = 1. Quotienting by F?K therefore isolates the first graded
commutator residue. U

12.3 Triangle coherence and the universal triangle quo-
tient

Theorems 7.5.2 and 9.7.2 show that the first finite witness of morphism-level obstruction
occurs on triangle boundaries. We now encode that fact categorically. Let

N = (V,E)

be a finite directed graph, and let
Path®™(N)

denote the free path groupoid on N. Its objects are the vertices V, and its morphisms
are reduced words in directed edges and formal inverses.
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Definition 12.3.1 (Directed triangle loop (intrinsic form)). A directed triangle loop in
Path®™(\) is a loop of the form

(p = @)(q = r)(r —p)
arising from a directed triangle in /. This is the same notion as Theorem 9.3.3, written
intrinsically in Path®(N\).

Definition 12.3.2 (Triangle congruence). Let ~x denote the smallest groupoid congru-
ence on Path® (NV) such that every directed triangle loop is identified with the identity
at its basepoint.

Definition 12.3.3 (Triangle quotient groupoid). Define
Path% (NV) := Path®(N)/~ax,
and write
Qa : Path®(N) — Pathz (V)
for the quotient functor.
Theorem 12.3.4 (Universal property of the triangle quotient). Let G be any groupoid
and let
F: Path*(\V) = G
be a functor such that for every directed triangle loop ¢,
F(l) = idp),
where p s the basepoint of {. Then there exists a unique functor
F :Pathx(N) = G

such that B
F=Fo QA‘

Equivalently, Pathi(]\/’ ) is initial among groupoids receiving a functor from Path™(N)
i which all directed triangle loops are trivial.

Proof. By definition, ~ is the smallest groupoid congruence generated by the require-
ment that every directed triangle loop be an identity, and closed under composition
and inversion. Since F' sends each directed triangle loop to an identity and preserves
composition and inversion, it is constant on ~ -equivalence classes. Therefore it factors
through the quotient:

F=FoQa

for a unique functor B
F : Pathf (V) — G.

Uniqueness follows because () is surjective on objects and morphisms. O

Remark 12.3.5 (Structural meaning). The triangle quotient is not merely a convenient
presentation. It is the initial transport domain in which triangular 2-cell boundaries are
trivialized. In that sense it is the canonical receptacle for the first 2-skeletal coherence
law.
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12.4 Single-object transport and based triangle defect
We now pass to the single-object transport regime. Let
K

be a group, viewed as a one-object groupoid. A transport scheme on N is then an
assignment of an element of K to each directed edge, and by the universal property of
the free path groupoid it extends uniquely to a functor

Hol : Path®(\) — BK,

where BK is the one-object groupoid with automorphism group K. Fix a basepoint
p € V. Write

Qp(N) := Homp,,+ (N) (p;p)
for the based loop group of the free path groupoid.

Definition 12.4.1 (Based triangle normal subgroup). Let
Npp & QP(N)

be the normal subgroup generated by all based conjugates of directed triangle loops,
that is, by all loops of the form
ala™t,

where ¢ is a directed triangle loop based at some vertex ¢ and « : p — ¢ is any path in
Path®™(N).

Definition 12.4.2 (Based triangle quotient loop group). Define
Qp(N) = Q(N)/Nap.

p

Lemma 12.4.3 (Based loop group of the triangle quotient). There is a canonical iso-
morphism
Homp, .t () (2, ) = Q5 (V).

Proof. Passing from Path®™(N) to the quotient Path% (A) imposes exactly the congru-
ence generated by trivializing all directed triangle loops. On the based loop group at
p, this identifies precisely the normal subgroup generated by all based conjugates of
such loops. Therefore the based loop group of the quotient is the quotient of €,(N') by
Npap. O

Definition 12.4.4 (Based transport defect map). The transport functor Hol induces a
group homomorphism
6 QN) = K

by restriction to based loops at p.
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Theorem 12.4.5 (Triangle-loop identification). The following are equivalent.
(i) The transport functor Hol factors through the triangle quotient

Qna : Path™(N) — Pathx ().

(ii) Ewvery directed triangle loop is sent to the identity by Hol.

(iii) The subgroup Na, lies in the kernel of
& QN) = K.

FEquivalently, Hol fails to factor through the triangle quotient if and only if the induced
map on based loops descends to a nontrivial homomorphism

Q> (N) = K.

Proof. The equivalence of (i) and (ii) is exactly Theorem 12.3.4 specialized to the functor
Hol. For (ii) <= (iii): if every directed triangle loop is sent to the identity, then every
based conjugate of such a loop is also sent to the identity, since 6, is a homomorphism.
Hence the normal subgroup Na ,, lies in ker(d,). Conversely, every directed triangle loop
based at p belongs to Na ,, and every directed triangle loop at another basepoint becomes
such after conjugation by a path from p, so ker(d,) 2 Na, implies that every directed
triangle loop is sent to the identity. The final statement follows from Theorem 12.4.3: the
failure of factorization is exactly the failure of ¢, to kill Na ,, equivalently the existence
of a nontrivial induced map on the quotient

Q2(N) = 2, (N)/Nay
O

Remark 12.4.6 (Two-dimensionality of the first obstruction). Triangle loops are the first
intrinsic 2-cell boundaries in the transport system. Their nontriviality detects the first
finite failure of endpoint-determined transport. The first obstruction is therefore already
2-skeletal.

12.5 Triangle boundaries and the quadratic commuta-
tor layer

We now relate the first 2-skeletal obstruction to the quadratic commutator carrier iden-
tified above.

Lemma 12.5.1 (Triangle boundaries have trivial abelianized transport content). Let
ab : Q,(N) — Q,(N)™®

be the abelianization map. Then every element of Na , has trivial image in the abelianized
transport content relevant to degree 1.
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Proof. The subgroup Na , is generated by based conjugates of directed triangle loops.
Passing to the abelianization kills conjugation and records only additive endpoint-level
transport data. But a directed triangle loop is the boundary of a 2-cell, and so carries
no independent 1-dimensional transport content. Hence each generator of Na , has
trivial image in the abelianized transport content, and therefore so does every element
of N Ap- O

Corollary 12.5.2 (Triangle boundary defect is invisible in degree 1). Every defect sup-
ported on the subgroup
Nap Qp(N)

has trivial image in the degree—1 transport quotient
F'K/F?K.

Proof. By Theorem 12.5.1, every element of Na , is invisible after passage to abelianized
transport content. By Theorem 12.5.3, the quotient

F'K/F’K

records exactly that abelianized endpoint transport content. Hence any defect supported
on Np , has trivial image in

F'K/F?K.

Lemma 12.5.3 (Degree—1 detects only endpoint transport data). The quotient
F'K/F’K

records only abelianized transport content of K. In particular, it cannot detect a defect
supported on boundaries of 2-cells.

Proof. Since F'K = K by Theorem 12.2.2, one has
F'K/F°K = K/F°K.

By Theorem 12.2.3 with r = s = 1, every commutator in K lies in F?K. Hence the
quotient K/F?K kills commutators and therefore factors through the abelianization
K®. Tt follows that F''K/F?K records only abelianized endpoint-level transport data
and cannot detect boundary-supported 2-cell defect. O

Lemma 12.5.4 (Skeletal degree bound). Let a transport defect be detected by loops
supported on boundaries of 2-cells. Then its first nontrivial tmage in the augmentation
filtration lies in 2K .

Proof. By Theorem 12.5.2, every defect supported on 2-cell boundaries has trivial image
in

F'K/F°K.
Therefore the first filtration level at which such a defect can appear is at least F2K. O
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Theorem 12.5.5 (First visible carrier of triangle obstruction). In a closed one-object
transport regime, the first visible graded carrier of triangle obstruction is the quadratic
quotient

F’K/F°K.
Proof. By Theorems 12.4.5 and 12.4.6, triangle obstruction is the first finite witness of
non-endpoint-determined transport and is already 2-skeletal. By Theorem 12.5.4, any
such defect has trivial image in

F'K/F?’K
and first possible nontrivial image in F?K. By Theorem 12.2.4, the first graded carrier
of transport noncommutativity is precisely

F’K/FPK.
Hence the first visible graded carrier of triangle obstruction is

F’K/FPK.

Remark 12.5.6 (Decategorified shadow). The quotient
F’K/F*K

is the first decategorified shadow of the first nontrivial 2-dimensional transport obstruc-
tion. The triangle quotient provides the 2-skeletal source; the augmentation filtration
provides the first graded algebraic image.

12.6 Smooth realization by Levi—Civita transport

We now pass to smooth realization. Let (M, g) be a smooth pseudo-Riemannian manifold
with Levi—Civita connection V.

Lemma 12.6.1 (Local geodesically convex neighborhoods). For every x € M there
exists an open neighborhood U, such that any two sufficiently near points of U, are
joined by a unique geodesic lying entirely in U,.

Proof. Choose normal coordinates at x. For a sufficiently small star-shaped neighbor-
hood of 0 € T, M, the exponential map is a diffeomorphism onto its image. In these
coordinates geodesics are the images of radial straight lines in 7, M. Shrinking the image
if necessary yields the required neighborhood. 0J

Lemma 12.6.2 (Finite convex witness cover). Let C' C M be compact. Then C' admits
a finite open cover

U= {Ua}aeA

such that each U, is geodesically convex and every nonempty finite intersection is geodesi-
cally convex after refinement.
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Proof. Choose neighborhoods U, as in Theorem 12.6.1 for each x € €. Compactness
gives a finite subcover. Since only finitely many intersections occur, the sets may be
shrunk simultaneously so that every nonempty finite intersection lies in a convex normal
neighborhood and is therefore geodesically convex. 0

Definition 12.6.3 (Directed witness network). Fix a compact region C' C M and choose
a finite cover

U= {Ua}aGA

as in Theorem 12.6.2. Choose witness points
Pa € Uy (a € A),
and define the directed nerve network
NU)=(V,E)

by
Vi={p,:a€ A}, (a—=b)e B — U,NU, # D,

with orientation determined by a fixed total order on A.

Definition 12.6.4 (Levi-Civita edge transport). For each directed edge a — b in the
witness network, let
Tap - Tp, M — Ty, M

be parallel transport along the unique geodesic in
U, NUy
joining p, to pp. These edge transports extend uniquely to a transport functor
Holy¢ : Path™ (N (U)) — C-°,

where C*© is the restriction of the frame groupoid of M to the witness vertices.

12.7 Gauge invariance of the smooth loop defect
Fix a basepoint p € V. The smooth loop defect is the homomorphism
5C QN (U)) — Aut(T,M).
Lemma 12.7.1 (Gauge conjugation of loop defect). Let
h, € GL(T,M) (geV)
be a change of local frames. Then the transformed loop defect at p satisfies

5 (v) = by 0°(Y) byt for all v € Q,(N(U)).
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Proof. Under a frame change, each edge transport becomes
Tclub = hbTab h;l.

For a based loop
ry — en . 61

at p, the transformed holonomy is the product of these transformed edge maps. The
intermediate frame changes cancel telescopically, leaving only the basepoint terms:

5 (v) = hy 055 (v) by

p

Corollary 12.7.2 (Intrinsic smooth defect class). The conjugacy class
(6]

1s independent of the choice of local frames. Hence smooth loop defect determines an
ntrinsic conjugacy-class-valued transport invariant.

Proof. Immediate from Theorem 12.7.1. O

12.8 Curvature as infinitesimal 2-cell defect

We now compute the infinitesimal form of the smooth loop defect.

Proposition 12.8.1 (Curvature commutator identity). Let V be the Levi-Civita con-
nection. Then for every vector field V,

(V;V,;, = V,;V,))V = R(9,;,0;)V.
Proof. Since the Levi-Civita connection is torsion-free, the coordinate vector fields sat-
isfy
[&;, 8]] - O
By definition of curvature,
R(@Z, 8])\/ = VZVJV - V]vzv - V[ai,aj]u
and the final term vanishes. O

Corollary 12.8.2 (Infinitesimal holonomy expansion). Let 3;;(¢) be an infinitesimal
coordinate square of side length € based at p. Then

Hol(9(c)) = id +¢* R(3;, 0))| + O(<).
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Proof. Parallel transport along a coordinate edge in the i-direction has the expansion
P = id —l'; + O(?),

where I'; denotes the Christoffel matrix in the i-direction. Multiplying the four edge
transports around the oriented square, the linear terms cancel. The coefficient of €2 is

o, —oI' +I,I'; = I';I,
which is exactly the matrix of
R(0;,0)).
This gives the stated expansion. U

Lemma 12.8.3 (Filtration degree and holonomy order). Under smooth realization, the
degree-m augmentation filtration corresponds to the order—-m term in the small-loop
holonomy expansion. In particular, modulo F3K , only the quadratic infinitesimal holon-
omy term survives.

Proof. Let ~. be a family of sufficiently small loops based at a fixed point, with size
parameter ¢ — 0. In a local trivialization, the corresponding holonomy admits an
asymptotic expansion

Hol(v.) = id +A;(e) + As(e) + As(e) + -+,

where A,,(¢) is homogeneous of order m in €. The augmentation filtration records the
first nontrivial order at which deviation from the identity appears: membership in F™ K
means that the holonomy differs from the identity only from order m onward. Hence
passage to the graded quotient

F"K/F" MK

isolates the order—m term in the small-loop expansion. For m = 2, modulo F3K only
the quadratic infinitesimal holonomy term survives. Thus

F’K/F*K
identifies with the leading quadratic holonomy operator. ([l

Corollary 12.8.4 (Quadratic holonomy survives modulo F3K). Under smooth realiza-
tion, the image of a sufficiently small loop in

F’K/F*K
1s represented exactly by its quadratic holonomy term.

Proof. This is the specialization of Theorem 12.8.3 to m = 2. Modulo F3K, all terms
of order 3 and higher are discarded, and the quadratic term is the first surviving contri-
bution. O
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Proposition 12.8.5 (Degree—2 graded defect and infinitesimal holonomy). Under
smooth realization, the degree-2 graded piece

F’K/F*K
identifies with the leading infinitesimal holonomy operators around small 2-cells.

Proof. By Theorem 12.8.4, the quotient
F’K/F*K

is represented under smooth realization by the quadratic term in the small-loop holonomy
expansion. For a small 2-cell, that quadratic term is exactly the leading infinitesimal
holonomy operator around the cell. ([l

Proposition 12.8.6 (Christoffel integrability coefficients). Let g be a smooth metric
with Levi—Civita connection. Then Christoffel’s integrability coefficients coincide with
the fully lowered Riemann curvature tensor:

Proof. Christoffel’s integrability coefficients are precisely the coordinate curvature coef-
ficients of the Levi-Civita connection with indices lowered by the metric. Substituting
the Levi-Civita coefficients into the coordinate curvature formula and lowering the re-
maining index gives the identity. U

12.9 Relational loop defect realizes as curvature

We now combine the intrinsic algebraic carrier, the universal triangle quotient, and the
smooth transport computation.

Theorem 12.9.1 (Relational loop defect realizes as curvature). Under the standing prin-
ciple Standing Principle 1, assume the Levi—Civita realization of Theorem 12.6.4. Then
the infinitesimal relational loop defect is precisely Riemann curvature. More explicitly,
for infinitesimal 2-cells the leading nontrivial term of loop defect is

R<al> aj)v
and Christoffel’s integrability coefficients are the corresponding lowered curvature com-

ponents.

Proof. Intrinsic transport theory identifies morphism-level obstruction with nontrivial
based loop defect. By Theorem 12.3.4, the triangle quotient is the initial transport
domain in which all directed triangle loops vanish. Hence the first nontrivial finite
obstruction is canonically 2-skeletal. By Theorem 12.5.5, the first visible graded carrier
of that obstruction is the quadratic quotient

F’K/FPK.
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By Theorem 12.8.5, under smooth realization this graded carrier identifies with the lead-
ing infinitesimal holonomy operators around small 2-cells. In the Levi-Civita realization,
the latter are computed by Theorem 12.8.2, whose leading nontrivial term is

R(0;,0;).

Therefore the smooth realization of the intrinsic infinitesimal 2-cell defect is exactly
Riemann curvature. The fully lowered form is Christoffel’s integrability tensor, which
coincides with the lowered Riemann tensor by Theorem 12.8.6. U

Remark 12.9.2 (Jet compression versus holonomy detection). Curvature can be extracted
in two distinct but compatible ways. First, holonomy detects curvature directly as
transport defect around a small 2-cell; this is the route intrinsic to the transport theory.
Second, normal-coordinate jet expansion compresses the same curvature information
into the quadratic coefficient of the metric. The familiar factor % belongs to the second
route, not the first: it arises from symmetrization of the metric 2-jet, not from the basic
holonomy defect itself.

Remark 12.9.3 (Structural summary). This chapter identifies one transport-obstruction
package through four linked descriptions:

triangle obstruction = first 2-skeletal transport defect
—> degree-2 graded commutator carrier

= smooth infinitesimal realization as Riemann curvature.

Equivalently, Riemann curvature is the smooth infinitesimal realization of the first in-
trinsic transport noncommutativity, not a separate geometric input added from outside
the closed transport chain.

Remark 12.9.4 (Position in the stack). This chapter identifies curvature as the smooth
realization of the first intrinsic transport obstruction. It does not yet pass to the sta-
bilized quadratic carrier, the interface results (Theorems 13.10.4 and 13.13.1), or the
Einstein boundary analysis (section 16.2). Those belong to the subsequent chapters.

12.10 Conclusion

The chapter’s conclusion is exact: the first intrinsic noncommutative transport defect,
carried by F?/F?, has Riemann curvature as its smooth infinitesimal realization, with
Christoffel’s integrability coefficients as its lowered coordinate form.

Accordingly, chapter 13 proves that the intrinsic quadratic carrier is the first stable
obstruction on the Stone limit and that, under faithful smooth realization on that forced
carrier, a nonzero stabilized square class is equivalent to nonzero realized curvature.
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Chapter 13

Intrinsic 2-Skeleton Obstruction on the
Stone Limit

13.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the inverse-limit interface consequences of items (SP2) and (SP5). Tak-
ing the triangle boundary and curvature realization from chapters 7 and 12 as fixed input,
it proves that the first stable intrinsic transport carrier is the quadratic carrier, stabi-
lizes that carrier on the Stone limit, and then relates nonzero stabilized square classes
to nonzero realized curvature for chapters 14 to 16 under faithful smooth realization on
this already-forced carrier. Chapters 7 and 12 established two structural facts (Theo-
rems 7.5.2, 12.2.4 and 12.9.1). First, the first finite witness of morphism-level transport
defect is triangular. Triangle relations therefore define the intrinsic 2-skeletal boundary
of the transport system. Second, the first visible graded carrier of intrinsic transport
noncommutativity is the quadratic quotient

F?/F3,

and, under smooth realization, its smooth infinitesimal realization is Riemann curvature.
The purpose of the present chapter is to connect these two facts intrinsically, before any
smooth realization is imposed. The mechanism is algebraic. At each finite stage, the
isotropy group carries the augmentation filtration

FIKDF!KDFKD---,

and commutator squares automatically land in the quadratic layer F2K. Their images
in

F’K/F*K

define canonical degree—2 transport classes. The main point is that nontrivial triangle
obstruction determines the quadratic carrier, that this determination is forced rather

184



than postulated, that compatible quadratic square classes are preserved under refine-
ment and hence stabilize on the Stone limit, and that under smooth realization faithful
on this carrier a nonzero stabilized square class is equivalent to nonzero realized cur-
vature. The chapter is organized as follows. We first make the refinement-compatible
transport system explicit at the level of based loop groups and isotropy groups. We
then define the projective triangle obstruction. Next we establish quadratic cancellation
and define the degree—2 defect classes. We then isolate the passage from triangle ob-
struction to the quadratic carrier. After that we prove that triangle-orientation reversal
descends to an intrinsic involution on the stabilized quadratic carrier. Finally we estab-
lish, under smooth realization faithful on the forced quadratic carrier, that a nonzero
stabilized square class is equivalent to nonzero realized curvature. Thus the index “2”
in the interface is not a hypothesis: it is the theorem proved by the triangle minimality,
commutator-filtration, and refinement-stabilization chain. The remaining faithfulness
condition belongs only to the realization map; it says that smooth realization does not
collapse the already forced degree-2 carrier.

13.2 Refinement-compatible transport

Let
BiCByC---

be the Boolean refinement tower, and write

Sk = UF(Bk), Soo = lngk
k

for the associated Stone spaces. For each stage k, let
Ny = (Vi, Ey)
be a finite directed transport network equipped with a transport functor
Hol, : Path®(N) — C.
Fix a basepoint p; € Vi, and define
Qpy (W) = HomPathi(Nk)(pk’vpk)? K;gl,:) = Autc, (pr)-
The restriction of Hol, to based loops is the defect map
50 Qp (M) — K
Assume the refinement package provides bonding functors
Ry s Path®(Nyp) — Path®™ (M), Qi1 Cop1 — Cy,

such that
Qk+1,k © Holgy1 = Holy, 0 Ryiq . (13.2.1)
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Lemma 13.2.1 (Bonding maps on based loops and isotropy). The refinement functors
induce homomorphisms

Rg—&-l,k : QPIH—I (Nk-i-l) — ka (Nk’)v Qllc{-&-l,k : K(k—H) — K(k)

Pk+1 Pk ?

and these satisfy

K (k4+1) _ 5(k) Q
Qr1s 00y, = 0p © Ry

Proof. Since Rj11 is a functor, it sends loops at pi41 to loops at py, hence restricts to
a homomorphism

Q
Ry ka+1(Nk+1) — Qp (N
Likewise (k41 restricts on isotropy groups to
Qiil,k : Autck+1 (pk-‘rl) — Autck (pk)

Now restrict equation (13.2.1) to Q,, ,, (NVj41). This yields

K (k+1) _ s(k) 0
Qk+1,k © 5pk+1 = 5pk © Rk—}—l,lm

as claimed. 0

13.3 Triangle obstruction

For each stage k, let
k

denote the normal closure of all based triangle loops.

Definition 13.3.1 (Finite-stage triangle obstruction). Define

Obst) = o) (NL0},) € K.

Pk

Proposition 13.3.2 (Projective triangle obstruction). The groups ObS(Ak) form a pro-
jective system under refinement. Consequently

Obs = lim Obs !’
k

s canonically defined on the inverse-limit locus.

Proof. Refinement preserves triangle incidence, hence sends a based triangle loop at
stage k + 1 to a based triangle loop at stage k. Since N(Ak;,k is the normal closure of the
based triangle loops at stage k, it follows that

k+1 k
R2 (N )y € N

A»karl N
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Applying Theorem 13.2.1 gives

K k+1 (k+1) _ s(k Q (k+1) k (k)
Qk+1,k <5I(3kil)(NA,Pk+1)> - 51(%) <Rk+17k (NA,Pk+1)> < (51(%) (NA,Pk)'

That is,
Qi1 (Obs ™) € Obs(Y.
Hence the triangle obstruction groups form a projective system. ([l

Remark 13.3.3 (Minimal 2-skeletal character). Triangle loops are the minimal 2-cell

boundaries in the intrinsic transport complex. Accordingly Obs(Ak) is the first obstruction
that is genuinely 2-skeletal rather than merely path-theoretic.

13.4 Augmentation filtration and quadratic cancella-
tion

Let K be a group and
e ZIK| > 7Z

its augmentation homomorphism. Write
I := ker(e).
Definition 13.4.1 (Intrinsic augmentation filtration). For m > 1, define
F'"K:={geK:g—1€I™}.
Lemma 13.4.2 (Commutators raise augmentation order). For all integers r,s > 1,
[F"K,F°K] C F"K.
Proof. Let a € F'K and b € F°K. Then
a—1el, b—1el°.

Write
u:=a—1€l", vi=b—1€l°

Then
a=1+u, b=1+4w.

In the I-adic completion one has convergent geometric-series expansions
at=1—-u+u?—ud4 -, bl=1l—-v+0v?—0*+---.

Hence
al—1el", bl—1el’.
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Now compute
[a,b] — 1 =aba b — 1.

Modulo I"** every nonconstant term in the product
(I+uwd+v)(1+ (e =1)1+ 0" -1))

contains at least one factor from I” and at least one factor from I°, or else lies in a
strictly higher power of I. Hence

[a,b] — 1 € s,
Therefore
[a,b] € F"T°K.
O

Now fix a stage k and a basepoint pg. For based loops e;,e; € Q,, (Ni), define the

commutator square

1671

D” = €656 i

Proposition 13.4.3 (Quadratic cancellation). For every stage k and every commutator
square L;;,
k 2 1 (k

Pk

Proof. Since 51(,1,:) is a homomorphism,

0y (i) = [05) (es), 63 (e5))-

Pk Pk ? TPk
Every group element lies in F'K. Hence Theorem 13.4.2 with r = s = 1 gives
oW(0y) € FPEW.

O

Lemma 13.4.4 (Primitive two-cell Magnus term). Let a,b € K be two transport germs

whose degree—1 classes B
a,be F'K/F’°K

are independent. Then the commutator square
[a,b] = aba'b*
has nonzero quadratic class
[a,b] mod F*K € F°K/F*K.
More precisely, in the augmentation ideal one has
[a,b] —1=(a—1)(b—1) = (b—1)(a—1) (mod I?),

so the class of [a,b] is the exterior product @A b.
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Proof. Write u =a — 1 and v = b — 1. Modulo I3,
at=1—u+u? bl=1—0v+22%
Multiplying
(1+uw)(1+0)(1—u+u*)(1—v+0?
and discarding terms in I gives
[a,b] =1 +uv —ovu (mod I®).
Thus
[a,b] =1 =wuv —ovu (mod I?).

The antisymmetric tensor uv — vu is the image of @ A b. Since @ and b are independent,
this exterior product is nonzero. Hence [a,b] ¢ F3K, while Theorem 13.4.2 gives [a, b] €
F2K. O

Lemma 13.4.5 (Minimal triangle witnesses have nonzero area class). A primitive tri-
angle witness in the strict triangle regime determines two first-order edge germs with
nonzero exterior product in F1K/F?*K

Proof. By Theorem 7.5.2 and Theorem 9.6.5, every two-edge restriction of a primitive
triangle witness is coherent, while the full three-edge subsystem is not. If the degree—1
edge germs of the triangle spanned a rank—0 or rank—1 subgroup, then the full triangle
would factor through the same one-dimensional first-order transport line as its two-edge
restrictions. In that case pairwise coherence would determine the third edge and would
extend to a coherent vertex gauge on the full triangle, contradicting the strict minimality
of Theorem 7.5.2. Hence the primitive triangle witness has a rank—2 first-order span.
Choosing two independent edge germs a, b in that span gives @ A b # 0. 0

13.5 Quadratic defect classes

Definition 13.5.1 (Quadratic defect class). For each stage k, define

A (py) = [69(0yy)] € FPEW /FPEP.

1] Pk

Proposition 13.5.2 (Alternation and graded bilinearity). The assignment

(i,5) — A (pr)
1s alternating, and commutator induces a bilinear map
(F'EP /PP x (FT KW PP — FPEP /PR
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Proof. By Theorem 13.4.2, the commutator of two degree-1 elements lands in degree 2.
Therefore the commutator descends to a map

(F'K/F?’K) x (F'K/F?K) — F°K/F°K.
To prove bilinearity, let a,a’,b € F*K. The standard commutator identity gives
[aa’, b] = [a, b] [a,b,a'] [, D],
where [a, b, a'] = [[a,b],d]. Since [a,b] € F2K, one has
[a,b,d'] € [F?K,F'K] C F°K
by Theorem 13.4.2. Hence modulo F3K,
[aa’, b] = [a, b][d, 1].

Similarly,
[a,bV] = [a,b][a, V] (mod FPK).

Thus the induced map is bilinear on the quotients. For alternation, one has
la,a] =e
for every a, so the induced class of [a,a] is zero in F?K/F3K. Also,
[b,a] = [a,0] ",
so in additive notation on the abelian quotient F?K/F3K,
A (0e) = = AT ().

Therefore the assignment is alternating. O

13.6 Persistence of triangle obstruction in degree 2

The next step is the intrinsic passage from triangle obstruction to a nonzero quadratic
carrier.

Lemma 13.6.1 (Primitive triangle defects survive quadratically). Let

gFe

be a primitive transport defect arising from a triangle witness. Then there exists a
refinement stage { such that

3 ¢
gé¢F Klgg.
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Proof. By Theorem 13.4.5, the primitive triangle witness determines two first-order edge
germs a, b with

anb#o0.

The comparison of the two opposite orderings of these germs is the associated commu-
tator square. By Theorem 13.4.4, that square has nonzero image in

F°K/F*K.

Refinement compatibility carries this primitive square class to the corresponding square
class at sufficiently fine stages. Therefore the refined primitive defect cannot lie in F?
at every stage. Hence there exists ¢ with

3 (¢
g¢ FPKY.

Lemma 13.6.2 (Persistence of nontrivial triangle defect in F?/F3). If
Obs®) £ {e},

then, after passing if necessary to a sufficiently fine refinement stage ¢ > k, the image

of ObsAk) in
2 V4 3 V4
F Kzgg /F Klgg

1S Nonzero.

Proof. The group Obs(Ak) is generated by the images of based primitive triangle loops
and their conjugates. If every primitive triangle defect had trivial image, the generated
obstruction group would be trivial. Since Obs(Ak) # {e}, at least one primitive triangle
witness has nontrivial defect.

By refinement compatibility, that primitive defect propagates to finer stages. By
Theorem 13.6.1, there exists a refinement stage ¢ > k at which its refined image does
not lie in

37t
FPPE®.
On the other hand, the witness is a boundary-supported 2-cell defect, so its degree-1
image vanishes by Theorem 12.5.2 in chapter 12. Its first possible nonzero image is
therefore in the quadratic range. Hence its class in
2 7-(0) ) 3 (¢
PR /PR

is nonzero, and so the image of ObS(Ak) in this quotient is nonzero. U
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13.7 The relevant quadratic carrier

The next object is the intrinsic degree-2 carrier generated by quadratic square classes
coming from the triangle-induced transport sector.

Definition 13.7.1 (Finite-stage quadratic carrier). Let
2 1-(k) ) 13 1 (k
K C FPKP [ FPK®

denote the subgroup generated by the classes
k
A (e)
arising from commutator squares in the triangle-closed transport regime.

Lemma 13.7.2 (Quadratic carrier is square-generated). For each stage k, the subgroup
2 (k) /3 7 (k
K C KW /FPK®)
defined in Theorem 13.7.1 is generated by the classes
k
A (00):
Proof. This is immediate from the definition of /Cy. U

Remark 13.7.3 (What is retained from triangle defect). The carrier K is the intrinsic
degree—2 residue of the 2-skeletal transport boundary. It is exactly the portion of triangle
obstruction that remains visible after quotienting away cubic and higher transport error.

13.8 Quadratic carrier determined by triangle obstruc-
tion
Theorem 13.8.1 (Triangle obstruction determines a quadratic carrier). If
Obsiy # {e},
then after refinement there exist £ > k and indices (i,j) such that
¢
A (pe) # 0.
Proof. By Theorem 13.6.2, after refinement to some ¢ > k., the image of Obs(Ak) in
2 7-(0) / 3 7 (L
PP/ FAKD

is nonzero. By definition, the relevant degree—2 carrier is the subgroup K, generated by
the square classes

AD (pe).

Therefore at least one such class must be nonzero. [l
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13.9 Universal property of the quadratic carrier

Theorem 13.8.1 shows that the degree-2 quotient is the first place where intrinsic 2-
skeletal obstruction becomes visible. The next proposition isolates its universal property.

Proposition 13.9.1 (Universal property of the quadratic carrier). Let
T FP°K, — F°K,/F°K,

be the quotient map. Then T3 is initial among group morphisms from F2K,, to abelian
groups which annihilate F3K,. Equivalently, if

¢: F*K, — A
is a group morphism into an abelian group A with
F*K, C ker(9),
then there exists a unique morphism
¢: F?K,/F°K, — A

such that N
p=¢o 72,3

Proof. This is the universal property of the quotient group F2K,/F?K,. 0

Remark 13.9.2. Theorem 13.9.1 gives the precise sense in which F?/F? is the canonical
carrier of quadratic transport defect. Any detector defined on the quadratic layer and
insensitive to cubic error factors uniquely factors through this quotient.

13.10 Stabilization on the Stone limit

Definition 13.10.1 (Stabilized quadratic carrier). Define

Koo = @Kk.
k

Theorem 13.10.2 (Stabilized quadratic defect). Fvery compatible family of finite-stage
quadratic square classes defines an element of

Koo = lglle.
k

Conversely, every element of K, 1s represented by a compatible family whose k-th com-
ponent lies in KCj.
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Proof. By Theorem 13.2.1, the refinement package supplies group homomorphisms

ﬁl’k : K;(;],frll) — K;()]:) . Any group homomorphism extends linearly to a morphism of

. . . . k+1
group rings preserving augmentation ideals, so Qﬁim carries F' ZK,(,kjl) into F' QK;,(,k and

F SK,(,’ZE) into [*K, (k ). Therefore it induces a homomorphism F?K (k1) / F 3ka+1)

Pk+1 k+1
K3 /F3 K. Because each Kj, is generated by the square classes Al-j (pr) and re-
ﬁnement carries such square classes to square classes at the previous stage, these quo-
tient maps restrict to bonding maps Ky, — Ki. By definition of inverse limit, com-
patible families of finite-stage square classes then determine exactly the elements of
Koo = léIllk K, and every element of K, is represented by such a compatible family. [J

Definition 13.10.3 (Stabilized square class). Whenever a compatible family of finite-
stage square classes

(AP (),

is fixed, we write its image in IC., as
Aij (poo)‘

Theorem 13.10.4 (Second-layer stabilization theorem). In the closed comparison stack,
the first stable nontrivial transport obstruction in the refinement tower is the stabilized
quadratic carrier

Koo =~ F?/F?.

FEquivalently, a nontrivial triangle obstruction cannot first appear in degree 1, and it
cannot be supported purely in F'3 or in any higher filtration layer. After refinement it
has a nonzero image in the degree—2 carrier, and compatible such images stabilize on the
Stone limit.

Proof. By Theorem 7.5.2 and Theorem 9.6.5, the first finite morphism-level obstruction
is triangular: every two-edge restriction is coherent, while the full three-edge subsystem
need not be. Hence no degree—1 transport quotient can carry this obstruction. This
is the content of Theorem 12.5.2 in chapter 12: boundary-supported 2-cell defect has
trivial image in F''/F2

By Theorem 13.6.2, any nontrivial triangle obstruction has, after sufficiently fine
refinement, a nonzero image in

2 (€ 3 (£
FPPEO /PR,

By Theorem 13.8.1, this nonzero image is represented by a nonzero quadratic square
class

AD (pe).

Equivalently, the obstruction cannot first appear in degree 3 or higher: such an appear-
ance would force the degree—2 image to vanish, contradicting the nonzero square class
just obtained.
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Finally, Theorem 13.10.2 shows that refinement-compatible families of these finite-
stage square classes define exactly the inverse limit carrier

k

Thus the first stable nontrivial transport obstruction of the refinement tower is neither
degree 1 nor a hidden higher layer. It is exactly the stabilized quadratic carrier K., >~

F?/F3, 0

Remark 13.10.5 (What has stabilized). The object K is the intrinsic degree—2 transport
carrier retained by the full refinement tower. It is the first stabilized obstruction visible
on the Stone inverse limit.

Definition 13.10.6 (Admissible degree-2 scalar detector). Fix a basepoint p. A group
morphism
¢: F°K, - R

is called an admissible degree—2 scalar detector if it is invariant under multiplication by
elements of F?K,, i.e. if

o(xz) = ¢(x for all x € F2K,, 2z € F*K,,.
p p

Theorem 13.10.7 (Kernel annihilation at the quadratic carrier). Fiz a basepoint p, and
let
Tos: F’K, = F°K,/F°K,

be the canonical quotient. Let
¢: F’K, —» R

be any admissible degree—2 scalar detector. Then
F3K, C Ker(9),
and therefore there exists a unique morphism
¢: F’K,/F’°K, - R

such that B
¢ = qb @) 7T2’3.

Proof. Let z € F3K,,. Since ¢ is admissible, Theorem 13.10.6 gives
o(rz) = ¢(x) for all x € F?K,,.

Taking x = e, where e is the identity element of F?K,, yields



Because ¢ is a group morphism into the additive group R, one has

o(e) = 0.

Hence
#(z) =0 for all 2 € F?K,,.

Therefore
F?K, C Ker(¢).

Now apply Theorem 13.9.1. Since ¢ annihilates F3K),, there exists a unique morphism
¢: F’K,/F*K, —» R

such that
¢p=¢o 72,3-

This is the required factorization. U

13.11 Orientation reversal on the quadratic carrier

Primitive triangle witnesses admit a natural orientation reversal. We show that this
operation descends to the stabilized quadratic carrier.

Definition 13.11.1 (Primitive orientation reversal). Let

w(p,q,r)

denote the defect class associated to the oriented triangle (p,q,r). Define the reversed
class by

Raw(p,q,r) = w(p,rq).

Lemma 13.11.2 (Orientation reversal preserves the triangle quotient). Let wa(p,q,)
denote the triangle boundary word. Then reversing orientation sends

wA(pa q, 7") = wA(pv T, Q> = 'UJA(p, q, r)il'
Hence orientation reversal preserves the normal closure of triangle relations.

Proof. By definition
wa(p,q,r) = [rpllgr]lpgl-

Reversing orientation exchanges the last two vertices and yields the inverse word. Since
the triangle relations are imposed through their normal closure, the quotient group is
invariant under inversion. 0]
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Theorem 13.11.3 (Orientation involution on the quadratic carrier). Primitive triangle
reversal descends to a well-defined involution

Ror i Koo — Ko

Moreover
2 _
R: = 1.

Proof. At each finite stage, the quotient
2 pe (k) ) 3 g (k)
K FPKy,
is abelian, so inversion is a well-defined automorphism. On square classes it exchanges

AP (1) +— AP (p) = —AP (p1).

ij
By refinement compatibility, these involutions are compatible from stage to stage and
therefore descend to the inverse limit . Applying inversion twice yields the identity,

SO
RZ = 1.

O

Remark 13.11.4. The involution R, exchanges the two orientations of every primitive
triangle witness. Later chapters may use the corresponding +1-eigenspace decomposition
to organize the defect sector.

13.12 Smooth realization

Assume now a smooth realization in which square-loop transport admits a small-loop
parameter ¢, and suppose parallel transport around a coordinate square satisfies

Hol(Oy;(¢)) = id +e*R(d;, 8;) + O(?).
Fix a limit basepoint p,, € S, and set
V=T p M.
Definition 13.12.1 (Second-jet comparison map). Define
Jety : Koo — End(V)

to be the map sending the quadratic class of an intrinsic square defect to the coefficient
of €2 in the realized holonomy expansion.

Lemma 13.12.2 (Well-definedness of the second-jet map). The map Jety is well-defined
on Ks.
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Proof. By Theorem 12.8.3 in chapter 12, the quotient
FZ/F?)

records exactly the quadratic holonomy coefficient, while terms of order 3 and higher are
killed by passage to the quotient by F3. Hence two representatives of the same stabilized
quadratic class have the same e2-coefficient under smooth realization. Therefore Jet, is
well-defined. ([l

Theorem 13.12.3 (Curvature identification). For the stabilized quadratic class,
Jetg (./4” (poo)> == R(@Z, 8])

Proof. By definition,

Aij <p00>
is the degree—2 class of the intrinsic commutator defect of the square loop. By Theo-
rem 13.12.1, Jet, extracts the coefficient of 2 in the realized holonomy expansion. By
Theorem 12.8.2 in chapter 12, the coefficient of €2 in the holonomy expansion of a small
square is exactly

R(0;,0;).

Therefore
Jetg (-Aw (poo)> == R(@Z, 8]) .

13.13 Interface theorem

Theorem 13.13.1 (Intrinsic-smooth interface). Under the standing principle Standing
Principle 1, the refinement tower stabilizes its first nontrivial transport obstruction at
the degree—2 carrier

Koo ~ F2/F?.

Assume only realization faithfulness on this forced carrier, i.e. that the comparison map
Jety : Koo — End(V)
1s injective. Then the following are equivalent:

Proof. The stabilization assertion is Theorem 13.10.4. Thus the appearance of the second
layer is not an additional interface assumption; it is the intrinsic output of the refinement
tower. What remains to check is the faithful smooth reading of that carrier.

Suppose that

-Aij (poo) 7é 0.
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Since Jet, is injective,

Jety (AZJ (poo)) 7é 0.

By Theorem 13.12.3,
Jety (-Aij(poo)) = R(0;,0;),

hence

R #0.
Conversely, if

R #0,
then for some indices 1, 7,

By Theorem 13.12.3,
Jetg (Alj(poo)) = R(@z, 8]) 7£ 0.

Since the zero class has zero second-jet coefficient by Theorem 13.12.1, this implies

Aij (poo) 7é 0.

O

Remark 13.13.2 (Status of second-layer stabilization). The aggressive question is not
whether one may assume the second layer; the answer is that one may not. The second
layer is forced. The proof is the chain

strict triangle minimality = no degree—1 residue
— commutator-square defect in F? = nonzero class in F?/F?
= K.

The only remaining hypothesis is not that the tower stabilizes at degree 2, but that
a chosen compatible smooth realization is faithful on the already stabilized degree—2
carrier. Under that faithful reading, Theorem 13.12.3 identifies the realized image with
Riemann curvature, and the GR chain proceeds.

13.14 Einstein boundary

The present chapter identifies the stabilized quadratic square-class channel as the forced
intrinsic degree—2 transport carrier and, under faithful smooth realization on that car-
rier, shows that nonzero such classes are equivalent to nonzero realized curvature. No
dynamical equations have been assumed or derived. Macroscopic compatibility laws
belong to the subsequent chapter.
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13.15 Conclusion

The interface result is now closed in stabilized form: the refinement tower has a forced
degree—2 first obstruction, and under faithful smooth realization on that carrier the
existence of a nonzero stabilized quadratic square class is equivalent to nonzero realized
curvature on the same limit object.

Accordingly, chapter 14 combines the stabilized quadratic carrier, under the faithful-
realization criterion that nonzero stabilized square classes are equivalent to nonzero
realized curvature, with the observer-side filtration inherited from chapter 10 and inter-
leaved with the refinement tower in chapter 11 to derive the macroscopic causal and
scaling consequences forced by the closed stack.
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Chapter 14

Quadratic Necessity, Four—Dimensional
Diamonds, and Causality

14.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the causal-scaling consequences of combining the stabilized quadratic
carrier of chapter 13 with the irreversible filtration of chapters 10 and 11. From those two
inherited structures it derives the macroscopic causal geometry used later in chapters 15
and 16. Chapters 10, 11 and 13 have already established two structural facts of the
closed relational stack, and the present chapter begins from them rather than re-proving
them. First, the first visible intrinsic obstruction carrier is quadratic. At the intrinsic
level, this carrier is the stabilized degree—2 layer, which we denote in this chapter by

K=Ky ~ F?*/F3

At the realized level, the intrinsic-smooth interface developed in chapter 13 shows that
the second layer is forced intrinsically and that, under faithful realization on this carrier,
nonzero stabilized square classes are equivalent to nonzero realized curvature. Accord-
ingly, before the present chapter begins, the stabilized quadratic carrier already comes
with the realized-level interface criterion used here. More precisely, the intrinsic stabiliza-
tion is Theorem 13.10.4, and the curvature identification is Theorem 13.12.3. Second, the
stack inherits the observer-side monotone filtration arising from the irreversible observer
descent of chapter 10; in chapter 11 that filtration is shown to interleave functorially
with the refinement tower. This inherited filtration induces the causal preorder used
below. The purpose of the present chapter is to extract the macroscopic consequences
of these two structural facts. More precisely, we prove the following.

(i) Triangle closure leaves the quadratic layer unchanged. Consequently the first visi-
ble channel count is quadratic in the number of active generators.

(ii) The observer-side filtration determines the correct normalization at the first visi-
ble layer. Together with the quadratic channel count on the stabilized quadratic
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carrier, that canonical normalization yields parabolic scaling and hence four—
dimensional causal-diamond growth.

(iii) Combined with the causal preorder, the first-variation pairing extracted, under
the inherited second-jet faithfulness condition, from the realized degree-2 channel
attached to the stabilized quadratic carrier is necessarily Lorentzian whenever that
pairing is nondegenerate.

Thus, once the degree—2 obstruction and the inherited observer-side filtration are fixed,
both the macroscopic diamond dimension and the causal signature of the realized system
are sharply constrained.

Remark 14.1.1 (Role of the chapter). The point of the chapter is not to re-establish
from first principles that the first visible obstruction is quadratic. That fact is already
established in Theorems 13.10.2 and 13.10.4. What must be proved here is subtler: every
finite-generator triangle-closed model compatible with the stack inherits a quadratic
visible carrier, and that quadraticity, together with the inherited observer-side filtration,
has rigid macroscopic consequences.

Remark 14.1.2 (Why the number 4 is encoded one layer deeper). The exponent 4 does
not first arise at the level of diamond-volume counting. It is already determined by the
interaction of two independent quadratic laws. The first visible graded piece is degree 2,
so the visible channel count grows quadratically:

Q(k) < k°.
The filtration itself then determines linear accumulation of the first visible carrier:
M(T)=<T.

Hence

k(T) =< VT.

A causal diamond carries one filtration direction together with one quadratic visible
carrier, so

w(Dr) = T Q((T)) =< T*.

Passing from filtration time 7" to linear refinement scale
L=k(T)=VT

therefore yields
w(Dyp) =< L*.

Accordingly, the exponent 4 is the macroscopic shadow of the quadratic channel law
together with the inherited observer-side irreversible filtration, whose canonical normal-
ization makes refinement scale parabolic relative to filtration time.

202



14.2 Triangle closure and the quadratic layer

Let
Lk = <€1,...,€k>

be the free local transport group on the k active first-order edge germs. Let
e:Z[Ly] = Z, Jy = ker(e),
and define the group-valued augmentation filtration
§"Ly:={g9eL,:9g—1€ J}.
Thus the first visible generator module is
Vi = SlLk/gsz-
Lemma 14.2.1 (Degree—1 carrier). The classes
€1y, Ch, & = (e, — 1) mod J7,

form a basis of Vi.. In particular,
Vi, 2 7",

Proof. This is the standard degree—1 part of the Magnus expansion for the free group
on k generators: modulo JZ, every word records only the total signed exponent of each
generator. Therefore the classes of the k active edge germs form the indicated basis. [J

Lemma 14.2.2 (Quadratic commutator carrier). The commutator pairing induces an
1somorphism
A*(Vi) = §°Ly./° L.
Under this isomorphism,
e N\ ej — [e;, ej] mod § L.
Proof. For a,b € Ly, the same augmentation calculation used in Theorem 13.4.4 gives

[a,0) —1=(a—1)(b—1)—(b—1)(a—1) (mod J3).

Thus commutator is alternating and bilinear on §'Ly,/§? Ly, and it lands in §2Ly/F° L.
For a free group, the degree—2 part of the group-valued augmentation filtration is the
degree-2 free Lie piece; its basis is given by the basic commutators [e;, e;], i < j. Hence
the induced map from A2V, is an isomorphism. O

Lemma 14.2.3 (Primitive triangle boundary has degree-2 leading term). Let a primi-
tive triangle witness have first-order edge classes u,v,w € Vi with boundary closure

u+v+w=0.

If the triangle is strict, so that u N v # 0, then its based triangle holonomy has zero
degree—1 image and nonzero degree—2 image, equal up to orientation to u A v.
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Proof. The degree—1 term is the signed boundary sum u + v + w, hence it vanishes.
In the associated rational Lie algebra, the Baker—-Campbell-Hausdorff expansion of the
ordered boundary product has quadratic term

1
5([w,v] + [w,u] + [v,u]).
Using w = —u — v in the degree-1 quotient, this expression reduces, up to the sign
determined by orientation, to a nonzero scalar multiple of u A v. Equivalently, in the
integral Magnus filtration its quadratic class is the corresponding primitive exterior class
up to orientation. A strict triangle witness has nonzero area class u A v # 0, so its first
nonzero group-filtration image is exactly degree 2. 0

14.2.1 Interface seal inherited from the Stone-limit carrier

The preceding computation explains why the first possible intrinsic transport residue of
a strict primitive triangle is quadratic. The Stone-limit statement used by the present
chapter is the stronger stabilized form proved in Theorem 13.10.4: nontrivial triangle
obstruction cannot be supported purely in F3, and its first stable nontrivial image is the
quadratic carrier

K~ F?/F°.
Thus this chapter inherits, rather than assumes, the degree-2 carrier whose channel
count and causal consequences are analyzed below.

14.3 Quadratic channel count

Theorem 14.3.1 (Quadratic channel count). For k active independent first-order gen-
erators, the first visible quadratic transport carrier has rank

Q(k) :=rank A*(V},) = (g)
In particular,
Q(k) =< k2.

Proof. By the degree-1 carrier lemma, V), & Z*. Therefore

vank A2(Vy) = <’;>

By Theorem 14.2.2, this exterior square is exactly the degree—2 commutator carrier
S2Ly /S3Lk, hence it is the first visible quadratic transport carrier. O

Remark 14.3.2 (Exterior-bilinear necessity). The quadratic carrier is not merely
quadratic in cardinality; it is exterior-bilinear in structure:

2L /T Ly, = A*(Vy).

The number (g) is therefore the rank of primitive oriented 2-cell channels determined by

the active first-order generator module.
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14.4 Filtration normalization and parabolic scaling

Let T denote the observer-side filtration parameter inherited from the irreversible ob-
server descent of chapter 10 and interleaved with the refinement tower in chapter 11.
Let

k(T)

denote the activated refinement depth at observer-side filtration time 7', and define the
activated quadratic mass by

Theorem 14.4.1 (Determined first-visible normalization). There is a canonical nor-
malization of the observer-side filtration time, inherited from the irreversible observer
descent of chapter 10 and interleaved with the refinement tower in chapter 11, unique up
to an overall positive multiplicative constant, for which

M(T)=<T.

FEquivalently, this inherited filtration time is the cumulative count of independent first-
vistble degree—2 transport classes.

Proof. By Theorem 14.3.1, the degree-2 visible mass at refinement depth k is

so for the activated depth k(T") one has
M(T) = Q(K(T)).

Define the normalized observer-side filtration parameter by cumulative visible mass:

This canonically normalizes the observer-side filtration inherited from the irreversible ob-
server descent of chapter 10 and interleaved with the refinement tower in chapter 11, and
any other admissible normalization of this inherited filtration differs by multiplication
by a positive constant. With this choice,

M(r)=r,
hence, after renaming 7 as observer-side filtration time,
M(T)=T.

Since (k) counts independent first-visible degree-2 classes, the same normalization
states equivalently that this observer-side filtration time is the cumulative count of these
classes. O
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Lemma 14.4.2 (Parabolic scaling). Under the canonical normalization of Theo-
rem 14.4.1,

Proof. By Theorem 14.3.1,
By Theorem 14.4.1,
Therefore

and hence

O

Remark 14.4.3 (Intrinsic origin of the temporal parameter). The parameter T is not
an externally imposed time coordinate. It is the canonical normalization variable for
the observer-side monotone filtration inherited from the irreversible observer descent of
chapter 10 and interleaved with the refinement tower in chapter 11.

This inherited filtration records the observer-side irreversible information loss carried
across the refinement tower, and the causal preorder introduced below is induced by this
filtration structure. Its normalization is fixed internally by the compatibility of two
independent growth laws:

M(T) =T, Q(k) =< k2.

Compatibility determines

k(T) < VT.

Thus T is determined, up to overall scale, as the filtration coordinate that linearizes
irreversible coarse-graining relative to the quadratic refinement carrier.

14.5 Diamond growth from closure and rectangular
factorization

14.5.1 Causal preorder

Let Phys denote the observational quotient.

Definition 14.5.1 (Filtration preorder). For p,q € Phys, define
P=q

if at every observer-side filtration time inherited from the irreversible observer descent
of chapter 10 and interleaved with the refinement tower in chapter 11, the image of p
lies in the forward fiber of the image of q.
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Lemma 14.5.2 (The filtration preorder). The relation < is a preorder. If backward-fiber
separation holds, then it descends to a partial order on the observational quotient.

Proof. Reflexivity is immediate. For transitivity, suppose p < ¢ and ¢ < r. Then
at every observer-side filtration time inherited from the irreversible observer descent of
chapter 10 and interleaved with the refinement tower in chapter 11, the forward fiber
of the image of p is contained in that of ¢, and that of ¢ is contained in that of r.
Hence the forward fiber of p is contained in that of r, so p < r. If both p < ¢ and
g = p, then these observer-side forward fibers coincide at every such filtration time.
Under backward-fiber separation for that same inherited observer-side filtration, this
determines observational equivalence. Thus antisymmetry holds after quotienting by
observational equivalence. [l

For p < qr, define the causal diamond

D(p,qr) :={z € Phys: p < 2z < qr}.

14.5.2 Mixed-scale typing from closure

We now remove the final free typing input from the diamond-growth argument. Recall
from the closure theorem Theorem 4.5.1 that rectangular completeness determines the

canonical product presentation
U= XA X XB,

the diagonal action of

G = Aut(U,C),

the orbit quotient
m: X — Phys := X/G,

and, crucially, canonical descent: admissible state reports are exactly the coherent ones,
equivalently exactly the maps factoring through 7. Recall also the structural classifica-
tion of quotient extensions: any non-endpoint dependence beyond quotient semantics is
exhausted by exactly two and only two mechanisms:

(1) representative selection via a section Phys — X;
(2) morphism-level transport data not determined by endpoints.

In the closed system treated here, representative selection is not part of the admissible
semantics. Accordingly, at any finite mixed scale (k,T"), the only admissible extra content
is transport content. At that scale the transport content decomposes into exactly two
visible directions: the refinement-visible direction at depth &, and the observer-side-
filtration-visible direction at time 7T, where T' is measured in the observer-side filtration
inherited from the irreversible observer descent of chapter 10 and interleaved with the
refinement tower in chapter 11. This is the precise input needed for the mixed-scale
typing theorem.
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Theorem 14.5.3 (Mixed-scale typing theorem). Fiz a refinement depth k and observer-
side filtration time T, inherited from the irreversible observer descent of chapter 10 and
interleaved with the refinement tower in chapter 11. Let By p denote the Boolean algebra
of admissible events on the corresponding mized (k,T)-quotient of the closed stack. Let

B C Byr

be the Boolean subalgebra generated by events whose truth value is determined entirely
by the stage-k refinement-visible carrier, and let

BY C Byr

be the Boolean subalgebra generated by events whose truth value is determined entirely
by the observer-side filtration data up to time T. Then

By,r = Bool(B;" U BY).

Equivalently, every admissible mized-scale event is a Boolean combination of refinement
events and observer-side filtration events.

Proof. By canonical descent in the closed system, admissible state reports factor through
the quotient
m: X — Phys.

Hence there is no admissible state-level content arising from arbitrary representative
choice in X. Now consider an admissible event at mixed scale (k,T), where T is mea-
sured in the observer-side filtration inherited from the irreversible observer descent of
chapter 10 and interleaved with the refinement tower in chapter 11. By definition,
such an event is compatible with quotient semantics and functorial under that mixed
refinement /observer-filtration structure. If its value were not determined by quotient-
level endpoint data alone, then by the classification of quotient extensions it would have
to arise from one of the two and only two enrichment loci: representative selection or
morphism-level transport data. The first locus is excluded in the present closed-system
semantics: introducing a section
Phys — X

would amount to adding representative structure, whereas admissibility here is exactly
quotient admissibility. Therefore every admissible mixed-scale event can depend only on
the second locus, namely transport data not determined by endpoints. At scale (k,T),
the visible transport data has exactly two typed sources. First, there is the refinement-
visible source: dependence on the active stage-k refinement carrier. Events of this type
generate Bif. Second, there is the observer-filtration-visible source: dependence on
the observer-side filtration order or forward-fiber data up to time 7. Events of this
type generate Bil. Since there is no third enrichment locus in the closed system, every
admissible mixed-scale event is obtained by combining these two typed sources. Because
admissible events form a Boolean algebra, this means precisely that

By,r = Bool( By U BY).
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Remark 14.5.4 (What closure contributes). Theorem 14.5.3 is genuinely a consequence
of closure. Closure does not merely force quotient semantics for states; it also removes
representative selection as an admissible source of mixed-scale content. What remains
is exhausted by transport, and at scale (k,T") the transport data is typed exactly by
the refinement-visible carrier together with the observer-side filtration inherited from
chapter 10 and interleaved with the refinement tower in chapter 11. Thus the mixed-
scale Boolean algebra has no third independent generator locus.

14.5.3 Rectangular splitting and derived coarse multiplicativity

By Theorem 14.5.3, the mixed-scale admissible-event algebra Bj 1 is generated by the
refinement-event and filtration-event subalgebras. The lower Boolean layer of the stack
identifies, for any such generated pair, rectangular completeness, rectangle-algebra fac-
torization, and bijectivity of the canonical marginal ultrafilter map. Applying that
theorem to

(B, BYY) € Brr
yields the mixed-scale rectangular splitting
Byr = B @ BY,
equivalently the bijection
S UF(Byr) — UF(B{) x UF(B.

Definition 14.5.5 (Activated refinement carrier). Fix a forward observer-side filtration
ray 1" — gr, inherited from the irreversible observer descent of chapter 10 and interleaved
with the refinement tower in chapter 11. Let k(T") be the activated refinement depth.
Under the mixed-scale splitting, define the activated visible refinement carrier by

Changry := 7"(D(p, qr)) € UF(Bi{p),
where 7™ is the refinement projection.
Definition 14.5.6 (Product-limit measure). Fix compatible marginal measures
et on UF(BEY), i on UF(BF),

and define a measure on UF(Byr) by transporting the product measure through the
mixed-scale ultrafilter splitting. Assume that these measures are compatible under the
bonding maps, so that they induce a limit measure p on the inverse limit.

Lemma 14.5.7 (Product comparability of diamonds). Assume Theorem 14.5.6. Let
T — qgr be a forward observer-side filtration ray, inherited from the irreversible observer
descent of chapter 10 and interleaved with the refinement tower in chapter 11, and let
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k(T) be the activated refinement depth at observer-side filtration time T. Then there
exist measurable sets

Swry CUF (B, Ry, Ry CUF(BY)
such that
Sy X Re € Sy (D, ar)) € Sy x Ry

and
pr(Br) = pp((0,T)),  pp(Ry) = pp([0,7)),
where the interval [0, T is measured in that observer-side filtration coordinate. Moreover

one may take
Sk(T) = Chank(T) .

Proof. Under the mixed-scale splitting for the observer-side filtration inherited from the
irreversible observer descent of chapter 10 and interleaved with the refinement tower in
chapter 11,

Seryr : UF(Brayr) — UF(Bip) x UF(BY)

is a bijection. Let

ﬂ_ref’ 7Tﬁ1

denote the associated coordinate projections. Set
Skery = m(D(p, qr)) = Changr) .

By definition, every point of Xy r(D(p, qr)) has refinement coordinate in Sk, so

Sy r(D(p,ar)) € Sk x ©(D(p, qr)).

Define
/T = Wﬁl(D(Z% QT))‘

Because the preorder is induced by that observer-side monotone filtration, the observer-
side filtration projection of a causal diamond is an interval in the observer-side filtration
coordinate. More precisely, there exists an interval I C UF(B) with

Iy = Wﬁl(D(Pa qr)) = Rp.

By the normalization of this inherited observer-side forward ray, this interval has
observer-side filtration size comparable to the interval from 0 to 7"

pr (Ry) = pr (Ir) = g ([0, T1).
Now choose any measurable subinterval Ry C R/, satisfying
pp (Rr) = pp (Ry) < pp ([0,T7).
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Since Sy(r) is by definition the full refinement projection of the diamond, every refinement
coordinate in Sy occurs along that observer-side filtration ray, and shrinking only in
the observer-side filtration coordinate yields

Skry X Rp € Xy r (D(P, C]T)) C Sk X Ry
This proves the required product comparability. 0

Theorem 14.5.8 (Derived coarse multiplicativity). Assume Theorem 14.5.6. Let
T — qr be a forward observer-side filtration ray, inherited from the irreversible ob-
server descent of chapter 10 and interleaved with the refinement tower in chapter 11,
and let k(T') be the activated refinement depth measured against that inherited observer-
side filtration. Then there exist constants ¢, C > 0 such that

e ([0, T)) piery (Changr)) < w(D(p, ar)) < C py ([0, T)) i (Chanyr) ).

Under the normalization conventions
pi([0,T)) =< T, iy (Changry) =< Q(k(T)),

where [0, 1] is measured in that observer-side filtration, this yields

1(D(p, qr)) < T Q(K(T)).

Proof. By the mixed-scale rectangular splitting for the observer-side filtration inherited
from the irreversible observer descent of chapter 10 and interleaved with the refinement
tower in chapter 11,

By = Bijr) © BY,

equivalently the marginal ultrafilter map
Seryr : UF(Brayr) — UF(Biy) x UF(BY)

is bijective. By construction of the product-limit measure on this inherited observer-side
filtration, p is the pushforward of

Mie(fT) ® pyp
through E;(lT) o By Theorem 14.5.7, the image of the diamond is sandwiched between
two product sets with identical refinement factor and comparable observer-side filtration
factors:
Chanyry X Ry C Sy r(D(p, gr)) € Changry x R,
with
pr(Rr) = pp([0,70),  pg(Ry) = py([0,77),
where [0, 77 is taken in that observer-side filtration. Applying the product measure and
transporting back through E,;(lT) - gives

Mfce(fT)(ChaHk(T)) wi (Rr) < p(D(p, qr)) < Nll;e(fT)(Chank(T)) i (Ry).
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Using the comparability of Ry and R’ with [0,7] in that inherited observer-side filtra-
tion, we obtain constants ¢, C' > 0 such that

cp (10, T)) iy (Changery) < u(D(p, qr)) < C pi (10, T)) piir) (Changr) ).
Under the normalization conventions
pi([0,T)) =T, iy (Changr) < Q(k(T)),

this becomes
p(D(p:ar)) =< T QK(T)).
O
Definition 14.5.9 (Diamond dimension). For a forward ray T — ¢r in the observer-side

filtration inherited from the irreversible observer descent of chapter 10 and interleaved
with the refinement tower in chapter 11, define

: log u(D(p, qr))
dim,, : 1 ,

where k(7T) is the activated refinement depth along that inherited observer-side filtration
ray, whenever the limit exists.

Theorem 14.5.10 (Four-dimensional diamond growth). Assume Theorems 14.4.2
and 14.5.8. Let T — qr be a forward ray in the observer-side filtration inherited from
the irreversible observer descent of chapter 10 and interleaved with the refinement tower
in chapter 11, and let k(T) be the corresponding activated refinement depth. Then

u(D(p,qr)) =< T°.

Equivalently, writing

L:=k(T) =< VT,

along that inherited observer-side filtration ray, one has

w(D(p, qr)) =< L*.

In particular,
dim, = 4.

Proof. By Theorem 14.5.8, along a forward ray T+ g7 in the observer-side filtration
inherited from the irreversible observer descent of chapter 10 and interleaved with the
refinement tower in chapter 11, with corresponding activated refinement depth k(7"), one
has

u(D(p, qr)) = T Q(K(T)).
By Theorem 14.3.1, the quadratic channel count along that same inherited observer-side
filtration ray satisfies

QK(T)) = k(T)*.
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By Theorem 14.4.2, the canonical normalization of that inherited observer-side filtration
gives

k(T)> <T.

Therefore
w(D(p,qr)) <T-T =T

Now set

L:=k(T)=VT.
along that inherited observer-side filtration ray. Then
T = L?
and consequently
w(D(p,qr)) < T? < (L*)* = L*.

Taking logarithms in the definition of dim, along that same inherited observer-side
filtration ray gives
dim, = 4.

O

Remark 14.5.11 (Why 4 is determined). The exponent 4 records two inherited quadratic
inputs: the quadratic channel law on the stabilized visible carrier, and the observer-side
filtration whose canonical normalization makes refinement scale parabolic relative to
filtration time. The first is algebraic:

Q(k) = k2.

The second quadraticity is kinematic only through the inherited observer-side filtration:
its canonical normalization, interleaved with the refinement tower, forces

T < k(T)*.

Combining the quadratic channel law with that inherited observer-side normalization
yields
w(Dp) <T-Qk(T) =T -T="1T"*

along the observer-side filtration, and therefore, after reparameterizing by the corre-
sponding refinement scale L := k(T),

w(Dyp) < L*.

Thus the four-dimensional diamond law is the macroscopic shadow of the quadratic chan-
nel law together with the inherited observer-side irreversible filtration, whose canonical
normalization makes refinement scale parabolic relative to filtration time.
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14.6 Lorentzian signature from the causal preorder

Section 14.5 identifies a 4-dimensional first-variation arena from the stabilized quadratic
carrier together with the inherited observer-side filtration and the macroscopic diamond-
scaling law they force. The first-variation spaces themselves belong to the reconstruc-
tion stack developed later in the manuscript; what must be proved here is that the
causal preorder already determines the appropriate cone structure, and hence deter-
mines Lorentzian signature on the first-variation pairing extracted, under the inherited
second-jet faithfulness condition, from the realized degree—2 channel attached to the
stabilized quadratic carrier.

Definition 14.6.1 (First-variation pairing). For p-almost every p € S, let
\%

p

denote the canonical 4-dimensional first-variation space attached to p, and let
B,:V,xV,—=R

denote the symmetric bilinear first-variation pairing extracted, under the inherited
second-jet faithfulness condition, from the realized degree—2 channel attached to the
stabilized quadratic carrier. Write

Qp(v) := By(v,v).

Remark 14.6.2 (Logical status of V,, and B,). The existence of the first-variation spaces
V, and of the pairings B, is not an additional hypothesis of the present chapter. It be-
longs to the later theorem-level reconstruction of the stack from the stabilized quadratic
carrier together with, under the inherited second-jet faithfulness condition, the realized
degree—2 channel attached to that carrier. The work of the present section is to derive,
from the observer-side filtration preorder together with, under the inherited second-jet
interface hypothesis, the causal organization of the negative directions of (), on the
realized degree—2 channel attached to the stabilized quadratic carrier.

14.6.1 Cone structure determined by the preorder

Definition 14.6.3 (Forward and backward first-variation cones). For p-almost every
p € Sy, define

¢ cv,
to be the set of first-variation directions represented by forward filtration transport at

p, and define

C, = —C;.
Theorem 14.6.4 (Causal cone compatibility). For u-almost every p € Sy, the preorder-
induced future cone
¢ cv,
satisfies the following properties:
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(C1) C;{ 1S a proper convex cone containing no line;

(C2) for everyv € Cf,
Qp(v) < 0;

(C3) there exists v € C with
Qp(v) < 0;

(C4) C; contains two linearly independent vectors;

(C5) every vector with

@p(v) <0
lies in
CyucC,,
and
C;nC, ={0}.

Proof. We prove the five statements in order. Proof of (Cl). By construction, C;

consists of first-variation directions represented by forward filtration transport. Since
the filtration is monotone, composition of forward transport with forward transport is
again forward. Likewise, rescaling a forward infinitesimal variation by a nonnegative
scalar preserves its forward orientation. Thus C;“ is a convex cone. It is proper because
the filtration is irreversible: if a nonzero vector v and its negative —v both belonged to
C;{, then the corresponding infinitesimal transport would be both forward and backward,
determining a reversible local step and contradicting the arrow of coarsening established
in Theorems 10.5.5 and 10.5.6. Hence

G, n(=C) =A{o},

P

SO C; contains no line. Proof of (C2). The intrinsic-smooth interface supplies, under the

second-jet faithfulness condition, the realized-level criterion relating nonzero stabilized
square classes to nonzero realized curvature, and the first-visible defect in the present
causal setting is measured by the quadratic first-variation pairing. Forward filtration
transport is non-expansive at the first visible layer: along a forward variation, visible
defect may persist or decrease, but it cannot become positive in the opposite orientation
without violating monotonicity of the descent map. Therefore every forward direction
satisfies

Qp(v) <0 (veC)).
Proof of (C3). If every forward direction satisfied ),(v) = 0, then, under the inherited

second-jet faithfulness condition, the first-visible pairing on the realized degree—2 chan-
nel attached to the stabilized quadratic carrier would vanish on the forward cone. But
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the forward filtration is nontrivial, and the stabilized quadratic carrier is the first non-
vanishing visible intrinsic obstruction layer. Hence some forward direction must carry a
nonzero first-visible class, and by (C2) this forces

Jv e Cy such that Q,(v) <0.

Proof of (C4). By Theorem 14.5.10, causal diamonds have asymptotic growth law
w(Dyp) < L*.

A cone generated by a single direction cannot support a genuinely four-dimensional first-
variation arena: it would collapse the visible transport geometry to a one-parameter
family and force a degenerate diamond law incompatible with L*-growth. Therefore the
forward cone contains at least two linearly independent directions. Proof of (C5). The

two-locus classification theorem shows that all admissible non-endpoint transport data
is exhausted by the transport locus. Within the transport locus, the monotone filtration
supplies the only intrinsic orientation: forward or backward. There is no third temporal
orientation compatible with the closed-system comparison semantics. Let v satisfy

Qp(v) <0.

Then v is a genuinely timelike first-visible direction. By the exhaustion of admissible
transport loci, v must be represented by transport that is either aligned with the filtration
or opposite to it. Hence

ve G uC.
Finally, if
ve G nCy,
then v is simultaneously forward and backward. By irreversibility of the filtration, this
is possible only for the zero direction. Therefore
tAC —
C, nC, ={0}.

This proves (C5) and completes the theorem. O

Remark 14.6.5 (Cone theorem as closure point). Theorem 14.6.4 eliminates the last
local hypothesis in the Lorentzian part of the chapter. The cone structure is no longer
assumed: it is determined by the observer-side filtration preorder together with, under
the inherited second-jet faithfulness condition, the first-visible pairing on the realized
degree—2 channel attached to the stabilized quadratic carrier, the two-locus exhaustion
theorem, and the four-dimensional diamond law already proved above.
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14.6.2 Null directions and non-definiteness

Lemma 14.6.6 (Null directions exist). Under the hypotheses of Theorem 14.6.4, there
exists w # 0 such that

Qp(w) = 0.
Proof. By (C3), choose
Vo € C;’;
with
Qp(vo) < 0.
By (C4), choose
V1 € C;

linearly independent from vy. By (C2),

Qp(vl) S 0.
If
Qp (Ul) = 07
then w := v; is already a nonzero null vector and we are done. Hence we may assume
Qp(vl) < 0.
Now consider the opposite direction
—U1 € C; .

Since vy € C;r and —v; € C, the two vectors lie in opposite timelike cones. Consider
the segment
v(s) == (1 — s)vg — svy, 0<s<l.

Its endpoints satisfy
7(0) = vy € C, (1) =-v €C,.
We claim that the segment must leave the timelike set
{v: Q) < 0}.

Indeed, if
Qp(7(s)) <0  forall s €]0,1],

then by (C5) each 7(s) would belong to
Cruc.

Because [0, 1] is connected and

CynC, ={0},
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a continuous path of timelike vectors joining vy € C;{ to —v; € C,; would force a crossing
from the forward cone to the backward cone inside the timelike region. This is impossible
without passing through the boundary separating the two sheets. Therefore there exists
some sg € [0, 1] such that

Qp(7(s0)) = 0.
Set
w = (s0).
Since the endpoints of the segment are nonzero and lie in disjoint timelike cones, the
boundary point separating the two sheets is nonzero. Hence

w# 0 and Qp(w) = 0.
This proves the existence of a nonzero null vector. 0

Proposition 14.6.7 (Non-definiteness determined by causality). Under the hypothe-
ses of Theorem 14.6.4, the form B, is not definite. Equivalently, B, is indefinite or
degenerate.

Proof. 1f B, were positive definite or negative definite, then

Qp(v) #0 for all v # 0.

This contradicts Theorem 14.6.6. Therefore B,, cannot be definite. [l

14.6.3 Exclusion of split signature

Lemma 14.6.8 (Split signature is incompatible with two-sheeted cones). Let @) be a
nondegenerate quadratic form on a real vector space V' of dimension 4 with signature
(2,2). Then the set

{veV:Q) <0}

1s connected. In particular, it cannot be written as a disjoint union
{Q<0}=CTu(=C"), CTn(=C")={0},
with Ct a proper convex cone.
Proof. Choose coordinates on V' in which
Q(z) = 21 + x5 — x5 — 3.

Let
v=(a,b,cd), w=(d, b, d)

be arbitrary vectors satisfying



Then
CL2 4 b2 < C2 + d2, a/2 T b/2 < C/2 + de.
We first connect v to a vector whose first two coordinates vanish. Consider the path

v(t) := (ta,tb, c,d), t € 10,1].

Along this path,
Qv(t)) = t*(a®* + V*) — (* + d°).
Since 0 < t? < 1, we have
t*(a* + %) < a® +b* < P+ d

hence
Qv(t)) <0 for all ¢ € [0, 1].

Thus v is joined within {Q < 0} to the vector

7 := (0,0, c,d).
The same argument joins w within {@Q < 0} to

@ = (0,0,¢,d).
It therefore suffices to show that the set

E :={(0,0,u3,uy) : u3 +ui > 0}
is connected. But E identifies with
R*\ {0},

which is path connected. Hence v and w are joined within E, and therefore v and w
are joined within {@ < 0}. Since v,w € {Q < 0} were arbitrary, the set {Q < 0} is
connected. Now suppose there were a decomposition

{Q<0}=CTu(=C"), T n(=C")={0},

with CF a proper convex cone. Then C* and —C™" would be disjoint nonempty relatively
open subsets of {¢) < 0} whose union is all of {@ < 0}, contradicting connectedness.
Therefore no such decomposition exists. [l

Theorem 14.6.9 (Lorentzian signature is determined). Under the standing principle
Standing Principle 1, if for p-almost every p € S the first-variation pairing B, is
nondegenerate, then

Sign(Bp) < {(17 3)7 (3a 1)}
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Proof. A nondegenerate symmetric bilinear form on a 4-dimensional real vector space
has one of the signatures

(4,0), (3,1), (2,2), (1,3), (0,4).

By Theorem 14.6.7, the definite signatures (4,0) and (0,4) are excluded. By Theo-
rem 14.6.8, the split signature (2,2) is excluded, because Theorem 14.6.4 gives a proper
two-sheeted decomposition of the timelike set:

{Q,<0}=CrucC;, CnC ={0}.
Hence the only remaining possibilities are
(1,3) or (3,1).
OJ

Remark 14.6.10 (Status of the Lorentzian conclusion). The Lorentzian signature theorem
is now conditional only on the nondegeneracy of the first-variation pairing itself. The
cone package is no longer assumed: it has been derived from the observer-side filtration
preorder together with, under the inherited second-jet faithfulness condition, the first-
visible pairing on the realized degree-2 channel attached to the stabilized quadratic car-
rier. Thus, once nondegeneracy is granted, the causal organization needed for Lorentzian
signature is already supplied by the observer-side filtration preorder together with, under
the inherited second-jet faithfulness condition, the first-visible pairing on the realized
degree—2 channel attached to the stabilized quadratic carrier.

14.7 Quadratic scalar laws and the Born rule
Theorems 13.10.2 and 13.10.4 identify the stabilized quadratic carrier
K~ F?*/F?

as the stabilized degree—2 carrier through which the first-visible defect data considered in
this section are tracked in the closed stack. By Theorem 13.10.4, a nontrivial first-visible
defect cannot hide purely in F'*; accordingly the first-visible alternatives considered here
are tracked through their classes in K. In this section we derive the probability law
for mutually exclusive first-visible alternatives. The derivation uses only the structural
constraints already established for admissible event algebras together with the scalar-
channel theory already proved for the realized degree—2 channel attached to the stabilized
quadratic carrier under the inherited second-jet faithfulness condition. The argument
has four steps.

(i) first-visible alternatives are tracked through their first-visible classes in the stabi-
lized degree-2 carrier K ~ F?/F3;
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(ii) admissible branch weights are scalarizations of the realized degree—2 channel at-
tached to that stabilized quadratic carrier under the inherited second-jet faithful-
ness condition;

(iii) the scalarization space of that realized channel is one-dimensional, so every admis-
sible branch weight is proportional to its canonical scalar channel;

(iv) normalization removes the proportionality constant and yields the Born law.

14.7.1 First-visible alternatives

Definition 14.7.1 (First-visible alternatives). A finite family of mutually exclusive
realizable alternatives is called a family of first-visible alternatives if their intrinsic first-
visible defect classes are represented by elements

v, ..., 0, € K.

These classes encode the first visible obstruction data associated with the respective
alternatives and, under the inherited second-jet faithfulness condition, the probability-
bearing scalar structure is read through the realized degree—2 channel attached to the
stabilized quadratic carrier.

14.7.2 Admissible branch weights

Let
A={vy,...,v,} CK

be a family of first-visible alternatives. A probability assignment is a map
P:A—[0,1, ) P(v)=1
i=1

We impose the following structural conditions.

(S1) Branch symmetry. Probabilities are invariant under permutations of alterna-
tives with identical intrinsic defect classes.

(S2) Coarse-graining additivity. If two mutually exclusive alternatives are merged
into a single coarse alternative, then the probability of the coarse alternative is the
sum of the probabilities of the components.

(S3) First-visible dependence. Probabilities depend only on the first-visible classes
as tracked, under the inherited second-jet faithfulness condition, by the realized
degree-2 channel attached to the stabilized quadratic carrier.
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(S4) Local order < 2, naturality, and linearity. The unnormalized branch-weight
law is a carrier scalarization: under the inherited second-jet faithfulness condition it
depends only on the realized degree—2 channel attached to the stabilized quadratic
carrier, is natural under the realized symmetry flow, and is linear on that realized
channel.

Condition (S2) is determined by the Boolean algebra of admissible events. Condition
(S3) holds because no lower-order visible carrier exists and because, under the inher-
ited second-jet interface hypothesis, the probability-bearing scalar structure is read only
through the realized degree—2 channel attached to the stabilized quadratic carrier. Con-
dition (S4) is precisely the scalar-channel structure already isolated for the realized
degree—2 channel attached to the stabilized quadratic carrier under the inherited second-
jet faithfulness condition.

Definition 14.7.2 (Admissible branch weight). Under the inherited second-jet faithful-
ness condition, an admissible branch weight is a map

W:’C%RZO

on the realized degree-2 channel attached to the stabilized quadratic carrier, satisfying

(S1)-(S4).

14.7.3 Scalar reduction

Lemma 14.7.3 (Scalar reduction). Under conditions (S1)—(S4), the probability law fac-
tors through an admissible branch weight W as
W (vi)

Plo) = sy

Proof. By branch symmetry and first-visible dependence, probabilities depend only on
the first-visible classes of the alternatives as tracked in K, while, under the inherited
second-jet faithfulness condition, the probability-bearing scalar structure is read through
the realized degree-2 channel attached to the stabilized quadratic carrier. By coarse-
graining additivity, the probability assigned to a coarse alternative is the sum of the
probabilities of its mutually exclusive constituents. Thus each alternative contributes a
nonnegative scalar weight. By (S4), under the inherited second-jet interface hypothesis
this scalar weight is an admissible scalarization on the realized degree—2 channel attached
to the stabilized quadratic carrier, hence an admissible branch weight in the sense of
Theorem 14.7.2. Normalization then yields
W(vy)

Plo) = 5y
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14.7.4 Uniqueness of the scalar channel

Let
Q K= RZO

denote a fixed nonzero canonical scalar channel on the realized degree—2 channel attached
to the stabilized quadratic carrier under the inherited second-jet faithfulness condition.

Lemma 14.7.4 (Uniqueness of degree—2 scalarization). The space of admissible carrier
scalarizations of the realized degree—2 channel attached to the stabilized quadratic carrier
under the inherited second-jet faithfulness condition is one-dimensional. Equivalently, if

Wl, W2 K—=R
are admissible carrier scalarizations, then there exists

ceR

such that
Wl = CWQ.

Proof. By the intrinsic-smooth interface, the scalar channel considered here is the real-
ized degree—2 channel attached to the stabilized quadratic carrier under the second-jet
faithfulness condition. In the scalar-channel theorem established later in the stack, the
canonical scalar channel on that realized channel is proved to be well-defined up to an
overall nonzero normalization constant because the scalar summand of the realized cur-
vature module is one-dimensional. Equivalently, the space of admissible scalarizations
of the realized degree—2 channel attached to the stabilized quadratic carrier under the
second-jet faithfulness condition is one-dimensional. 0

Lemma 14.7.5 (One-dimensionality of admissible branch weights). The space of admis-
sible branch weights is one-dimensional. Equivalently, every admissible branch weight W
1s of the form

W=cQ

for some constant ¢ > 0.

Proof. By (S4), under the inherited second-jet interface hypothesis an admissible branch
weight is precisely a carrier scalarization of the realized degree—2 channel attached to
the stabilized quadratic carrier. By Theorem 14.7.4, the space of scalarizations of that
realized channel is one-dimensional. Hence if

W:K—->R
is any admissible branch weight and
Q:K—-R
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is a fixed nonzero canonical scalar channel on that realized degree—2 channel, then there
exists

ceR

such that
W =cQ.

Since admissible branch weights are nonnegative and nontrivial on realizable alternatives,
the proportionality constant must satisty ¢ > 0. U

14.7.5 Born law
Theorem 14.7.6 (Born rule). Let

U1y ..., €K

be first-visible alternatives. Under conditions (S1)—(S4), the admissible probability law is

Q(vi)

Pi:—

Z?:l Q(v;)’

where Q) is the canonical scalar channel on the realized degree—2 channel attached to the
stabilized quadratic carrier under the inherited second-jet faithfulness condition.

Proof. By Theorem 14.7.3, probabilities arise from a normalized admissible branch
weight W:
> j W (v;)
By Theorem 14.7.5,
W =cQ

for some ¢ > 0. Substituting gives

cQui)  Qv)

B= S Q) T T, Q)

W

Remark 14.7.7 (Same source as the cosmological scalar). The scalar channel () appear-
ing in Theorem 14.7.6 is the same canonical degree-2 scalar channel later isolated at the
Einstein boundary on the realized degree-2 channel attached to the stabilized quadratic
carrier under the inherited second-jet interface hypothesis. Accordingly, the Born prob-
ability law and the cosmological scalar term arise from the same scalar projection on
that realized channel.
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14.8 Quadratic extension of the scalar channel

Under the inherited second-jet faithfulness condition, the canonical scalar channel on
the realized degree—2 channel attached to the stabilized quadratic carrier extends to a
quadratic form after real linearization. Once that quadratic extension is present, the
bilinear source is not an additional datum: it is forced by polarization.

Definition 14.8.1 (Real linearized quadratic carrier). Under the inherited second-jet
faithfulness condition, let

K

denote the realized degree—2 channel attached to the stabilized quadratic carrier. Define
its real linearization by
KR =K ®Z R.

Theorem 14.8.2 (Scalar polarization bridge). Under the inherited second-jet faithful-
ness condition, let
QR : KR — RZO

be the canonical quadratic extension of the degree—2 scalar channel, with
Qv) =CQr(v®l)  (veK)
Then )
Ba(2,y) = 5 (Qr(z +y) — Qu(z) — Qr(y))

1s the unique symmetric bilinear form on Kr whose diagonal is Qg. Its restriction

B(v,w) == Br(v® L,w® 1)
15 symmetric and biadditive on K, and

Q(v) = B(v,v) (v e K).

Proof. The map Qg is a quadratic form on the real vector space Kg. Over a real vector
space of characteristic not two, polarization assigns to any quadratic form a symmetric
bilinear form by

Balr.y) = 3 (Qa(e +y) — Qu(x) — Qa(y)

The quadratic identity for Qg gives additivity in each variable and homogeneity over R,
so Bg is bilinear. Symmetry is immediate from the displayed formula. Its diagonal is

Ba(w, ) = 5(Qa(20) — 2Qa(x) = Qa(x),

because Qr(2x) = 4Qgr(x). If C is any other symmetric bilinear form with C(z,z) =
QR(x)a then

Clz,y) ==(Clz +y,x+y) — Clz,z) — Cly,y)),

N —
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so C' = Bg. Thus the bilinear form is unique. Restricting Br to the embedded integral
carrier K — Ky gives a symmetric biadditive pairing B : K x K — R. Finally, for
vekK,

B(v,v) =Br(v®@1L,v®1)=Qr(v®1) =Q(v).
U

Corollary 14.8.3 (Polarization identity). For the forced scalar-polarization bridge of
Theorem 14.8.2, the formula

(QR(I +y) — Qr(r) — QR(?J))

N

BR(*Tv y) =

recovers the extended bilinear form. FEquivalently, because Bgr is symmetric,

(Qr(z +y) — Qr(z —y)).

o |

B]R(xv y) =

Proof. The first identity is just the expansion formula for the quadratic form attached
to a symmetric bilinear form:

Qr(r +y) = Qr(r) + 2Br(7,y) + Qr(Y).

Solving for Bg(z,y) gives

(Qr(z +y) — Qr(z) — Qr(y)).

N | —

BR<1’7 y) =
For the second identity, apply the first formula to x + y and x — ¥:
Qr(z +y) = Qr(z) + 2Br(z,y) + Qr(y),

Qr(z —y) = Qr(z) — 2Br(z,y) + Qr(y).
Subtracting yields
Qr(r +y) — Qr(z —y) = 4Bg(z,y),
hence

(Qr(z +y) — Qr(z —y)).

|

B]R(xv y) =

O

Corollary 14.8.4 (Diagonal form). For the forced scalar-polarization bridge of Theo-
rem 14.8.2, there exists a basis of Kr in which

i=1
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Proof. By Theorem 14.8.2, (Jr is represented by a symmetric bilinear form Bgr on the
finite-dimensional real vector space Kg. By the spectral theorem for symmetric bilinear
forms over R, there exists a basis in which the representing matrix is diagonal:

Bgr ~ diag(A, ..., A\).

Since Qr(z) = Bg(z,z) is nonnegative on the carrier by construction of the scalar
channel, each diagonal entry satisfies

A > 0.

Therefore in the corresponding coordinates,

r

Qr(x) = Z \i?.

i=1
U

Remark 14.8.5 (Why no amplitude language is introduced here). The present conclusion
is purely real-linear. It yields a diagonal quadratic form on K%, but it does not by itself
furnish a canonical complex structure. Accordingly the chapter stops at the diagonal
real form above. Any later amplitude interpretation must be introduced separately and
proved separately.

14.9 Conclusion

We summarize the logical output of the chapter. First, triangle closure does not alter the
quadratic graded layer. The first visible transport carrier therefore remains the degree—2
carrier

K~ F?/F3,

and for a finite-generator triangle-closed model its visible channel count is

Q(k) = (S) = k2.

Second, the monotone filtration does not merely permit a normalization; it determines
one. Under that canonical normalization, this inherited filtration time is the cumulative
count of independent first-visible degree—2 classes, so the cumulative first-visible mass
is canonically linear in observer-side filtration time:

M(T)=<T.
Combining this with the quadratic channel law yields
k(T) < VT.
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Third, closure and rectangular factorization force mixed-scale splitting, and that splitting
yields coarse multiplicativity of causal diamonds:

1(D(p,qr)) < T Q(K(T)).

Substituting the quadratic channel law and the parabolic relation gives
w(D(p, qr)) < T*.
Equivalently, in linear refinement scale

Lxx/i

one obtains
(D) =< L*.

Thus the macroscopic diamond dimension is determined to be 4. Fourth, under the in-
herited second-jet faithfulness condition, the observer-side filtration preorder canonically
induces the forward and backward causal cones in the first-variation space attached to
the realized degree—2 channel of the stabilized quadratic carrier. Those cones are proper,
convex, two-sided, and exhaustive for timelike directions. Accordingly the first-variation
pairing extracted, under the inherited second-jet faithfulness condition, from the realized
degree—2 channel attached to the stabilized quadratic carrier cannot be definite, cannot
have split signature, and therefore, when nondegenerate, must be Lorentzian:

sign(B,) € {(1,3), (3, 1)}

Finally, under the inherited second-jet faithfulness condition, the realized degree—2 chan-
nel attached to the stabilized quadratic carrier controls the scalar sector. Its admissible
scalarizations form a one-dimensional space, and this determines the probability law for
first-visible alternatives to be the normalized canonical scalar channel on that realized
channel:

Q(v:)

P= ———-—.
' Zj Q(Uj)
After real linearization of that realized degree—2 channel under the inherited second-jet
faithfulness condition, the canonical scalar channel extends to a nonnegative quadratic
form on

Kr = K ®z R,

canonically diagonalizable over R. The chapter therefore establishes a single rigid con-
clusion:

once the first visible obstruction is quadratic and the inherited observer-side filtration
18 fized, the closed comparison stack determines quadratic channel count, parabolic
refinement scaling, four-dimensional causal-diamond growth, and Lorentzian
first-variation signature.
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No additional macroscopic dimension law and no alternative nondegenerate causal sig-
nature are compatible with the closed relational architecture developed up to this point
once the stabilized quadratic carrier and the inherited observer-side filtration are fixed.

Remark 14.9.1 (Transition to the next chapter). The present chapter has extracted
the large-scale causal consequences of the stabilized quadratic carrier together with the
inherited observer-side filtration. Chapter 15 follows the parallel linear branch: instead
of deriving further causal scaling laws, it reconstructs Hilbert, phase, and scalar structure
from the same stabilized quadratic layer. This preserves the geometric and Hilbert
realizations as parallel canonical outputs of one intrinsic quadratic obstruction package.
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Chapter 15

Complex Hilbert Structure from
Quadratic Transport

15.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the Hilbert-reconstruction consequences of the transport-visibility
clause item (SP5) on the stabilized quadratic carrier. From the quadratic transport
carrier, it derives Hilbert structure and supplies the phase and scalar machinery used
in chapters 16 and 18. Theorems 13.10.2 and 13.10.4 identify the stabilized quadratic
transport carrier

K ~ F?/F3

as the first intrinsic layer at which comparison transport fails to close strictly. This
carrier is not an auxiliary linearization, nor an externally imposed state space. It is the
first quotient in the intrinsic transport filtration on which nontrivial comparison defect
survives. Equivalently, it is the first level of the closed stack at which transport retains
information beyond first-order flatness. Two structures have already been determined
on this quadratic layer. The first is scalar. The probability law for mutually exclusive
first-visible alternatives is tracked through their classes in K, while, under the inher-
ited second-jet faithfulness condition, it is determined by the unique positive quadratic
scalar channel on the realized degree-2 channel attached to the stabilized quadratic
carrier. Thus the first-visible defect sector is not merely a collection of defect classes.
Through that realized channel it already carries a distinguished positive quadratic law.
The second is orientational. Quadratic defects arise from oriented comparison triangles.
Reversal of triangle orientation reverses the corresponding quadratic defect. Hence the
same carrier IC carries a canonical reversal symmetry induced by triangle orientation
reversal. The purpose of the present chapter is to show that these two facts already
force complex Hilbert structure. The subtle point is exact. An involution by itself does
not produce a complex structure: an operator squaring to the identity is not an operator
squaring to minus the identity. The missing step is that the quadratic transport carrier
is not to be treated as an unoriented defect space. Its primitive generators come in two
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ordered orientation sectors, related by the unique reversal involution. Once that ordered
orientation double is made explicit, the scalar form and the reversal symmetry together
force a quarter-turn operator, unique up to sign, and hence a complex structure. The
residual sign ambiguity is structural rather than arbitrary. It is the necessary symmetry

J = —J,

which corresponds to complex conjugation of the same complex Hilbert structure and
not to a second geometric choice. Once J is determined, the Hermitian inner product
is in turn determined by the quadratic scalar channel and polarization. At the end no
further datum is chosen. The resulting classification theorem is the following.

Theorem 15.1.1 (Hilbert structure of the quadratic defect sector). Under the standing
principle Standing Principle 1, let

K~ F?/F?

be the stabilized quadratic transport carrier of the closed comparison stack. Then the
following structures are determined intrinsically:

(i) under the inherited second-jet faithfulness condition, a positive definite quadratic
scalar form

QZKR%RZ(), /C]R I:’C(X)ZR,

extending the canonical degree-2 scalar channel on the realized degree—2 channel
attached to the stabilized quadratic carrier;

(i) a unique filtration-compatible orientation involution
o: Kp = Kgr
induced by reversal of primitive triangle orientation;
(i) a canonical oriented defect double
Hg := Kr ®r O,

where O is the real orientation module generated by the two primitive triangle
orientations;

(iv) an orthogonal complex structure
J : Hy — Hg, J? = —id,

unique up to sign among orthogonal endomorphisms compatible with total orienta-
tion reversal and with the quadratic transport filtration;

(v) a unique Hermitian inner product on Hg whose norm-square extends the quadratic
scalar channel.
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Consequently the completion of Hr in the induced norm is a complex Hilbert space canon-
tcally associated to the quadratic defect sector, and, under that same inherited second-jet
interface hypothesis, the probability law on first-visible alternatives becomes the norm-
square law through the realized degree—2 channel attached to the stabilized quadratic car-
rier.

The proof occupies the remainder of the chapter. The argument is not a free construc-
tion. Each stage removes a genuine ambiguity. The quadratic scalar channel determines
the real inner product. The orientation reversal is determined uniquely by the primitive
transport triangles. The orientation module carries a unique quarter-turn compatible
with reversal, up to overall sign. The full oriented defect double then carries a unique
orthogonal complex structure anti-commuting with total orientation reversal, again up
to that same harmless sign. Finally the Hermitian form is determined uniquely by po-
larization. At the end nothing remains to be chosen except the sign J — —.J, and that
sign does not represent additional geometry.

15.2 The quadratic defect sector and its scalar form
Let
K ~ F?/F?

denote the stabilized quadratic transport carrier. Theorems 13.10.2 and 13.13.1 show
that IC is generated by the quadratic wedge classes

[ei A eyl

arising from degree—2 commutator residues of oriented comparison transport. We first
pass from the intrinsic abelian carrier to its real span.

Definition 15.2.1 (Real quadratic defect space). Define
Kr = K ®7R.

The scalar-channel theory of Theorems 14.7.3, 14.7.4, 14.7.6 and 14.8.2 yields a
canonical positive quadratic law on this real vector space. To use it here, one must
formulate the extension carefully. The point is not merely that a scalar law exists on the
integral carrier, but that the previously established quadratic-extension principle applies
to the stabilized degree—2 transport sector.

Theorem 15.2.2 (Quadratic scalar channel). Under the inherited second-jet faithfulness
condition, there exists a unique positive quadratic form

Q5]CR_>RZO

extending the canonical degree—2 scalar channel on the realized degree—2 channel attached
to the stabilized quadratic carrier, whose restriction to first-visible alternatives tracked
through the integral carrier IC is the admaissible branch-weight law.
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Proof. The prior results Theorems 13.10.2, 14.7.3, 14.7.4 and 14.8.2 establish three facts.
First, first-visible alternatives are tracked through the stabilized quadratic carrier

K~ F?/F3

Second, under the inherited second-jet faithfulness condition, the admissible branch-
weight law on those first-visible alternatives is the canonical degree-2 scalar channel on
the realized degree—2 channel attached to that stabilized quadratic carrier, unique up
to overall normalization among degree—2 scalarizations. Third, the quadratic-extension
theorem applies to that realized-channel scalar law and extends it uniquely to the real
linearization Kg = K ®z R. Applying that extension theorem in the present inherited-
interface regime yields a unique quadratic form

Q:]CR%REO

whose restriction to first-visible alternatives tracked through K is the admissible branch-
weight law. Because that law is nonnegative on first-visible alternatives, the extended
quadratic form is nonnegative as well. This is the required map Q). 0

Remark 15.2.3 (What is used here). Theorem 15.2.2 does not introduce a new scalar law.
It imports, under the inherited second-jet faithfulness condition, the canonical degree—
2 scalar channel on the realized degree—2 channel attached to the stabilized quadratic
carrier and extends that law to the real span Kg. Thus the scalar geometry entering the
Hilbert construction is already present in the transport analysis of Theorems 13.10.2,
14.7.6 and 14.8.2.

The decisive point is that positivity is strict, not merely weak.

Lemma 15.2.4 (Strict positivity of the quadratic scalar channel). For every nonzero

vector

x € IC]R,
one has

Q(z) > 0.
Equivalently,

Qz) =0= 2 =0.
Proof. We first prove the claim on the integral carrier K. Let

0#£FkeK.

Since K ~ F?/F3 is the stabilized first visible transport-defect carrier, a nonzero class
k is, by definition, a nontrivial first-visible defect class. The scalar-channel theorem
identifies the admissible branch-weight law as the unique positive scalar detector of such
first-visible classes. Hence

Q(k)>0 for every 0 # k € K.
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Now let
0 7é x € ICR.

Choose an integral basis
ki,... km

of the free part of K, so that
xr = Z )\a(ka ® 1)
a=1

with real coefficients \,, not all zero. By density of rational coefficients and homogeneity
of degree 2, it suffices to prove strict positivity on nonzero rational combinations. Thus
choose N > 0 such that

Nz e K

and Nx # 0. Then, by the integral case already proved,
Q(Nzx) > 0.
Since @ is quadratic,
Q(Nz) = N*Q(z).

Therefore
Q(z) = N2Q(Nz) > 0.

This proves strict positivity on all nonzero vectors of Kg. 0
The quadratic form determines a symmetric bilinear form by polarization.
Definition 15.2.5 (Real polarization). Define

1

gc(w.y) =5 (Qr+y) = Q@) = Qy)  (v,y € Ka).

Proposition 15.2.6 (Real inner product on the quadratic carrier). The form gk is a
positive definite symmetric bilinear form on Kg.

Proof. Because () is a quadratic form on the real vector space Ky, there exists a unique
symmetric bilinear form whose diagonal is ), and the displayed formula is exactly its
polarization. Thus gx is symmetric and bilinear. Moreover, for every x € Kg,

gz, x) = Q(x) > 0.

If
g (z,x) =0,
then
Q(z) =0,
and Theorem 15.2.4 implies
x = 0.
Therefore gi is positive definite. ([l
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Remark 15.2.7 (No complex structure yet). At this stage the quadratic carrier has ac-
quired a canonical real Fuclidean geometry and nothing more. The scalar form deter-
mines gi, but a real inner product alone does not force complex structure. The next
task is to isolate the missing orientational input.

15.3 Orientation reversal on the quadratic carrier

The next step is to isolate the orientational structure determined by comparison trian-
gles.

Lemma 15.3.1 (Orientation involution). Primitive triangle orientation reversal induces
a linear imvolution
o: Kp = Kr

satisfying
0'2:id, a([ei/\ej]):—[ei/\ej].

Proof. Let (i,7,¢) be an oriented primitive comparison triangle. Reversal of orientation
sends (7, ,¢) to (¢,7,1). At the level of transport words, this reverses the traversal order
of the corresponding elementary comparison steps. Passing to the quadratic quotient

F?/F?,
reversal of order changes the sign of the associated wedge class. Thus
le; A ej] — —[ei A ejl.

Because primitive triangle reversal is itself an involution, the induced map on C, and
hence on Kg, squares to the identity. Linearity is immediate from passage to the real
span. L]

Lemma 15.3.2 (Orthogonality of the orientation involution). The involution o pre-
serves the quadratic scalar form and is orthogonal with respect to gx:

Q(or) = Q(x), gk (o, 0y) = gr(z,y).

Proof. Orientation reversal changes a primitive quadratic defect to its negative. Since
the scalar channel is quadratic, it is invariant under sign:

Q(—z) = Q(x) (x € Kr).

By Theorem 15.3.1, ¢ acts on primitive generators by sign reversal, hence

Qox) = Q(z)

on the spanning set of primitive generators, and therefore on all of g by quadraticity
and linear extension. Orthogonality of o with respect to g now follows by polarization:

oclom,0) = 5 (Qow+oy)~Qlon)~Q(oy) = 3 (Qo(r+1))~Q)~Q()) = ge(r.v).
U
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At this point one has an involution, but not yet uniqueness. That distinction mat-
ters. The later complex structure must not depend on a discretionary choice of reversal
operator. One must show that the transport filtration itself determines the orientation
involution and excludes all competitors.

Lemma 15.3.3 (Uniqueness of the orientation involution). Let
T:Kr = Kg
be a linear automorphism satisfying the following properties:

(i) 7 is induced by an automorphism of the primitive triangle transport system pre-
serving the quadratic filtration and passage to F?/F3;

(ii) 7 reverses primitive triangle orientation;
(iii) 72 =id.

Then

T =o0.
Proof. The quadratic carrier Kg is spanned by the wedge classes
[61‘ AN 6]‘].

Because 7 is filtration-compatible, its action on the entire carrier is determined by its
action on this generating family. Now 7 reverses primitive triangle orientation. Therefore
on each primitive wedge generator it acts exactly as orientation reversal acts:

T(lei Aej]) = —lei A eyl

By Theorem 15.3.1, the same formula holds for . Hence 7 and o agree on a spanning
set of g, and therefore agree everywhere. O

Remark 15.3.4 (Rigidity of reversal). The involution o is therefore not merely available.
It is the unique filtration-compatible realization of triangle orientation reversal on the
quadratic carrier. This rigidity is what prevents the later complex structure from hiding
a new arbitrary choice.

15.3.1 Uniqueness of orientation splitting on the quadratic car-
rier

The previous lemmas can now be assembled into the object-locus uniqueness statement
used later in chapter 19.
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Theorem 15.3.5 (Uniqueness of orientation splitting). Under the standing principle
Standing Principle 1, there exists a nontrivial orientation involution

RZ’CR—>’CR, R2:id,

reversing primitive oriented quadratic observables. Moreover, up to conjugacy by admis-
sible filtration-compatible automorphisms of Kg, this involution is unique. Its nontrivial
action determines a canonical minimal irreducible real block on which there is an orthog-
onal quarter-turn operator J satisfying

J? = —id, JR = —RJ.

Proof. Step 1 (transport visibility: item (SP5)). Existence of a nontrivial ori-
entation involution is Theorem 15.3.1. Orthogonality and filtration compatibility are
Theorem 15.3.2.

Step 2 (intrinsic and quotient admissibility: items (SP1) and (SP4)).
Uniqueness among admissible orientation-reversing involutions is Theorem 15.3.3. Thus
the orientation reversal channel is fixed up to admissible filtration-compatible equiva-
lence.

Step 3 (intrinsic minimal block extraction: item (SP1)). Let V C Ky be a
minimal nontrivial R-stable real subspace. Pick 0 # v € V. Since R is nontrivial, Rv is
not proportional to v, and minimality gives

V' = spang{v, Rv}.

Define
Jv := Ru, J(Rv) := —v,

and extend linearly. Then
J*=—id, JR=-RJ.

Because R is orthogonal and V' is generated by an R-orbit pair, J is orthogonal on V.
Conjugacy uniqueness follows from uniqueness of the involution and filtration-compatible
transport equivalence. 0

Corollary 15.3.6 (Primitive doublet). The minimal irreducible real representation car-
rying the pair (R, J) of Theorem 15.3.5 is two-dimensional. Hence orientation splitting
determines a primitive multiplicity generator of dimension 2.

Proof. On the minimal nontrivial block, R has eigenvalues £1 and J exchanges the

eigendirections because JR = —RJ. Thus at least two real dimensions are required.
Minimality of the block excludes larger dimension. U
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15.4 The orientation module

An involution on Kg does not by itself produce a complex structure. The relevant object
is not the bare carrier g, but the ordered double of its two primitive orientation sectors.
We now make that double explicit.

Definition 15.4.1 (Orientation module). Let O be the two-dimensional real vector
space with basis
€ty €

representing the two primitive triangle orientations. Equip O with the Euclidean inner
product he for which this basis is orthonormal, and define the reversal involution

r:0—0
by
r(ey) =¢_, r(e-) =¢ey4.

The key point is that O carries a quarter-turn compatible with reversal, and that
this quarter-turn is unique up to sign.

Proposition 15.4.2 (Quarter-turn on the orientation module). There exists an orthog-
onal endomorphism

Jjo: 0O—-0
such that
Jo=-id,  jor = —rjo.
It s unique up to overall sign. Explicitly,

j0(5+) =&, j@(&,) = —&4.

Proof. Define jo by the displayed formulas. Then

joler) = jole-) = —&4, jole-) = jo(—e4) = —¢-,

SO
jo = —id.

In the ordered orthonormal basis {e,,c_}, the matrix of jo is
0 —1
1 0)

Jor(eq) = jo(e-) = —¢4, —rjoley) = —r(e) = —¢y4,

hence jo is orthogonal. Next,

and similarly on €_, so
Jor = —Tjo.
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For uniqueness, let ji, be another orthogonal endomorphism satisfying
(o) =—id,  jor = —rjo.

The operator r has eigenspaces spanned by
€4 +e_ and E4 —E_.

The anti-commutation relation determines j;, to exchange these two lines. Orthogonality
and the identity (j,)? = —id then leave exactly two possibilities:

Jo = Jjo or Jo = —Jo.

O

Remark 15.4.3 (Meaning of the sign ambiguity). The sign ambiguity in jo is necessary
and harmless. It is the ordinary ambiguity between a complex structure and its conjugate.
It does not encode a second orientation geometry on the closed stack.

15.5 The oriented defect double and its universal prop-
erty

We now form the real vector space on which the complex structure will live.

Definition 15.5.1 (Oriented defect double). Define
Hy := Kr ®r O.
Equip Hg with the symmetric bilinear form
9(x ®@u, y ®v) := ge(z,y) ho(u,v),
extended bilinearly to all of Hg.

Proposition 15.5.2 (Product metric). The form g is a positive definite symmetric
bilinear form on Hg.

Proof. Symmetry and bilinearity are immediate from symmetry and bilinearity of gx
and heo. It remains to prove positive definiteness. Let

£:Zm:xa®ua€HR.
a=1

Choose the orthonormal basis
Ey,E
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of O from Theorem 15.4.1. Then £ may be written uniquely in the form
=2, Qe +r_QRe_
for some x,x_ € Kg. Since the basis is orthonormal, one has

9(&,8) = gr(zy, 24) + gz, 2).

By Theorem 15.2.6, the form gx is positive definite. Hence

9(€,€) = 0,
with equality if and only if
ry =0 and rx_=0.
Thus £ = 0. Therefore g is positive definite. O

The two sources of involution on Hg are the quadratic orientation involution o on Kg
and the sector-reversal involution r on O. Together they determine the global orientation-
reversal symmetry.

Definition 15.5.3 (Total orientation reversal). Define
Y:=0®r:Hgr = Hp.

Proposition 15.5.4 (Total reversal is orthogonal). The operator ¥ is an orthogonal
involution:

¥ =id,  g(3&3n) =g(&n) (&€ Hg).

Proof. Since
o = idg, and r? =ido,

one has
YW=(car)(c®r)=0c>®r*=idg,.

To prove orthogonality, it suffices to check the formula on pure tensors. For x,y € Kg
and u,v € O,

9(E(z @ u), Xy ®v)) = glox @ ru, oy @ rv) = ge(ox, oy) ho(ru, v).

By Theorem 15.3.2,

g’C(Ux7 Uy) = g’C(xa y)»
and by construction of r,

ho(ru,rv) = ho(u,v).

Therefore

g(Z(ZE ® u)7 Z(:y ® U)) - g/C(xu y) hO(u7 U) = g(.T DU,y U)‘
By bilinearity this holds for all £, € Hg. O
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The appropriate quarter-turn on Hy is now determined by the orientation-module
quarter-turn. The only remaining issue is to exclude hidden carrier automorphisms.

Lemma 15.5.5 (Rigidity of filtration-compatible carrier automorphisms). Let
A Kp — Kg
be an orthogonal automorphism satisfying the following properties:
(i) A is induced functorially from the quadratic transport filtration;
(ii) A commutes with the orientation involution:

Ao = oA,

(iii) A preserves the primitive wedge generator system up to filtration equivalence.

Then
A = Fidg,.

If in addition A preserves primitive orientation sector by sector, then
A = idg,.
Proof. The carrier Kg is generated by the primitive quadratic wedge classes
le; A el

By filtration-functoriality and preservation of the primitive generator system up to filtra-
tion equivalence, the action of A is determined by its action on these generators. Since
A commutes with ¢ and ¢ acts on each primitive generator by sign reversal,

o(lei Aejl) = —[ei Aejl,

the image under A of a primitive generator must again lie in the same one-dimensional
orientation line generated by [e; A e;]. Indeed, if A mixed distinct primitive lines, then
commuting with the unique orientation involution would produce an additional filtration-
compatible intrinsic symmetry on the primitive quadratic transport carrier beyond the
determined reversal symmetry, contradicting the rigidity of primitive transport classifi-
cation in Theorems 15.1.1 and 15.3.3. Therefore, for each primitive generator,

A(lei A ej]) = Aijlei A ey

for some real scalar \;;. Because A is orthogonal with respect to the positive definite
form gx, each \;; satisfies

hence
Aij = £1.
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It remains to show that the sign is global rather than generatorwise. If different primitive
generators carried different signs, then A would separate distinct primitive transport
directions by an additional filtration-compatible orthogonal datum not already encoded
by the quadratic transport system. But the quadratic rigidity results (Theorems 15.1.1
and 15.3.3) identify the primitive degree—2 carrier only through the scalar form and the
unique orientation involution. Accordingly no further generatorwise sign freedom exists.
Hence all \;; coincide, and therefore

A = +idy, .

If A preserves primitive orientation sector by sector, then the global negative sign is
excluded, and one obtains
A = idg,.

O

Theorem 15.5.6 (Universal complex structure on the oriented defect double). There
exists an orthogonal endomorphism

JIHR%HR

such that
J? = —id, JY. = -%J.

It is unique up to overall sign among orthogonal endomorphisms with these properties
and compatible with the quadratic transport filtration. FExplicitly,

J = idICR X j@.

Proof. Define
J = idICR ® j(g.

Then
J2 == idICR ® ](29 = _idHRu

because j3 = —idp by Theorem 15.4.2. Orthogonality follows immediately from orthog-
onality of j» and orthogonality of the identity on Kg. Next,

JY = (id®jo)(o®@r) =0 (jor) = =0 ® (rjo) = =X,
because jor = —rjo. This proves existence. We now prove uniqueness up to sign. Let
J' + Hgp — Hy
be an orthogonal endomorphism satisfying
(J)? = —id, JY=-xJ,
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and assume J’ is compatible with the quadratic transport filtration. Because J’ is
filtration-compatible, its action on the Kg-factor is induced from a filtration-compatible
orthogonal automorphism

A: Kr — Kgr

commuting with the unique orientation involution ¢. By Theorem 15.5.5, such an A
equals
A = *idg,.

Absorbing this harmless global sign into the orientation factor, one may therefore write
J =idi, ® jo
for some orthogonal endomorphism
Jo: O = 0.
The identities for J’ now become
(Jo)* = —id,  jor = —rjo.
By Theorem 15.4.2, the only orthogonal endomorphisms of O satisfying these identities

are

Jo = Jjo or Jo = —Jjo.

Therefore
J =4+J

This proves uniqueness up to sign. 0

Remark 15.5.7 (Where complex structure first appears). Theorem 15.5.6 is the precise
point at which complex structure becomes necessary. The scalar geometry on Kgr sup-
plies the real metric. The ordered orientation double supplies the quarter-turn. The
compatibility condition with total orientation reversal removes all remaining freedom
except the necessary sign J — —J.

Proposition 15.5.8 (Uniqueness of the orthogonal complex structure). Let
Hr = Kgr ®r O
be the oriented defect double, equipped with the product inner product g, and let
Y=0o®r
be the total orientation-reversal involution. Suppose
J' Hp — Hy
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15 an orthogonal endomorphism satisfying
(J)? = —id, JY=-%J,
and is induced functorially from the quadratic transport carrier. Then
J =+J,

where
J =idk, ® jo

is the canonical complex structure from Theorem 15.5.6.

Proof. This is the uniqueness statement already proved in Theorem 15.5.6, stated sep-
arately for later reference. The filtration-compatible functoriality condition reduces the
carrier part to the identity up to harmless global sign by Theorem 15.5.5, and the orien-
tation quarter-turn is unique up to sign by Theorem 15.4.2. Therefore J' = +J. U

In particular, once filtration compatibility and anti-commutation with total orien-
tation reversal are imposed, the complex structure on the oriented defect double is
determined uniquely up to the harmless sign ambiguity

J = —J.

This sign is structural. It does not encode a second geometry; it is the analogue of
passing from a complex structure to its conjugate.

15.6 Skew form and Hermitian structure

The canonical complex structure J determines a corresponding skew form.

Definition 15.6.1 (Canonical skew form). Define

w(&m) =g(&Jn)  (§n€ Hg).

Proposition 15.6.2 (Properties of the skew form). The form w is bilinear, antisym-
metric, and nondegenerate.

Proof. Bilinearity is immediate from bilinearity of ¢ and linearity of J. To prove anti-
symmetry, we first note that J is skew-adjoint with respect to ¢g. Indeed, orthogonality
of J and the identity J? = —id give, for all £,n € Hg,

9(J&,n) = g(J*¢, Jn) = —g(&, Jn).

Hence
w(n, &) =g(n, J§) = —g(JIn, &) = —g(&, Jn) = —w(&,n).

244



To prove nondegeneracy, suppose w(&,n) = 0 for all n € Hg. Then
g(& Jn) =0 for all 7.
Since J is invertible, every vector ( € Hg may be written as ( = Jn for some 7. Therefore
9(&,0)=0 for all ( € Hg.

Because g is nondegenerate, this determines & = 0. Thus w is nondegenerate. U

We now isolate the rigidity statement that removes the last remaining loophole in
the passage from the real metric to the Hermitian form.

Lemma 15.6.3 (Polarization rigidity). Let Hg be the real oriented defect sector, let

Qu(§) :==9(&¢)

be the quadratic form induced by g, and let
J: HR — HR

be the canonical complex structure of Theorem 15.5.6. Then there exists a unique Her-

mitian inner product
<','> 2HRXHR—>(C

whose real part is g, whose imaginary part is compatible with J, and whose norm-square
satisfies

(€,6) = Qu(§) (£ € Hg).

More explicitly, the unique such Hermitian form is

(& m =9&mn) +ig(& Jn).
Proof. We first prove uniqueness. Let
<'7 >

be any Hermitian form satisfying the stated properties. Its real part is determined
uniquely by the norm-square (), because real polarization gives

RAE, 1) = 5 (Qu(€ -+ ) — Qu(€) — Qulm) = 9(&.7).

Thus the real part is determined. The compatibility with J determines the imaginary
part as well. Indeed, by definition of compatibility, the imaginary part must be the skew
form determined by ¢g and J, namely

(€, ) = g(&, JIn).
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Hence the Hermitian form is uniquely determined and must equal

g(&,m) +ig(&,Jn).

It remains to verify that this displayed formula defines a Hermitian inner product. Con-
jugate symmetry follows from symmetry of g and skew-adjointness of J:

(&m) =g&n) —igl& Jn) =gm,&) +ighn, JE) = (n,€).

Real bilinearity of ¢ and linearity of J imply complex sesquilinearity in the usual way
when Hp is regarded as a complex vector space via J. Finally, for every ¢ € Hp,

(6,6) = 9(&.8) +ig(&, JE).

But antisymmetry of the skew form gives

9(€,J€) = w(§,€) = 0.

Therefore
If (£,€) =0, then Qg (&) = 0, and since ¢ is positive definite this determines £ = 0. Thus

the form is positive definite. Hence the displayed formula defines the unique Hermitian
inner product with the required properties. O]

Remark 15.6.4 (No residual freedom). Once the quadratic scalar law and the canonical
complex structure are fixed, no further freedom remains. The Hermitian inner product
is not chosen. It is rigidly determined by the real metric and the quarter-turn through
polarization.

15.7 Hilbert reconstruction

We may now formulate the Hilbert reconstruction theorem in its final form.

Theorem 15.7.1 (Hilbert reconstruction). The quadratic scalar channel @ on the
quadratic carrier and the canonical complex structure J on the oriented defect double
determine a unique Hermitian inner product on Hg, namely the form of Theorem 15.6.35.
The completion of Hg in the associated norm is a complex Hilbert space.

Proof. By Theorem 15.6.3, there is a unique Hermitian inner product on Hgr whose
norm-square is the induced quadratic form

Qu(§) = 9(&,¢)

and whose imaginary part is determined by the canonical complex structure J. Thus
Hpg, regarded as a complex vector space via J, is a pre-Hilbert space. Completing Hr
in the norm induced by this Hermitian form produces a complex Hilbert space. [l

We denote this completion by H.
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15.8 Born rule

The probabilistic interpretation is now immediate.

Corollary 15.8.1 (Born rule). For every £ € H,

P(&) = [1€]1*.

In particular, the probabilistic scalar channel of the quadratic defect sector is exactly the
squared norm of the uniquely determined Hermitian inner product.

Proof. By construction of the Hermitian inner product,

lgll* = (€. €) = Qu(©).

But Qg is precisely the quadratic scalar channel induced from the unique probability
law on first-visible alternatives. Therefore

P(&) = [I€]1*.
0

Remark 15.8.2 (Meaning of the norm-square law). The Born rule is not postulated
here as an external axiom of a Hilbert space formalism. Rather, the Hilbert norm is
reconstructed precisely so that its norm-square coincides with the already determined
scalar channel on the quadratic defect sector. Thus the norm-square law is a theorem
of the transport structure, not an additional probabilistic prescription.

15.9 Interpretation

The logic of the chapter may now be summarized without omission. The closed compar-
ison stack first determines the quadratic transport carrier

K~ F?/F3

The scalar-channel theorem equips that carrier with a positive definite quadratic law.
Triangle reversal equips it with a unique filtration-compatible involution. The ordered
orientation double then carries a unique orthogonal complex structure anti-commuting
with total orientation reversal, up to the harmless sign ambiguity

J = —J.

The quadratic scalar law and this quarter-turn determine, by polarization rigidity, a
unique Hermitian inner product. Completion produces a complex Hilbert space. Thus
the Hilbert framework is not appended externally to the closed comparison stack. It
is the canonical linear realization of the same intrinsic quadratic defect layer whose
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geometric branch, under the inherited second-jet faithfulness condition, is read on the
realized degree-2 channel attached to the stabilized quadratic carrier, where nonzero
stabilized square classes are equivalent to nonzero realized curvature. The chain is

transport = F?/F3 = scalar law = orientation double
— J? = —id = Hermitian rigidity = Hilbert space.

The next chapter returns to the parallel geometric branch of the same intrinsic quadratic
defect layer. Under the inherited second-jet faithfulness condition, that branch is read on
the realized degree-2 channel attached to the stabilized quadratic carrier, where nonzero
stabilized square classes are equivalent to nonzero realized curvature. Higher transport
jets then begin to contribute genuinely new geometric information beyond that inherited
interface bridge.

Remark 15.9.1 (Parallel realizations of the same carrier). The significance of the chap-
ter is not merely that a Hilbert space has been reconstructed. It is that the Hilbert
realization is an intrinsic linear realization of the stabilized quadratic defect layer, while
the later geometric branch is read, under the inherited second-jet faithfulness condi-
tion, on the realized degree—2 channel attached to the stabilized quadratic carrier. The
subsequent development therefore does not juxtapose two unrelated frameworks. It de-
velops two linked realizations of one closed comparison structure, with the geometric
side entering only through that inherited interface bridge.

15.10 Conclusion

The chapter proves that Hilbert structure is not auxiliary input: the Hermitian form,
norm-square probability law, and phase sector are all forced by the stabilized quadratic
transport carrier F?/F3. Hilbert realization is therefore an intrinsic determination of
the closed comparison structure, while the later geometric branch is read, under the
inherited second-jet faithfulness condition, on the realized degree—2 channel attached
to the stabilized quadratic carrier. Accordingly, chapter 16 continues from that inher-
ited interface bridge to the macroscopic compatibility equation carried by the realized
geometric branch.

248



Chapter 16

Transport Closure and the Uniqueness
of the Macroscopic Compatibility Law

16.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the macroscopic compatibility consequences of the repaired intrin-
sic transport package already established in chapters 13 to 15. Using the stabilized
quadratic carrier together with the inherited observer-side filtration and, under the in-
herited second-jet faithfulness condition, the realized degree—2 channel and first-variation
pairing carried there, it derives the unique macroscopic compatibility law used in chap-
ters 17 and 18. Chapters 13 to 15 therefore supply the exact intrinsic transport, filtration,
and realized-branch input needed here, rather than a bare whole-carrier curvature iden-
tification or an unconditional direct smooth-realization package. At the intrinsic level,
the first nontrivial stabilized obstruction is the quadratic transport carrier

F2/F3

on the Stone inverse limit. At the realized level, two structural facts have already been
established. First, chapter 13 shows that, under the inherited second-jet faithfulness con-
dition, nonzero stabilized square classes are equivalent to nonzero realized curvature in
the realized metric geometry. Second, the pointwise first-variation geometry constructed
in Proposition 17.2.2, together with the smooth realization theorem for connection-first
geometry in Theorem 17.9.1(ii) and the tangent identification stated in Section 17.12,
identifies the intrinsic first-variation arenas with the realized tangent geometry. More
precisely, for each realized point p,

V, > T,M,

and, under the inherited second-jet faithfulness condition, the first-variation pairing on
the realized degree—2 channel attached to the stabilized quadratic carrier

B,:V,xV, >R,
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is identified with the Lorentz metric pairing
Gp : TyM x T,M — R.

Thus the realized transport geometry contains not only the curvature channel of the
quadratic carrier, but also, under that inherited second-jet faithfulness condition, the
pointwise quadratic pairing carried by the realized degree-2 channel attached to the
stabilized quadratic carrier. In particular, comparison automorphisms preserve the real-
ized transport geometry at the metric level and not merely at the curvature level. The
purpose of the present chapter is to determine which macroscopic compatibility laws
are admissible for that realized metric geometry. No action functional is assumed. No
matter tensor is postulated. No variational principle, entropy extremization principle,
or external geometric axiom is inserted. The argument is entirely internal to the closed
stack and uses only structures already determined by Theorems 13.13.1, 14.6.9, 15.2.2
and 15.5.6. We work strictly after the development in chapters 13 to 15. In particular,
we take as input the following previously established facts.

(S1) Rectangular completeness and canonical quotient semantics.

(S2) Closed-system descent and exhaustion of enrichment by the same two loci, possibly
with both and with no third: representative choice and transport.

(S3) Transport closure: every admissible microscopic dynamics lies in

G = Aut(U,C).

(S4) A refinement tower

BicByC---, Boo=<UBk>,

with Stone inverse limit
Seo = UF(Bw) = l'&nUF(BQ.
k
(S5) Foundation’s quantifier boundary: global admissibility is equivalent to finite non-

coverage of the excluded finite comparison cells, equivalently to existence of a
coherent admissible ultrafilter tower.

(S6) The stabilized intrinsic degree—2 transport carrier
Ko C F?/F?
on the inverse-limit locus.
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(S7)

(59)

(S10)

Interface realization: under the inherited second-jet faithfulness condition and
smooth realization
L:Se — M,

nonzero stabilized square classes are equivalent to nonzero realized curvature for
a smooth realized metric g.

First-variation realization: by Proposition 17.2.2, Theorem 17.9.1(ii), and Sec-
tion 17.12, the pointwise first-variation space V, realizes as the tangent space
T,M, and, under the inherited second-jet faithfulness condition, the first-variation
pairing on the realized degree-2 channel attached to the stabilized quadratic carrier

B,:V,xV,—R
is identified with the Lorentz metric pairing

gp: T,M x T,M — R.

Local rigidity: every homeomorphism of M preserving the realized transport ge-
ometry is a C'-diffeomorphism.

Quadratic determinacy and causal-diamond growth: along the observer-side fil-
tration inherited from chapter 10 and interleaved with the refinement tower in
chapter 11,

p(Dr) < T?,
and equivalently, after reparameterizing by the corresponding refinement scale L :=
k(T),

w(Dyp) < L*.

The question is therefore the following.

Which macroscopic compatibility laws are admissible for the realized metric
geometry determined by the closed relational stack?

The answer is that, in the metric-only regime of the closed stack, the only admissible
law is the Einstein law with cosmological term.

Theorem 16.1.1 (Macroscopic compatibility classification). Under the standing prin-
ciple Standing Principle 1, let

E:G — T(S2T* M)

be an admissible macroscopic operator in the sense of Theorem 16.2.1. Then there exist
constants o, 5 € R such that

E;W(g) = aGw/(g) + ng/'
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Consequently, every admaissible macroscopic compatibility law

E(g) =0

is equivalent, when o # 0, to

G (g9) +Agw =0, A=

SRS

The proof proceeds in five steps.

(i)
(i)

(iii)

finite comparison-preserving partial symmetries extend globally;

nontrivial automorphisms can be localized to arbitrary clopen cylinders in the
Stone inverse limit;

under realization, those localized symmetries preserve the full realized transport ge-
ometry, including, under the inherited second-jet faithfulness condition, the point-
wise first-variation pairing carried by the realized degree—2 channel attached to
the stabilized quadratic carrier, and hence induce local C'*-diffeomorphisms of the
realized manifold preserving the metric pairings g,;

finite comparison data at a realized point reconstructs the quadratic form on the

tangent space, and the induced tangent action realizes the full orthogonal group
O(T,M, gp);

in dimension 4, every admissible local second-order symmetric metric operator is
a linear combination of G and g, and the divergence identity then follows from the
contracted Bianchi identity.

We then strengthen the conclusion by showing that the cosmological term is not an
external order—0 residue. It is the scalar projection of the realized degree—2 channel
attached to the stabilized quadratic carrier, read under the inherited second-jet faith-
fulness condition through the same intrinsic obstruction mechanism that supports the
Einstein branch.

16.2 Stack boundary and admissible macroscopic op-

erators

Definition 16.2.1 (Admissible macroscopic operator). Let G denote the realized metric
class on M. A map

E:G—T(S°T*M)

is called admissible if the following properties hold.

(A1)

Locality of order at most 2. For every x € M, the value E(g)(z) depends only
on the 2-jet j2g.
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(A2) Metric-only dependence. The operator depends only on the realized metric g.

(A3) Symmetry. For every g € G,
Euu(.g) = El/u(g)

(A4) Realized local symmetry invariance. Whenever @ is a realized local symmetry
arising from a cylinder-supported automorphism of S, one has

E(®%g) = "E(g).

(A5) Concrete second-order tensoriality. In local coordinates, each component
E,.(g) is a finite sum of complete contractions built from

Gap; <g*1)04,3’ a’ygaﬁa a’y(;gaﬁ,
with smooth coefficient functions.

Remark 16.2.2. Condition (A4) supplies the microscopic symmetry input determined
by the stack. The classification argument below does not require density in the full
diffeomorphism group. What it requires is the tangent isotropy determined by realized
local comparison symmetries.

Remark 16.2.3 (Local algebraicity of admissible operators). By (A1), (A2), and (A5), the
value E(g)(p) depends only on the 2-jet of g at p, and after passing to normal coordinates
at p, that dependence is an algebraic construction from the algebraic curvature tensor
and the metric. Thus once the orthogonal isotropy at p is identified, the classification
reduces to ordinary orthogonal invariant theory.

16.3 Finite typing and extension from the quantifier
boundary

Definition 16.3.1 (Finite comparison constraints). Let F' C U be finite. A finite
directed comparison pattern over F'is a specification of bits

(mopmep) €40,1} x {0,1}  (c€C, feF).
Its realization set is

X(Fym~,n7) = {u eU:clu, f)=mn_ c(f,u)=mn; forall (c, f)}

Lemma 16.3.2 (Typing lemma). For every finite set F' C U and every finite pattern

(77, 7%), the realization set

X(F;n~,7n%)

belongs to some finite-stage Boolean algebra By.
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Proof. Each atomic condition c(u, f) = 1, c¢(u, f) = 0, ¢(f,u) = 1, or ¢(f,u) = 0
defines a comparison half-space. The realization set of the finite pattern is therefore
a finite Boolean combination of finitely many such half-spaces. By construction of the
refinement tower, every finitely generated Boolean subalgebra of B, is contained in some

finite stage By. Hence
X(F;n7,77) € By

for some k. O

Theorem 16.3.3 (Extension from the quantifier boundary). Let
oc:D—D
be a finite partial bijection such that
c(x,y) =c(o(z),o(y)) (x,y € D, c€C).
Then o extends to an element
¢ € G=Aut(U,C).

Proof. Fix a well-order of U, and perform a back-and-forth construction. Assume induc-
tively that a finite comparison-preserving partial bijection

on: D, — D)
has already been constructed. Forth step. Choose u € U\ D,,. We seck v € U\ D!, such
that for every x € D,, and every c € C,
c(u,z) = c(v,on(x)), c(x,u) = c(op(x),v).

This prescribes a finite comparison pattern over the witness set D!. By Theorem 16.3.2,
the set of realizations of this pattern lies in some B;. Suppose this realization set were
empty. Then the finitely many excluded comparison cells determined by the required
pattern would cover U, contradicting the quantifier boundary assumption (S5). Hence
the realization set is nonempty. Because only finitely many points have already been
used, we may choose v ¢ D! . Back step. Apply the same argument to the inverse partial

bijection in order to extend the codomain side by one point. Proceeding transfinitely

along the chosen well-order yields a total bijection
o U—=U
preserving every comparison in C. Hence

¢ € Aut(U,C) = G.
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16.4 Cylinder-local automorphism completeness on
the Stone limit

Definition 16.4.1 (Stone cylinders). For b € By, define

b:={p€Sx: bep}
A clopen cylinder is a set of this form.

Theorem 16.4.2 (Cylinder-local completion). For every nonempty clopen cylinder
E C S, there exists a nontrwial automorphism ¢ € G such that the induced Stone
homeomorphism ¢ satisfies

bls\e =id.

Proof. Write E = b for some b € B.. Because b belongs to the direct-limit Boolean
algebra, it is decided by finitely many generators from some stage By. Let W be a
finite witness family supporting those generators. Choose an ultrafilter p € E. Since
E' is nonempty and clopen, and since finite-stage refinement separates finite comparison
protocols, there exists another ultrafilter ¢ € F, ¢ # p, which agrees with p on every
generator supported outside W, but differs on the local witness pattern inside W. Realize
the relevant finite local data of p and ¢ by a finite witness configuration D C U. Define
a finite partial bijection
c:D—D

which fixes all witnesses outside W and permutes the witnesses in W so as to interchange
the local p-pattern and g-pattern. By construction, o preserves all comparisons on D.
Indeed, outside W nothing changes, while inside W the permutation has been chosen
precisely so that the finite comparison type is carried to an equivalent one. Hence, by
Theorem 16.3.3, o extends to an automorphism

¢ € G.

Because o is the identity on all data outside the support of b, the induced Stone action
fixes S \ F pointwise. Because o exchanges the local patterns of p and ¢, the induced
action is nontrivial on F. O

16.5 Realized local symmetries and tangent isotropy

Lemma 16.5.1 (Realized transport geometry is preserved by comparison automor-
phisms). Let
¢ € G=Aut(U,CQC),

and let R
¢S — S
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denote the induced Stone homeomorphism. Under the realization map
LS — M,

the induced homeomorphism of M preserves the realized transport geometry, including the
realized degree—2 carrier and, under the inherited second-jet faithfulness condition, the
pointwise first-variation pairing carried by the realized degree—2 channel attached to the
stabilized quadratic carrier. FEquivalently, it preserves both the realized curvature channel
and, under that same inherited second-jet faithfulness condition, the metric pairings g,.

Proof. By transport closure, every admissible microscopic dynamics is an element of G.
Hence every ¢ € G acts functorially on the intrinsic transport filtration and therefore
preserves each stabilized graded layer. In particular, ¢ preserves the intrinsic quadratic
carrier

Ko C F?/F?.
It also preserves the intrinsic first-variation transport data, because that data is re-
constructed from the same closed comparison transport geometry. By (S7), realization
carries this preserved quadratic package forward only through the repaired interface state-
ment: under the inherited second-jet faithfulness condition, nonzero stabilized square
classes are equivalent to nonzero realized curvature. By (S8), the first-variation space
realizes as the tangent space and, under that same inherited second-jet faithfulness con-
dition, the preserved first-variation pairing on the realized degree—2 channel attached
to the stabilized quadratic carrier is identified with the Lorentz metric pairing on 7, M.
Functoriality of realization therefore implies that the induced map on the realized locus
preserves the realized curvature channel and, under the inherited second-jet faithfulness
condition, the realized metric pairing carried by that realized degree—2 channel. 0

Theorem 16.5.2 (Local realized symmetry theorem). Let B C M be a coordinate ball.
For every sufficiently small clopen cylinder

E C S with ~ 1(E) C B,
there exists a nontrivial C*-diffeomorphism
S M — M

induced by a comparison automorphism, whose deviation from the identity is confined to
B, and such that
E(®pg) = PRE(9)

for every admissible macroscopic operator E.

Proof. By Theorem 16.4.2, choose
peG

whose Stone action is supported in F and is nontrivial there. By Theorem 16.5.1, the
induced homeomorphism of M preserves the full realized transport geometry, hence in
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particular the metric pairings g,. By the rigidity input (S9), that induced homeomor-
phism is a C!-diffeomorphism; call it ®5. Because the Stone action is trivial off E, the
only nontrivial realized effect occurs inside «(F) C B. Finally, admissibility condition
(A4) gives

E(®gg) = PLE(g)

for every admissible macroscopic operator F. 0

Definition 16.5.3 (Local realized isotropy at a point). Let p € M. Define

Is01¢ := {dCI)p € GL(T,M) : ® arises from a realized local symmetry and ®(p) = p}.

p

16.6 Quadratic reconstruction from finite comparison
data

Definition 16.6.1 (Stabilized degree—2 comparison data at a point). Fix p € M, and
identify the first-variation arena V), with 7,,M via the smooth realization theorem (Theo-
rem 17.9.1(ii) together with Section 17.12). For a sufficiently small realized neighborhood
of p, the stabilized degree—2 comparison data near p consists of the finite comparison re-
lations detected by the stabilized quadratic carrier

Ko C F?/F?
on local comparison directions converging to tangent directions at p.

Remark 16.6.2. By Proposition 17.2.2, the stack canonically determines a symmetric
bilinear form

B, :V,xV, =R

By Theorem 17.9.1(ii), the first-variation arena realizes as the tangent space, and, under
the inherited second-jet interface hypothesis, the relevant pairing on the realized degree—
2 channel attached to the stabilized quadratic carrier is identified there with the Lorentz
metric pairing

gp : T,M x T,M — R.

Thus the pointwise quadratic form is not auxiliary structure: it is the realized form of
the intrinsic first-variation transport pairing.

Theorem 16.6.3 (Quadratic reconstruction from finite comparison data). Let p € M,
and set
V. =T1,M.

There exists a canonical map
qp {stabilized finite degree—2 comparison data near p} — Sym?(V*)
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characterized by the property that under smooth realization it sends the intrinsic first-
variation comparison data, through that realized degree-2 channel attached to the stabi-
lized quadratic carrier, to the Lorentz metric pairing

9p-
Moreover, this map is injective: if two symmetric bilinear forms
¢,q € Sym®*(V*)

induce identical stabilized finite degree—2 comparison data in every sufficiently small
neighborhood of p, then

q=q
In particular, the realized metric pairing g, is uniquely reconstructed from finite compar-
1son data.

Proof. We divide the proof into four steps. Step 1: intrinsic degree—2 data de-

termines first-variation pairings. By Proposition 17.2.2, for each point of the first-
variation locus the closed stack canonically determines a symmetric bilinear pairing

B,:V,xV, >R

This pairing is part of the intrinsic transport geometry. It is read off from the degree—2
transport layer: the stabilized carrier

Ko C F?/F?

encodes precisely the quadratic comparison relations between local comparison direc-
tions. Therefore, once local comparison directions have been chosen, the stabilized
degree—2 comparison data determines the values of the first-variation pairing on those
directions. Step 2: passage to the realized tangent space. By Theorem 17.9.1(ii),

together with the identification of Section 17.12, the first-variation arena V, realizes
as the tangent space T,M, and the intrinsic pairing B, realizes as the Lorentz metric
pairing g,. Thus for realized tangent directions v,w € V = T,M, any local comparison
directions converging to v and w determine, through the stabilized degree-2 carrier, a
well-defined quadratic pairing whose realized value is exactly

gp(v, w).

This defines the map q,: given stabilized finite degree-2 comparison data, assign to
each pair (v, w) the corresponding realized first-variation value. Because the underlying
pairing is symmetric and bilinear, the resulting assignment lies in Sym2(V*). Step 3:

well-definedness. We must check that the assigned value does not depend on the
particular finite approximation. Choose v,w € V', and let

(v, w,) and (vy,, w),)
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be two sufficiently fine families of local comparison directions converging to v and w.
Since the carrier K, is stabilized, the degree-2 comparison relations are eventually
constant at sufficiently fine stage. Hence both approximating families determine the
same first-variation value. After realization, both therefore give the same number

gp(v,w).

So q, is well-defined. Step 4: injectivity. Let

q,q € Sym*(V*)

induce identical stabilized finite degree—2 comparison data in every sufficiently small
neighborhood of p. We must prove

q=q
Fix arbitrary v, w € V. Choose local realized comparison directions converging to v and
w. Because the stabilized finite degree-2 comparison data induced by ¢ and ¢ agree at

every sufficiently fine stage, the corresponding first-variation values assigned to the pair
(v, w) also agree. Therefore

q(v,w) = q(v,w).
Since v,w € V were arbitrary, the two bilinear forms agree on every pair of vectors.
Hence
q=q
Applying this conclusion to the realized first-variation transport data shows that there
is exactly one symmetric bilinear form on 7,M compatible with the stabilized finite

degree-2 comparison data near p, namely the realized metric pairing g,. This proves
both the existence of g, and its injectivity. 0

Theorem 16.6.4 (Canonical frame realizability). Let p € M, and let

(e1,...,6p)

be an orthonormal frame of T,M. Then there exists a finite comparison configuration
localized near p, together with a distinguished ordering of its realized tangent directions,
whose stabilized degree-2 comparison data reconstructs exactly the Gram matrix

gplei, e5) = 0y

Moreover, if two such ordered configurations realize two orthonormal frames with the
same Gram matriz, then there exists a comparison-preserving finite bijection carrying
the first ordered configuration to the second.

Proof. Fix an orthonormal frame (eq,...,e,). Choose local realized comparison direc-
tions converging to these tangent directions. At sufficiently fine finite stage, the induced
stabilized degree—2 comparison data determine, by Theorem 16.6.3, the unique quadratic
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form g, on the span of these directions. Because the frame is orthonormal, the recon-
structed Gram matrix is d;;. This yields the desired ordered finite configuration. Now let
two such ordered configurations realize orthonormal frames with the same Gram matrix.
Since both ordered configurations induce the same stabilized finite degree—2 comparison
data, they have the same finite comparison type. Therefore the order-preserving iden-
tification of one configuration with the other is comparison-preserving. This gives the
required finite bijection. O

Theorem 16.6.5 (Isotropy completeness). Let p € M, and set
V =T,M.

Then
I501°° = O(V, g,).

p

Proof. We prove the two inclusions separately. Step 1: Iso;OC CO(V,g,). Let

Ae Iso;fc .
By definition, there exists a realized local symmetry & fixing p such that
A=dd,.

By Theorem 16.5.1, every realized local symmetry preserves the full realized transport
geometry. In particular, it preserves the pointwise first-variation pairing, hence the
metric pairing g,. Therefore

gp(Au, Av) = g,(u,v) (u,v € V),

so Ae O(V,g,). Thus
IsoijoC C OV, gp).

Step 2: O(V, g,) C Isoy*. Let

Ae OV, g,)
be arbitrary. Choose an orthonormal frame
(e1,...,€n)
of V, and define
fi = ABZ‘.
Because A is orthogonal, the frame
(fh SRR fn)

is also orthonormal. By Theorem 16.6.4, there exist ordered finite comparison configura-
tions localized in arbitrarily small neighborhoods of p realizing the frames (¢;) and (f;).
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Because A is orthogonal, both frames have the same Gram matrix d;;. Hence, again by
Theorem 16.6.4, there exists a comparison-preserving finite bijection carrying the first
ordered configuration to the second. By Theorem 16.3.3, this finite bijection extends to
a global comparison automorphism

¢ €G.

By Theorem 16.5.2, the corresponding realized map is a local C!-diffeomorphism ® fixing
p. Its differential carries the realized tangent directions of the first frame to those of the
second. Hence

dq)p(ei) :fleel (Z: 1,...,77,).
Since the vectors e; form a basis of V, it follows that
dd, = A.

Therefore A € ISOLOC, SO

O(V,g,) C Isop°.
Combining the two inclusions yields

ISOLOC =0V, gp).

O

Corollary 16.6.6 (Full orthogonal equivariance). Fvery admissible local second-order
metric operator is O(T,M, g,)-equivariant at p.

Proof. Let
F,: J2(G) = S*Ty M

be the pointwise map corresponding to an admissible operator £. By (A4), F), is equivari-
ant under every realized local symmetry fixing p, hence under Isog’c. By Theorem 16.6.5,

Is0lo¢ = Oo(T,M,g,),

P

so F, is O(T,M, g,)-equivariant. O

16.7 Dimension from intrinsic causal-diamond growth

Theorem 16.7.1 (Dimension from causal diamonds). Assume that the intrinsic causal-
diamond growth law satisfies
M(DL) = L47

and that the realized small causal-diamond volume is asymptotically comparable to that
intrinsic count. Then
dim M = 4.
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Proof. Let n := dim M. In an n-dimensional smooth Lorentzian manifold, the volume
of a sufficiently small causal diamond of linear scale L has asymptotic expansion

Vol(Dy) = C,, L™ + o(L"), C, >0,

where C,, is the model tangent-cone constant. By hypothesis, this realized small-diamond
volume is asymptotically comparable to the stabilized intrinsic count, and the latter
satisfies

w(Dp) =< L*.

Hence the growth exponents must agree. Therefore n = 4. 0

16.8 Second-order local tensor classification
Theorem 16.8.1 (Second-order classification in dimension 4). Assume dim M = 4. Let
E:G—T(S*T*M)
be admissible. Then there exist constants a,b,c € R such that
E,., = a Ricy, +bg,, Scal +cg,,.

If one writes

then equivalently
E,=aG,, +Bguw.

Proof. By (A1)-(Ab), the value E(g)(p) is a natural second-order tensorial expression
depending only on the 2-jet of g. By Theorem 16.6.6, this dependence is O(T,M, g,)-
equivariant. Therefore E(g)(p) is an O(V, g,)-equivariant algebraic function of the alge-
braic curvature tensor and the metric, where

V=T1T,M.

Pass to normal coordinates at p. Then the first derivatives of g vanish, so the only
second-order data are the algebraic curvature tensor and its contractions. By classical
orthogonal invariant theory for natural second-order symmetric tensors, the only such
tensors are linear combinations of

Ricy, 9w Scal, -
Hence there exist constants a, b, ¢ € R such that
E,, = a Ricy, +b g, Scal +c g, .
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Writing

one obtains

Therefore
E,=aG,, +Bguw.

Corollary 16.8.2 (Divergence identity as a consequence). If E is admissible, then

V,.E"(g)=0
for every realized metric g.
Proof. By Theorem 16.8.1,
E,=aG, +B9u.

Since

VG, =0
by the contracted Bianchi identity and

Vg, =0

by metric compatibility of the Levi-Civita connection, one obtains

VHE,, = 0.

O

16.9 The scalar channel of the stabilized quadratic car-

rier

Section 16.8 identifies 8g,, as the unique order-0 symmetric natural residue. We now
show that this coefficient is not external to the transport picture. It is the scalar pro-
jection on the realized degree—2 channel attached to the stabilized quadratic carrier

Ko C F?/F3 under the inherited second-jet faithfulness condition.

Definition 16.9.1 (Realized algebraic curvature module). Let p € M, and set V :=
T,M. Write R(V) C V*®* for the space of algebraic curvature tensors. Under the

orthogonal group O(V, g,), there is the standard equivariant decomposition

RV)=WV)dEV)dS(V),

where W(V') is the Weyl summand, (V') is the trace-free Ricci summand, and S(V') is

the scalar summand.
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Remark 16.9.2. The scalar summand S(V') is one-dimensional, generated by g, A g,.

Definition 16.9.3 (Canonical scalar channel). Assume the inherited second-jet faith-
fulness condition in a compatible smooth realization, and write

Jety(Koo) S R(V)
for the realized degree—2 channel attached to the stabilized quadratic carrier. Let
Plscal - R(V) - S(V)

be the O(V, g,)-equivariant projection onto the scalar summand. Fix a nonzero invariant
linear functional

d:S5(V) >R

Define the canonical scalar channel on that realized degree—2 channel by

BA = @ o prSCal |Jet2()€oo)‘

Lemma 16.9.4 (Uniqueness of the scalar channel). The scalar channel S is well-
defined up to an overall nonzero normalization constant.

Proof. The space S(V') is one-dimensional. Hence any two nonzero invariant linear
functionals on S(V) differ by multiplication by a nonzero scalar. Therefore the composite

Po PTgcal Jeta (Koo)

is unique up to such a normalization. 0

Theorem 16.9.5 (Cosmological coefficient from the quadratic carrier). There ezists a
constant k # 0 such that
B =kpBa.

Proof. By Theorem 16.8.1, the only order-0 symmetric natural term in an admissible
macroscopic operator is

BGpuw-

Thus § is the unique surviving macroscopic scalar coefficient. On the other hand, under
the inherited second-jet interface hypothesis, nonzero stabilized square classes in the
stabilized quadratic carrier Ko, C F?/F? are equivalent to nonzero realized curvature,
and [Ba is precisely the canonical scalar projection on the realized degree—2 channel
attached to that stabilized quadratic carrier. Both g and g are scalar-valued, local,
and attached to the same one-dimensional invariant scalar channel. Hence they differ
by a nonzero proportionality constant:

B =K pBa.
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Corollary 16.9.6 (Vanishing criterion).
=0 <= p[Ba=0.

In particular, the cosmological term vanishes exactly when the scalar projection of the
stabilized quadratic carrier vanishes.

Proof. Immediate from Theorem 16.9.5, since x # 0. O

Remark 16.9.7. Thus the two surviving macroscopic terms come from the same intrinsic
obstruction package carried by the stabilized quadratic transport layer:

aG), s the trace-free channel on the realized degree-2 channel,

while
B9, s the scalar channel on that same realized degree-2 channel.

The full admissible macroscopic compatibility law is therefore generated by that intrinsic
obstruction package, read under the inherited second-jet faithfulness condition, and by
no additional independent source.

16.10 Einstein compatibility determination

Proof of Theorem 16.1.1. By Theorem 16.3.3, finite comparison-preserving partial sym-
metries extend globally. By Theorem 16.4.2, the comparison symmetry group G is
cylinder-locally complete on S,. By Theorem 16.5.1 and Theorem 16.5.2, these local-
ized Stone symmetries induce local realized C!-diffeomorphisms. By Theorem 16.6.3,
Theorem 16.6.4, and Theorem 16.6.5, their tangent action realizes the full orthogonal
isotropy needed for pointwise invariant classification. By Theorem 16.7.1, one has

dim M = 4.
Hence Theorem 16.8.1 applies and yields

Eu(9) = aGu(g9) + B g

Finally, by Theorem 16.9.5, the cosmological coefficient 3 is the scalar projection of the
same stabilized quadratic carrier

Ko C F?/F?

whose realized degree—2 channel, under the inherited second-jet faithfulness condition,
carries the same repaired curvature bridge: nonzero stabilized square classes are equiv-
alent to nonzero realized curvature. Thus both surviving macroscopic terms arise from
the same intrinsic obstruction mechanism. If the admissible compatibility law is



then
aGu(g)+ B9 =0.
When « # 0, divide by « to obtain

Gul/(g) + Agw, =0, A=

SYRSY

16.11 Structural summary

The structural chain proved in this chapter is

quantifier boundary = extension of finite partial symmetries
—> cylinder-local Stone symmetries
— realized local C'-symmetries
= quadratic reconstruction from finite comparison data
=—> canonical frame realizability
= full orthogonal isotropy
= O(T,M, gp)
—dimM =14
—> second-order local classification
—= E,, = oG+ B
with
aG ), = trace-free channel on the realized degree-2 channel
attached to the stabilized quadratic carrier, read under the
inherited second-jet faithfulness condition,
B9, = scalar channel on that same realized degree-2 channel.

Accordingly, the closed relational stack determines the Einstein compatibility law and
identifies both surviving macroscopic terms with one intrinsic obstruction package, read
on the realized degree-2 channel attached to

F?/F3,

under the inherited second-jet faithfulness condition.

16.12 Transition to connection-first reconstruction

This chapter fixes the admissible macroscopic compatibility law in the metric-only regime
of the closed stack. Within that regime one obtains

G+ ANgu = 0.
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This is not a terminal halt of the program. It is the boundary datum for the next
reconstruction layer. To pass from vacuum compatibility to sourced dynamics, one must
identify which additional intrinsic sectors can couple without violating closure, quotient
descent, and transport visibility. That continuation starts in chapter 17, where the same
quadratic carrier is recast in connection-first form and prepared for the downstream
phase and matter sectors.

16.13 Conclusion

Within the metric-only regime of the closed stack, the admissible macroscopic compat-
ibility law is uniquely fixed, and its surviving tensor channels are both traced to the
same stabilized quadratic obstruction source.

Accordingly, chapter 17 starts from this Einstein boundary law, reconstructs the
same content in connection-first variables, and opens the intrinsic route to the phase
dynamics of chapter 18 and the sourced matter couplings of chapter 19.
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Chapter 17

Connection-First Reconstruction of
Geometry

17.1 Introduction

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the connection-first realization endpoint of the transport stack de-
termined by item (SP5). Recasting the transport-to-curvature results, it develops a
connection-first reconstruction that bridges the intrinsic stack to chapter 18. Chap-
ters 2, 6 and 13 to 16 determine the intrinsic geometric content of the closed stack up
to first-order gauge. Closure determines quotient semantics. Admissible state content is

exactly quotient content on
Phys := X/G.

Thus no invariant state datum remains except what descends through the orbit projec-
tion
7w : X — Phys.

The classification of enrichment then shows that every non-quotient enrichment is ex-
hausted by two loci, possibly with both and with no third:

(a) object-level representative choice;
(b) morphism-level transport.

Object-level enrichment is noncanonical. Once quotient semantics has been determined,
the only possible intrinsic carrier of geometry is therefore transport. Spacetime inter-
leaving next constructs the canonical two-parameter object

ST := lim S/ "),
k.t

which is the first object in the stack on which spatial refinement and temporal coarsening
coexist in a single intrinsic inverse-limit construction. Finally, the obstruction theory
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proves that the first visible intrinsic transport residue is the stabilized quadratic carrier
K~ F?/F3,

and that, under the inherited second-jet faithfulness condition, nonzero stabilized square
classes are equivalent to nonzero realized curvature in any compatible smooth realiza-
tion. Thus geometry is no longer conjectural. It is already determined. The remaining
question is to determine the form in which geometry is intrinsic before auxiliary choices
are made. The answer is connection-first geometry. Indeed, an atlas is first-order co-
ordinate data. But first-order coordinate data cannot be intrinsic in a closed system:
a coordinate assignment requires representative choice in orbit fibres, hence lies in the
object locus, and the object locus has already been proved noncanonical. What sur-
vives canonically after quotient descent is not coordinates but transport. Accordingly,
the intrinsic geometric object determined by the stack is not a coordinate manifold but
a connection-type structure: a spacetime precursor, a family of first-variation arenas,
a first-order transport law defined only up to gauge, and a first tensorial obstruction
carried by the quadratic carrier

K.

The chapter proves, in order:

(i) that no coordinate atlas can be canonically reconstructed from the closed compar-
ison structure;

(ii) that the regular locus of ST carries a canonical family of four-dimensional first-
variation spaces and a first-order transport law;

(iii) that these data determine an intrinsic connection class on the first-variation bundle;

(iv) that the first tensorial residue of this connection class is precisely the quadratic
carrier

K~ F?/F
(v) that the entire transport filtration
FIDOF?DOF3D...
is the intrinsic jet hierarchy of this connection-first geometry;

(vi) that whenever a compatible smooth realization exists, the intrinsic connection-
first geometry realizes as ordinary Lorentzian connection geometry and, under the
inherited second-jet faithfulness condition, nonzero stabilized square classes in K
are equivalent to nonzero realized curvature in that realization.

Thus the conclusion is exact:
coordinates belong to gauge, transport does not.

Geometry in a closed comparison system is intrinsically connection-first.
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17.2 The spacetime precursor and the first-variation
family

Recall from Chapter 14 that the refinement tower and the observer-induced temporal
quotient filtration determine the spacetime object

T :=1Lim(S,/F).
%( W/ F)

By construction, ST is the first object in the stack in which the two structural directions
k1 (spatial refinement), t1 (temporal coarsening)

coexist inside one intrinsic inverse-limit object. At this stage ST is canonical. What
remains observer-relative is the observer reduction and the finite levels to which it de-
scends. No coordinate structure has been introduced. The causality chapter already
isolates the locus on which first-order geometric data are nondegenerate.

Definition 17.2.1 (Regular locus). Define
ST C ST

to be the subset of points p € ST for which the first-variation arena V), exists and satisfies
dimV, = 4.

Proposition 17.2.2 (Pointwise first-variation geometry). For every p € ST™®, the
stack canonically determines:

(i) a real vector space V, of dimension 4;

(ii) a symmetric bilinear form
B, :V,xV, = R;

(iii) under the causal-cone hypotheses of Chapter 14, a Lorentzian signature condition

sign(By) € {(1,3), (3, 1)}

Proof. This is exactly the pointwise conclusion proved in Section 14.6 of Chapter 14.
The definition of ST merely isolates the locus on which that conclusion holds. 0

Definition 17.2.3 (First-variation bundle). Define
Treg |_| V
pESTres
with projection

m : TW ST 5 STres, mv)=p (veV,).
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17.3 No intrinsic coordinates

The coordinate-manifold picture assumes canonical local coordinate assignments deter-
mined purely by the intrinsic structure of the system. We show that such assignments
are structurally impossible in a closed comparison system.

Definition 17.3.1 (Intrinsic coordinate system). An intrinsic coordinate system on a
space Y constructed from the closed comparison structure is a rule assigning to every
point p € Y a neighborhood U, C Y and a map

¢, U, — R"

such that the assignment p — (U,, ¢,) is determined functorially from the closed com-
parison data and is invariant under all automorphisms of the comparison structure.

Theorem 17.3.2 (Universal obstruction to intrinsic coordinates). Let
(X,G,7m: X — Phys = X/G)

be the quotient system determined by closure. Then no intrinsic coordinate system exists
on Phys or on any geometric object constructed solely from quotient-level state content.
Equivalently, every coordinate construction necessarily depends on moncanonical gauge
data.

Proof. Closure identifies admissible state content with quotient content descending
through
m: X — Phys.

Hence any intrinsic coordinate system on a quotient-level geometric object must be
determined functorially from the quotient datum (X, G, 7). Let Aut(X,G,m) denote
the automorphism group of this quotient datum. Every element

a € Aut(X, G, )

induces an automorphism of Phys. If an intrinsic coordinate system exists, then functo-
riality requires the coordinate assignment to be equivariant under every such «. Thus
for each p € Phys and each a € Aut(X, G, ) the local coordinate maps satisfy

Pa(p) © = ¢y

on the common domain of definition. Now fix p € Phys. Because 7 : X — Phys is an
orbit projection, the fibre 771(p) is a G-orbit. The group G acts transitively on that
fibre, and this transitively permutes all representative choices above p. The induced
symmetries extend to local automorphisms of the quotient datum. Therefore equivari-
ance under Aut(X, G, 7) determines any canonically assigned first-order local coordinate
data to be invariant under this transitive representative action. But invariance under
transitive representative action eliminates all distinguished first-order labels attached to
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representatives. In particular, no canonically chosen coordinate germ can separate lo-
cal states by a representative-dependent first-order assignment. An intrinsic coordinate
system would therefore fail to distinguish nearby points by locally injective coordinate
maps. This contradicts the defining property of a coordinate system. Hence no intrinsic
coordinate system exists. 0

Corollary 17.3.3 (Coordinates are gauge). Any coordinate atlas on a geometry derived
from the closed comparison system necessarily depends on auziliary gauge choices.

Proof. By Theorem 17.3.2, coordinates cannot be constructed functorially from the in-
trinsic data. Any coordinate assignment therefore requires extra choices breaking the
automorphism symmetry of the quotient system. 0

17.4 'Transport as first-order geometry

The morphism locus already carries transport before any obstruction appears. Chap-
ters 3 and 6 show that a representative lift is exactly representative choice together with
a flat G-connection on the protocol category. The later bridge, interface, and causality
chapters show that the first stable failure of this flat compositional regime appears in
degree 2. This is the formal pattern of a connection with curvature. The present section
extracts that pattern intrinsically.

Definition 17.4.1 (First-order transport law). A first-order transport law on ST"8 is
an assignment, for nearby regular points p,q € ST, of linear maps

Tap * Vg = V)
obtained from the morphism-locus transport by passage to first variation.

Proposition 17.4.2 (Transport is the unique intrinsic first-order residue). On ST,
every intrinsic geometric datum not already exhausted by quotient semantics must arise
from morphism transport and not from object-level structure.

Proof. Closure determines quotient semantics, so quotient-level state content is already
complete. The two-locus classification shows that every non-quotient enrichment is
exhausted by representative choice and morphism-level transport, possibly with both
and with no third locus. By Theorem 17.3.2, representative choice cannot yield intrinsic
first-order geometry. Therefore any intrinsic first-order residue must come from the
morphism-transport locus. U

Proposition 17.4.3 (Functoriality to first order). The first-order transport law satisfies:

(i)

Tpp = 1dy, 3
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(ii) whenever the relevant comparisons are defined,

Tr—p = Tg—p © Troq
to first order;

(iii) the first visible failure of strict transport composition is invisible in degree 1 and
appears first in the quadratic carrier

K~ F?/F°?

Proof. Ttems (i) and (ii) are the first-order shadow of the flat transport formalism of
Chapters 3 and 6: before obstruction appears, representative transport is flat and com-
poses functorially. Item (iii) is exactly the content of the later obstruction theory. The
first stable intrinsic failure of flat transport composition does not survive in degree 1; it
appears first in the degree—2 quotient

F?/F?,
as proved in the bridge, interface, and causality chapters. 0

Corollary 17.4.4 (Connection pattern). The intrinsic first-order geometry of ST*®
has the formal shape of a connection: first-order transport composes functorially, and its
first tensorial obstruction occurs in degree 2.

Proof. This is the combined content of Theorems 17.4.2 and 17.4.3. U

17.5 Classification of intrinsic first-order geometry

Theorem 17.4.4 identifies morphism transport as the only possible source of intrinsic
first-order geometry. We now sharpen this to a classification theorem.

Definition 17.5.1 (First-order geometric residue). A first-order geometric residue on
ST is any assignment of linear comparison data between nearby first-variation spaces

Vo
which is functorial under refinement and compatible with quotient semantics.
Theorem 17.5.2 (Classification of first-order geometric residues). Every intrinsic first-
order geometric residue on ST™® arises uniquely from morphism-locus transport. Equiv-

alently, the space of intrinsic first-order geometric structures on ST™% is canonically
vdentified with the space of transport laws induced by representative lifts.
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Proof. Let R be a first-order geometric residue. By definition, R assigns linear compar-
ison maps between nearby first-variation spaces

Vp-

Closure implies that quotient semantics already exhausts invariant state content. There-
fore any additional structure is exhausted by representative choice and morphism-level
transport, possibly with both and with no third enrichment locus. Object-level enrich-
ment depends on representative choice and is therefore noncanonical. Since R is intrinsic
by assumption, it cannot arise from that locus. Hence R must arise from morphism trans-
port. Conversely, the representative-lift formalism of Chapter 6 constructs exactly such
transport laws. Passing to first variation produces linear comparison maps

Tgsp 2 Vg = Vp

between nearby fibres, and these satisfy the required functoriality and quotient-
compatibility conditions. Thus
R+—rT

is a bijective correspondence. Hence every intrinsic first-order geometric residue arises
uniquely from morphism transport. U

Corollary 17.5.3 (Uniqueness of intrinsic first-order geometry). Up to gauge, the only
intrinsic first-order geometric structure on ST™® is the transport law induced by repre-
sentative lifts.

Proof. Immediate from Theorem 17.5.2. U

17.6 Local gauges and the intrinsic connection class

Since coordinates are gauge, first-order transport must be handled by local gauge-fixing
rather than by a canonical atlas.

Definition 17.6.1 (Local flattening gauge). A local flattening gauge at a point p € ST
is a local choice of representative linearization of the first-variation family near p in which
the first-order transport law is written explicitly as an affine connection-type law on V.

Proposition 17.6.2 (Existence and uniqueness up to gauge). Every regular point p €
ST admits local flattening gauges, and any two such gauges differ by first-order gauge
transformation.

Proof. Existence is the local form of the representative-lift formalism. The morphism
locus supplies local transport data; choosing local representatives identifies these data
with first-order comparison maps between the first-variation spaces. This is exactly a
local flattening gauge. If two such gauges are chosen, they differ by local change of
representatives. Chapter 6 proves that changing representatives acts on transport by
the gauge modification law. Passing to first variation, the two first-order transport
descriptions therefore differ by first-order gauge transformation. U

274



Definition 17.6.3 (Intrinsic connection class). The intrinsic connection class on ST ®
is the gauge equivalence class of first-order transport laws on

T ST
induced by all local flattening gauges.

Theorem 17.6.4 (Connection-first reconstruction). Under the standing principle Stand-
ing Principle 1, the closed-system stack canonically determines on ST"8:

(i) the first-variation bundle
TOSTE = | ] Vs

peSTres

(ii) the pointwise causal type and, under the causal-cone hypotheses, the pointwise
Lorentzian first-variation pairings B,;

(iii) an intrinsic connection class on TWST™8  defined modulo first-order gauge by
comparison transport.

Proof. Ttem (i) is Theorem 17.2.3. Item (ii) is Theorem 17.2.2. For item (iii), The-
orem 17.5.2 shows that every intrinsic first-order geometric structure on S7T**® arises
uniquely from morphism transport. Passing to first variation produces linear compari-
son maps

Tgop 2 Vg = Vp

between nearby fibres. By Theorem 17.4.3, these maps compose functorially to first
order. Local representative choices produce gauges in which the transport law is written
explicitly as an affine connection. By Theorem 17.6.2, different gauges differ by first-
order gauge transformation. Therefore the gauge-equivalence class of such transport
laws is canonically determined. This is exactly the intrinsic connection class. 0

17.7 Quadratic obstruction as curvature carrier
We now identify the first tensorial residue of the connection-first geometry.
Theorem 17.7.1 (Quadratic obstruction is the intrinsic curvature carrier). For the
intrinsic connection class reconstructed in Theorem 17.6.4, the first tensorial transport
obstruction is the stabilized quadratic carrier

K~ F?/F°.

Equivalently, K is the intrinsic curvature carrier of the connection-first geometry.
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Proof. By the bridge, interface, and causality chapters, the first stable failure of flat
transport composition appears in the degree-2 quotient

F?/F3,

No tensorial degree—1 obstruction survives. The intrinsic connection class reconstructed
in Theorem 17.6.4 is, by definition, the first-order geometry carried by morphism-locus
transport on the first-variation bundle. Therefore its first tensorial obstruction is exactly
the first stable tensorial failure of transport composition. But that failure is precisely
the stabilized quadratic carrier K. Hence K is the intrinsic curvature carrier of the
connection-first geometry. O

Corollary 17.7.2 (Quadratic determination of curvature). The intrinsic geometric hi-
erarchy on ST™® begins as

first-order transport class => K ~ F?/F?

and, under the inherited second-jet faithfulness condition in any compatible smooth real-
ization, nonzero stabilized square classes in IC are equivalent to nonzero realized curva-
ture.

Proof. The first step is Theorem 17.7.1. For the realized branch, Theorem 13.12.3
gives the inherited second-jet interface criterion: in any compatible smooth realization,
nonzero stabilized square classes in I are equivalent to nonzero realized curvature. [J

17.8 The transport filtration as an intrinsic jet tower

Section 17.7 and Theorem 17.7.1 identify the stabilized quadratic carrier
K~ F?*/F?

as the first tensorial obstruction to first-order transport and hence as the intrinsic curva-
ture carrier of the connection-first geometry. The natural next question is whether the
higher filtration quotients

Fm/F™t (m > 1)

also admit an intrinsic geometric interpretation. The answer is affirmative: the full
transport filtration is the intrinsic jet hierarchy of the connection-first geometry.

Definition 17.8.1 (Transport jet of order m). Let p € ST"™#  and choose a local flat-
tening gauge near p. The transport jet of order m at p is the order—m equivalence class
of the local transport law under identification of two gauges when their transport laws
agree through order m.

Definition 17.8.2 (Intrinsic jet carrier). For each m > 1, define the intrinsic jet carrier
of order m to be the graded transport quotient

gr™(F) := F™ /™,
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Lemma 17.8.3 (Order filtration lemma). Let two local flattening gauges induce trans-
port laws T and T' which agree through order m — 1. Then their first difference defines

a class in
Fm/FmL

Moreover, this class vanishes if and only if T and T' agree through order m.

Proof. Agreement through order m — 1 means exactly that all lower-order transport
residues have been identified. By definition of the filtration, the first nonvanishing
difference then lies in F. Two transport laws agree through order m if and only if
this difference lies in £ 1. Therefore the first difference is represented canonically by

a class in
m m—+1
F™/F ,

and that class vanishes precisely when the two laws agree through order m. ([l
Lemma 17.8.4 (Gauge-independence of the order—m class). The class in
Fm/Fm+1

defined in Theorem 17.8.3 is invariant under change of local flattening gauge modulo
lower-order jet data.

Proof. A change of local flattening gauge alters the transport law by a gauge
reparametrization. The lower-order terms of this reparametrization are already absorbed
by the identification of transport laws modulo the jet data through order m—1. The first
surviving remainder is therefore well-defined modulo £+, Hence the induced class in

Fm/Fm—H

depends only on the order—m transport defect and not on the chosen gauge representative.
O

Theorem 17.8.5 (Jet Tower Theorem). For every integer m > 1, the graded piece
gI‘m<F) — Fm/Ferl
1s the intrinsic carrier of the order—m transport jet. More precisely:

(i) the first-order carrier
gr'(F)=F'/F*

determines the connection class of the first-order transport law;

(ii) the second-order carrier
ar?(F) = F?/F3

determines the first tensorial obstruction to flatness, namely the curvature carrier;
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(iii) for each m > 3, the graded piece
@ (F) = F" [

determines the intrinsic order—-m Taylor defect of transport composition, modulo
all lower-order transport data.

FEquivalently, the filtration
FIDOF?DOF3D...

is the intrinsic jet tower of the connection-first geometry.

Proof. We argue by induction on m. For m = 1, the first-order transport law is the
linear comparison transport
Taop: Vg = Vp

constructed from the morphism locus. By Theorems 17.5.2 and 17.6.4, this is exactly
the intrinsic first-order geometric residue of the closed stack. Hence

gr’(F) = F'/F?

is the carrier of the first transport jet. For m = 2, the statement is precisely Theo-
rem 17.7.1: the first failure of strict first-order transport closure is invisible in degree 1
and appears first in

F?/F?,

This degree—2 carrier is the intrinsic curvature carrier. Assume now that the statement
has been proved through order m — 1, so that the lower quotients

grt(F),...,gr™ Y(F)

have already been identified with the intrinsic transport jets through order m—1. Choose
a local flattening gauge. In that gauge the local transport law admits an expansion whose
coefficients through order m — 1 are already determined by the lower graded carriers by
the induction hypothesis. If two such transport laws agree through order m — 1, then
by Theorem 17.8.3 their first difference determines a class in

Fm/Fm+1,

and this class vanishes exactly when the laws agree through order m. By Theorem 17.8.4,
this class is invariant under change of local flattening gauge modulo lower-order jet data.
Therefore the order—m defect is intrinsically carried by

Fm

Hence gr'™(F') is the intrinsic carrier of the order—m transport jet. This completes the
induction. O
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Corollary 17.8.6 (Intrinsic Taylor hierarchy). The local transport law is determined,
up to gauge, by the full tower of graded carriers

{&t™(F)} o1

In particular, the connection-first geometry admits an intrinsic formal Taylor expansion
whose m-th coefficient is carried by

Fm/FmL
Proof. Immediate from Theorem 17.8.5. U

Corollary 17.8.7 (Full differential-geometric reconstruction under convergence). As-
sume, in addition, that the intrinsic formal transport expansion defined by the tower

{er™(F) }inx1

is convergent in local flattening gauges. Then the closed comparison stack reconstructs
not merely the connection class and curvature carrier, but the full local differential-
geometric transport law.

Proof. By Theorem 17.8.6, the tower

{er™ () 1

determines the formal transport expansion to all orders. If that formal expansion con-
verges, it determines the local transport law itself. Hence the full local differential-
geometric structure is reconstructed. 0

17.9 Smooth realization

Theorems 13.12.3 and 14.6.9 already prove that smooth geometry is recognized whenever
the intrinsic transport algebra admits smooth realization. We now express that fact in
the language of connection-first reconstruction.

Theorem 17.9.1 (Smooth realization of the connection-first geometry). Under the
standing principle Standing Principle 1, assume that the intrinsic transport geometry
on ST admits a compatible smooth realization. Then there exist:

(i) a smooth 4-dimensional manifold M ;

(ii) a Lorentz metric g on M, with pointwise signature determined by the realized first-
variation pairings;

(iii) an affine connection V on TM;

such that:
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(a) the intrinsic first-order transport class realizes as the connection class of V;

(b) under the inherited second-jet faithfulness condition, nonzero stabilized square
classes in IC are equivalent to nonzero realized curvature in any compatible smooth
realization;

(c) under the metric realization already identified in the stack, this curvature agrees
with the Riemann curvature tensor of g.

Proof. By hypothesis, the intrinsic transport geometry admits a compatible smooth re-
alization. By Theorem 12.9.1, the intrinsic first-order transport class then realizes as
the connection class of an affine connection on the realized regular locus. The point-
wise first-variation data already determine the dimension and Lorentzian signature of
the realized tangent model on the regular locus. Thus the realization is 4-dimensional
and Lorentzian. By Theorem 17.7.1, the stabilized quadratic carrier I is the intrinsic
curvature carrier of the connection-first geometry. The repaired interface statement in
Theorem 13.12.3 then yields only the inherited second-jet criterion: under that hypoth-
esis, nonzero stabilized square classes in K are equivalent to nonzero realized curvature
in any compatible smooth realization. This is exactly item (b). In the metric realization
already identified in the stack, the realized curvature of that affine connection agrees
with the Riemann curvature tensor of the realized Lorentz metric, giving item (c¢). O

17.10 Interpretation

The chapter may be summarized in one sentence:
In a closed system, intrinsic geometry is connection-first.

The exclusion and the construction are equally rigid. An intrinsic atlas is impossi-

ble. Coordinates require representative choice and therefore belong to gauge. The
closed-system theorems do not merely fail to reconstruct coordinates; they prove that
coordinates are not admissible intrinsic primitives. What is determined is transport.
Once the representative sector has been removed, the regular spacetime precursor
carries a canonical first-variation family, a canonical connection class, a canonical
curvature carrier, and indeed a full intrinsic jet hierarchy. Thus the intrinsic geometric
output of the stack is the chain

ST = {V,}pesmes = intrinsic connection class
— K~ ]‘72/}?3 — {grm(F)}m21

A coordinate chart appears only after gauge-fixing. The transport class and its full
filtration tower exist before that choice.
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17.11 Structural synthesis

The geometric endpoint of the closed relational stack is now exact. The stack does not
intrinsically reconstruct coordinates, and it does not need to. Coordinates are impossible
as canonical objects in a closed comparison system because they depend on representa-
tive choice and therefore belong to the noncanonical object locus. What the stack does
reconstruct is the intrinsic transport geometry of the regular spacetime precursor. More
precisely, it determines:

(i) the canonical spacetime object

ST = lim (Sx/F);
k,t

(ii) its regular locus ST,
(iii) the pointwise first-variation arenas
Vo (peST™),
each of dimension 4;
(iv) the pointwise Lorentzian causal type under the causal-cone hypotheses;

(v) an intrinsic connection class on the first-variation bundle, defined modulo first-
order gauge by comparison transport;

(vi) the stabilized quadratic carrier
K~ F?/F3
which is the intrinsic curvature carrier of that geometry;

(vii) the full filtration tower
F'DOF*DF D,
whose graded pieces
FmjEm
are the intrinsic jet carriers of the transport law.
Accordingly, the true geometric spine of the theory is
(U,C) = closure
—> quotient semantics
= transport
— ST
— connection-first geometry
— K~ F?/F?
= {1 (F) }m>1-
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Whenever a compatible smooth realization exists, this intrinsic transport geometry re-
alizes as ordinary Lorentzian connection geometry, and the full filtration realizes as the
local differential-geometric jet hierarchy. Under the inherited second-jet faithfulness con-
dition, nonzero stabilized square classes in I are equivalent to nonzero realized curvature
in any compatible smooth realization. That is the correct endpoint of the reconstruction
program at the present stage of the manuscript.

17.12 The local Einstein arena

Theorems 17.6.4, 17.8.5 and 17.9.1 reconstruct the intrinsic transport geometry of the
regular spacetime precursor

ST

from the closed comparison stack. The reconstruction proceeds without the introduction
of coordinates or background manifolds. What is obtained intrinsically is the following
hierarchy:

(i) the spacetime precursor
ST = lim S/ F);
kit
(ii) the regular locus ST";

(iii) the first—variation arenas

Vo o (p€ST™®),

each a real vector space of dimension 4;
(iv) the intrinsic connection class induced by comparison transport;
(v) the stabilized quadratic carrier
K~ F?/F3,
which is the curvature carrier of this transport geometry.

These objects constitute the full intrinsic geometric output of the closed relational stack
prior to any gauge choice. If the transport geometry admits a compatible smooth realiza-

tion, the connection-first structure reconstructed on ST realizes as ordinary Lorentzian
geometry. More precisely, there exist

(i) a smooth four-dimensional manifold M,
(ii) a Lorentz metric g on M,

(iii) an affine connection V on T'M,
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such that the intrinsic transport class realizes as the connection class of V, and, un-
der the inherited second-jet interface hypothesis, nonzero stabilized square classes in the
quadratic carrier are equivalent to nonzero realized curvature for that connection. In par-
ticular, the pointwise first—variation arenas V), realize as the tangent spaces T, M. Since
each V, is four-dimensional, the realized manifold is four-dimensional as well. Standard

differential topology then implies that every point p € M admits a neighborhood U C M
and a coordinate chart

¢:U— R
which identifies U smoothly with an open subset of R*. Thus the final geometric output
of the reconstruction is the familiar local Einstein arena:

M ~ R* locally.

The conceptual direction is therefore inverted relative to the usual presentation of rela-

tivistic physics. In the standard formulation of general relativity, one begins by postulat-
ing a smooth four—dimensional manifold M equipped with a Lorentz metric g, and the
theory proceeds from that geometric background. In the present framework, the mani-
fold is not an assumption. It is the smooth realization of a deeper transport geometry
reconstructed from closed comparison structure. Coordinates arise only after a gauge
choice, and the local model R* appears only at the final stage of the reconstruction. The

logical chain is therefore

(U,C) = closure = transport — ST
— connection geometry — (M, g, V),

with the classical Einstein starting point emerging as the final local realization
M ~ R* locally.

The Einstein manifold is thus not the beginning of the theory, but its endpoint.

17.13 Conclusion

The connection-first reconstruction is therefore complete at saved strength: the intrinsic
transport geometry is reconstructed unconditionally, while manifold and metric geometry
appear as realized endpoints only when a compatible smooth realization exists, not as
primitive background assumptions. Accordingly, chapter 18 extends this same intrinsic
chain to the electromagnetic phase sector.
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Part VI

Electromagnetism
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Chapter 18

Electromagnetism from Closedness and
Phase Curvature

18.1 Purpose and logical status

Under the standing principle of closed-world admissibility (Standing Principle 1), this
chapter develops the phase-curvature consequences of the transport-visibility clause
item (SP5) on the stabilized quadratic carrier. As the electromagnetic extension of
the main argument, it draws on the transport, quadratic, Hilbert, Einstein-boundary,
and connection results of the preceding chapters to derive phase curvature and charge
quantization. The purpose of this chapter is to derive the electromagnetic sector deter-
mined by the closed comparison framework. The derivation does not proceed in the usual
order. Standard gauge theory typically begins with a field, then introduces a bundle,
then interprets topological classes, and finally extracts quantization. The closed-system
order is the reverse:

closedness = finite admissibility = global coherence
— discrete phase sectors = field laws.

Chapters 6, 7, 12, 13 and 15 already established the structural ingredients needed for
this reversal.

1. Every admissible enrichment beyond quotient semantics is exhausted by represen-
tative choice and morphism-level transport, possibly with both and with no third
locus (Theorems 6.6.1 and 6.6.2).

2. The morphism locus is canonically a flat transport connection on protocol cate-
gories, while its later global loop-obstruction description is recorded by loop holon-
omy (Theorems 5.6.2 and 8.6.1).

3. The first nontrivial finite obstruction to transport is ternary: pairwise compat-
ibility does not yet force global compatibility, but a triangle obstruction does
(Theorems 7.5.2 and 9.8.1).
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. The first visible stable obstruction layer is the quadratic carrier

K= F?/F3

(Theorem 13.10.2)

. The quadratic carrier admits a canonical orientation involution and a canonical

complex structure, unique up to sign (Theorems 15.5.6 and 15.5.8).

Under the inherited second-jet faithfulness condition, nonzero stabilized square
classes in the degree—2 carrier are equivalent to nonzero realized curvature on the
local geometric branch (Theorem 13.12.3).

Finite comparison patterns are typed at finite Boolean stage, and global existence

is equivalent to coherent extension across the refinement tower (Theorems 1.8.1
and 16.3.3).

The present chapter combines these facts to prove four statements.

1. The morphism locus admits a canonical phase reduction

pon = $2io(G(Z)) = U(1).

2. Its smooth realization determines a phase connection

Ae QY (M)

with curvature

F =dA e Q*(M).

. The electromagnetic field strength F' = dA is the realized phase curvature of the

canonical phase reduction, read on the orientation-odd realized degree—2 sector
attached to the stabilized quadratic carrier.

Charge quantization is determined by closedness, through finite phase typing and
coherent tower extension, before any external topological interpretation is intro-

duced.

Thus electromagnetism is not an additional structure placed on top of the closed com-
parison world. It is the realized phase curvature of the canonical phase reduction of the
morphism locus. The chapter therefore establishes:

and

Electromagnetism = realized phase curvature

of the canonical phase reduction of the morphism locus

charge quantization = closedness of the phase sector.
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18.2 The intrinsic loop representation

Let Z be a connected protocol category and fix a base object ig € Ob(Z).

Definition 18.2.1 (Loop group). The loop group of the transport groupoid of Z at i,
is

Qiy(G(Z)) = Autg(z)(io)-

Theorems 6.6.1 and 6.6.2 show that every admissible distinction beyond quotient-
level endpoint data is carried by the morphism locus, hence by transport. At the
intrinsic level, tree transport is gauge, while loop transport records the later global
loop-obstruction description of the morphism locus.

Theorem 18.2.2 (Loop-defect representation). Under the standing principle Standing
Principle 1, there exists a canonical homomorphism

pg S (G(Z)) — Hatan
into a stabilizer subgroup Hga, such that:
1. pg is invariant under gauge modification up to conjugation;
2. pg is trivial if and only if transport is endpoint-determined,
3. all later global loop-obstruction information is carried by py.

Proof. By the classification of representative lifts, every admissible lift consists of object
representatives together with morphism-level transport data. Changing representatives
modifies the transport cocycle by conjugation, so loop holonomy is invariant up to
conjugacy. If all loop holonomies are trivial, then transport depends only on endpoints;
conversely, any endpoint-determined transport has trivial loop holonomy. Thus the
later global loop-obstruction description of the morphism locus is carried by the loop
representation p,. [ 0

18.3 Triangle obstruction and quadratic localization

The loop representation is not yet the electromagnetic sector. The first task is to identify
the precise layer at which intrinsic transport defect first survives.

Definition 18.3.1 (Detection size). Let {C;} be the family of alignment cosets attached
to a lifted transport configuration. Its detection size is

m = min{m : ﬂCl- = @},

el

with m = oo if no such finite I exists.
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Theorem 18.3.2 (Triangle minimality). The first nontrivial finite obstruction to simul-
taneous transport compatibility occurs at detection size

m = 3.

FEquivalently, pairwise compatibility does not yet force trivial loop defect, while a triangle
configuration can witness the first genuine intrinsic obstruction.

Proof. By Theorems 7.5.2 and 9.8.1, length-2 transport relations close trivially, whereas
length—3 relations produce the first nonvanishing defect. Thus no 2-point observable
detects a genuinely new obstruction, but a 3-point observable can. Hence the first finite
obstruction is ternary. [J 0

The triangle regime is precisely where the first stable obstruction carrier appears.

Corollary 18.3.3 (Quadratic localization). The intrinsic transport defect factors
through the stabilized quadratic carrier

K= F?/F3

Proof. The triangle obstruction is first visible at degree 2, and later higher-order terms lie

in deeper filtration layers. Therefore the first stable intrinsic carrier of visible transport
defect is F?/F3. O O

18.4 Canonical phase reduction

The electromagnetic sector must come from the quadratic carrier, not from an externally
imposed gauge group. The crucial point is that the oriented defect double attached to
the stabilized quadratic carrier already carries a canonical complex structure.

Theorem 18.4.1 (Canonical phase reduction). Under the standing principle Standing
Principle 1, there exists a canonical abelian phase reduction

pon 82 (G(Z)) — U(1),
unique up to global phase.

Proof. By Theorem 15.5.6, the oriented quadratic defect sector carries a canonical com-

plex structure
J:Hg — Hg, J*=-—id,

unique up to sign. This equips the oriented quadratic defect sector with a Hermitian
structure. The abelianization of the loop-defect representation, composed with the uni-
tary phase determined by that Hermitian structure, yields a phase character

pon  $ig (G(Z)) = U(1).

Since the only ambiguity in the underlying complex structure is a global sign, the result-
ing phase reduction is unique up to global phase. [J U
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Remark 18.4.2. The appearance of U(1) is not postulated. It is determined by the
canonical complex structure on the oriented defect double attached to the stabilized
quadratic carrier.

18.5 Orientation involution and the odd transport sec-
tor

The phase reduction alone identifies a unitary sector. To identify electromagnetism itself,
one must isolate the orientation-sensitive part of the quadratic carrier.

Definition 18.5.1 (Loop reversal). For a based loop v € Q;,(G(Z)), define

() ="

Definition 18.5.2 (Orientation involution on the quadratic carrier). The loop-reversal
map induces a linear involution

K=K

by functoriality of transport defect under reversal of oriented triangle/loop data.
Lemma 18.5.3. The induced map satisfies
T I% = ld}C .

Proof. Since (y71)~! = ~ for every loop 7, the induced action on any functorially at-
tached defect carrier squares to the identity. [J 0

Definition 18.5.4 (Even and odd quadratic sectors). Define
K" := ker(rx — id), K~ :=ker(r¢ + id).

Let H denote the Hilbert completion of the quadratic defect sector constructed from
Theorems 15.2.2 and 15.5.6 and its canonical complex structure.

Theorem 18.5.5 (Canonical orientation decomposition). There is a canonical orthogo-

nal decomposition
H=H"® H,

where H* are the closed +1-eigenspaces of the induced orientation involution.

Proof. By Theorem 18.5.3, the induced operator on H is a bounded involution. There-
fore its spectrum lies in {41}, and H decomposes into the corresponding eigenspaces

H=H"®H .

Since the involution is canonical and the Hermitian structure is transport-invariant, this
decomposition is canonical and orthogonal. [ U
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The odd sector is the one relevant for electromagnetism.

Lemma 18.5.6 (Odd parity determines antisymmetry). Let p € M be a realized point
and let k € K. If

By T,M xT,M — R
15 the realized bilinear representative of k, then

By (v, w) = —Bg(w,v) for all v, w € T,M.

Proof. Reversal of oriented transport exchanges the ordered pair (v, w) with (w, v). Since
k lies in the (—1)-eigenspace of the orientation involution, the realized degree—2 defect
changes sign under this exchange. Hence

Bi(w,v) = —Bg(v,w),
so By is alternating. [J 0
Corollary 18.5.7 (Degenerate-pair vanishing). For every k € K,
Bi(v,v) =0 for all v e T,M.
Proof. Apply Theorem 18.5.6 with w = v. UJ O

Thus every odd quadratic class determines an alternating bilinear form.
Definition 18.5.8 (Odd transport 2-form map). For each realized point p € M, define
- . — 2 *
Ep: K, — A(T; M)
by sending an odd quadratic class to its realized alternating bilinear representative.

Theorem 18.5.9 (Odd sector as 2-form sector). For each realized point p € M, the odd
quadratic sector admits a canonical injective realization

2, K, = ATy M).
These maps assemble naturally into a bundle morphism

=KL, — N(TM).

real

If the odd quadratic sector exhausts all realized alternating degree—2 transport data, then

K. = A (T*M).

real —
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Proof. Under the inherited second-jet faithfulness condition, each odd quadratic class
on the realized degree—2 channel attached to the stabilized quadratic carrier has a re-
alized bilinear representative on 1, M x T,M, which provides the existence of =,. By
Theorem 18.5.6 and Theorem 18.5.7, the image lies in A*(7;yM). Naturality under the
realized local symmetry pseudogroup makes these fiberwise maps compatible on overlaps,
hence they assemble into a bundle morphism. Injectivity follows because an odd class
with vanishing realized alternating representative is invisible in the realized degree—2
branch, hence vanishes in the realized odd sector. If every realized alternating degree—2
transport datum is produced by an odd quadratic class, then the map is also surjective.
OJ O

Corollary 18.5.10 (Electromagnetic field strength lives in the odd sector). The electro-
magnetic field strength constructed below is a section of the odd transport 2-form bundle.

Proof. By Theorem 18.5.9, the realized odd quadratic sector embeds canonically in
A?(T*M). The electromagnetic field strength introduced in Theorem 18.6.3 is the phase
curvature and reverses sign under orientation reversal, hence belongs to the odd sec-
tor. U

18.6 Phase connection and curvature

The phase reduction determines the electromagnetic connection.

Definition 18.6.1 (Phase line bundle). Let L,, — M denote the intrinsic phase line
bundle determined by the canonical phase reduction.

Theorem 18.6.2 (Phase connection). Under smooth realization, the phase reduction
determines a local unitary connection

Ae QY (M).

Proof. Theorem 17.9.1 supplies the local transport connection on the realized branch.
Passing to the phase reduction of the morphism locus yields a unitary connection on the
intrinsic phase line bundle L,;,. In local gauge, this is represented by a 1-form A. OO O

Definition 18.6.3 (Electromagnetic field strength). Define
F:=dA e Q*(M).

Theorem 18.6.4 (Homogeneous Maxwell equation). The electromagnetic field strength
satisfies

dF = 0.
Proof. Immediate from Theorem 18.6.3. [J U
Corollary 18.6.5. The field strength F' lies in the odd transport 2-form sector.

Proof. The phase curvature changes sign under reversal of oriented loop transport, hence
lies in the orientation-odd part of the degree-2 carrier. By Theorem 18.5.9, that odd
sector is realized as a subbundle of A?(T*M). O O
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18.7 Admissible phase operators and the sourced
Maxwell equation

The homogeneous equation is formal. The sourced equation requires the macroscopic
naturality mechanism.

Definition 18.7.1 (Admissible phase operator). A phase operator is a map
gph : (9714) — Jon
from the realized metric and phase connection to a 1-form Jy,, satisfying:
1. locality of order at most 1 in A;
2. covariance under the realized local symmetry pseudogroup;

3. gauge equivariance under
A A+dy;

4. dependence only on the intrinsic phase sector of the closed system.

Lemma 18.7.2 (Classification of first-order natural phase operators). Let F' € Q?(M).
Any linear, first-order, covariant, natural operator that maps F' to a 1-form is, up to
overall normalization, given by

F — d«F.

Proof. Naturality permits only constructions from g, V, and F'. A first-order operator
producing a 1-form must contract one index of VF' using the metric. The only such
covariant contraction is

VEE,.,
which in differential-form notation is exactly d+F', up to normalization. [ O

Definition 18.7.3 (Phase current). Let ¢ be a charged matter field in a phase repre-
sentation sector. The phase current Jpy is the unique 1-form obtained as the natural
variation of the matter coupling with respect to the phase connection A.

Theorem 18.7.4 (Sourced Maxwell equation). The electromagnetic field satisfies
d+xF = *Jpy,
where Jyoy, s the phase current associated to charged matter. Equivalently,
V. E" = gon I3,
for a unique coupling normalization gy .
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Proof. By Theorem 18.7.2, the only admissible first-order natural operator on the elec-
tromagnetic 2-form is d+F', up to normalization. The matter sector couples to the phase
connection and therefore produces a covariant phase current Jp,. Compatibility of the
field equation with locality, covariance, gauge equivariance, and first-order dependence
determines

d+xF = xJp
up to a single overall constant. Writing that constant in index notation gives
V. " = gon Jp,
No other first-order, gauge-equivariant, covariant law is admissible. [ O

Corollary 18.7.5 (Charge conservation). The phase current is conserved:
dxJpn = 0, equivalently Voo, = 0.

Proof. Apply d to both sides of Theorem 18.7.4 and use d* = 0. O U

18.8 Finite phase typing

Up to this point the phase sector is present, but it has not yet been shown to be discrete.
That discreteness is the real quantization theorem.

Definition 18.8.1 (Finite phase pattern). Let S C €,,(G(Z)) be finite. A finite phase
pattern on S is a map

v:S—U(1).

It is called internally admissible if it is induced by a finite comparison configuration of
the closed system.

Definition 18.8.2 (Stage-k phase sector). For each finite Boolean stage By of the
refinement tower, let

Pk
denote the set of internally admissible phase sectors represented at stage k.

Theorem 18.8.3 (Finite phase typing theorem). Every internally admissible finite
phase pattern induced by the canonical phase reduction

P+ 8 (G(Z)) = U(1)
1s represented by a finite-stage Boolean comparison pattern. Equivalently, for every finite
S c Q,(G(2))
and every internally admissible restriction

¥ = pphls,
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there exist a finite witness set F' C U, a finite directed comparison pattern (7=, 7) over
F, and an index k such that the realization set

X(F;n7,m7) € By
determines ¥ on S.

Proof. We proceed in three steps. Step 1: every admissible finite phase restriction is

transport data. By the two-locus theorem, all admissible non-endpoint distinction lies
in the morphism locus. Hence any admissible finite phase pattern is determined by
transport data on a finite protocol subconfiguration. Step 2: finite transport data is

typed by finite comparison data. Each loop in a finite set S is represented by a finite
zig-zag of morphisms. Therefore the transport information relevant to S depends on
only finitely many comparison incidences. By Theorem 16.3.3, this finite transport
information is encoded by a finite directed comparison pattern over a finite witness set
F c U. Step 3: finite comparison data lies at finite Boolean stage. By Theorem 1.8.1,

every finite directed comparison pattern belongs to some finite-stage Boolean algebra
By.. Therefore the phase pattern ¥ is represented at finite Boolean stage. Hence every
internally admissible finite phase pattern is finite-stage Boolean. [J 0

Corollary 18.8.4 (Discrete finite-stage phase sectors). For each k, the stage-k phase
sector Py, is discrete.

Proof. Each Py, is represented by admissibility classes inside the finite Boolean algebra
By. Hence it is combinatorial rather than continuously parametrized. [] ([l

18.9 Closedness-selected quantization

The phase sector is now finite-stage typed. Closedness upgrades this to global discrete-
ness.

Theorem 18.9.1 (Closedness-selected phase sectors). Let
P

denote the set of globally admissible phase sectors. Then restriction along the refinement
tower induces a canonical identification

Poo = lim Py.
i

In particular, the set of globally admissible phase sectors is discrete.

Proof. Global admissibility in the closed system is equivalent to existence of a coherent
admissible tower. By Theorem 18.8.3, every admissible finite phase restriction lies in
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some stage-k sector P;. Hence any globally admissible phase sector determines a coherent
tower

(Vi) Ui € Py, Vry1lB, = Vg
Conversely, any such coherent tower defines a global admissible phase sector by the same

inverse-limit mechanism that governs all other closed-system objects. Therefore

Poo = lim Py.
i

Since each Py is discrete by Theorem 18.8.4, the global sector set P, is discrete. [0 [

Corollary 18.9.2 (Quantization before geometry). Charge quantization is a conse-
quence of closedness before smooth geometry is introduced. Under smooth realization,
the canonical phase reduction realizes geometrically through the local phase connection
A, whose curvature F = dA exhibits the already-discrete phase sector as a quantized
phase-curvature sector.

Proof. By Theorem 18.9.1, the phase sector is already discrete at the internal comparison
level. The canonical phase reduction realizes geometrically through the local phase
connection A, whose curvature F' = dA exhibits that same already-discrete sector on the
realized branch. Therefore smooth geometry reflects a quantization already determined
by closedness. [] O

Remark 18.9.3 (Logical reversal). The standard order
bundle = topology = quantization
is reversed in the closed-system framework:

closedness = finite admissibility = coherent discrete phase sectors

—> quantized phase curvature.

18.10 Charge lattice and the fundamental spectrum

Discreteness of the phase sector now determines quantization of charges.

Definition 18.10.1 (Global phase sector group). Composition of phase sectors induces
an abelian group structure on the set P, of globally admissible phase sectors.

Definition 18.10.2 (Primitive phase sector). A nonzero phase sector p € P, is called
primitive if whenever

p=a"
for some a € P, and n € Z, one has n = +1.

Definition 18.10.3 (Charge assignment). A charge assignment is a group homomor-
phism
q:Ps— R
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Theorem 18.10.4 (Charge lattice theorem). Assume P, is generated by a primitive
phase sector pg. Then every admissible phase sector has the form

Pn = p(?a n € 7,
and every charge assignment satisfies

Q(pn) = 71 qo, qo ‘= (](Po)-
In particular,

Proof. Every admissible phase sector is a power of the primitive generator py. Since g
is a group homomorphism,

q(pg") = n.q(po) = ngo-
Hence the charge image is exactly the rank—1 lattice qyZ. U 0

Corollary 18.10.5 (Fundamental charge quantization). All fundamental charges are
integer multiples of a primitive charge unit qq.

Proof. Immediate from Theorem 18.10.4. O

Remark 18.10.6. No fundamental fractional charge arises at the primitive phase level.
Any effective fractional charge, if present, must therefore be a composite-sector quotient
effect rather than a fundamental phase weight.

18.11 Composite-sector descent and the minimal de-
nominator

Section 18.10 closes the fundamental charge lattice. What remains is the emergent
possibility of fractional observable charge through quotient semantics at the composite
level.

Definition 18.11.1 (Composite charged sector). A composite charged sector is a tensor
product of finitely many fundamental charged sectors

C=8, @ @Sy,

with raw charge
Qraw(c> = (Z nj)q@-
j=1

Definition 18.11.2 (Observable descent). An observable descent of a composite charged
sector is a surjective map
Tlobs - C— Cobs

such that admissible observables on C are precisely those that factor through mps.
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Definition 18.11.3 (Descended charge). A descended charge observable on Cops is a
map

obs : Cobs = R
such that
Graw = "1 Qobs © Tobs
for some positive integer m.

Theorem 18.11.4 (Fractional-charge descent criterion). A composite observable sector
admits an effective fractional charge unit

Qeff:@ (m>1)
m

if and only if the raw charge lattice descends through an index-m quotient under observ-
able descent.

Proof. 1t

Graw = 1 Qobs © Tobs;

then a unit observable charge step corresponds to raw charge ¢qq, hence

do
Jeftf = — .
m

Conversely, if the observable unit is ¢o/m, then multiplication by m recovers the raw
integer lattice, so the raw charge factors through an index-m quotient. [J] ([l

The transport spine fixes the minimal possible denominator.

Theorem 18.11.5 (Minimal composite quotient index). If the closed comparison frame-
work determines a nontrivial composite observable descent producing effective fractional
charge, then the minimal possible quotient index is

m = 3.

Proof. By Theorem 18.11.4, fractional observable charge can arise only through a non-
trivial quotient of a composite charged sector. If m = 2, the quotient would already be
detectable by pairwise compatibility data. But the transport spine proves that no gen-
uinely new obstruction is visible at arity 2; the first irreducible composite obstruction is
ternary by Theorem 18.3.2. Therefore the first possible determined quotient must occur
at index 3, the first nontrivial composite arity. [ O
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18.11.1 Minimal composite descent and uniqueness of denomi-
nator 3

Theorem 18.11.6 (Minimal denominator 3 and uniqueness). Assume a nontrivial com-
posite observable descent exists. Then:

(i) the minimal nontrivial denominator is 3;

(il) any two minimal denominator-3 composite descents are equivalent under admissible
quotient descent.

Proof. Step 1 (transport visibility: item (SP5)). Part (i) is exactly Theo-
rem 18.11.5 together with Theorem 18.11.4. The first visible nontrivial composite ob-
struction is ternary, so the first admissible denominator is forced to be 3.

Step 2 (intrinsic comparison of minimal descents: items (SP1) and (SP5)).
For part (ii), let W(()i))s and W(()i)s be two denominator-3 minimal descents. Minimality forces
each to be first-visible at the same ternary composite level, so their finite comparison
tests agree by Theorem 18.3.2 and the same transport-visibility criterion used in Theo-
rem 18.11.4.

Step 3 (finite-to-global passage and admissible descent: items (SP2)
to (SP4)). By comparison completeness of the closed stack, equality on all finite com-
parison tests implies admissible descent equivalence. Thus the two minimal denominator-
3 descents are equivalent. O

Corollary 18.11.7 (Primitive triplet channel). The minimal denominator-3 composite
descent determines, up to admissible equivalence, a primitive irreducible internal multi-
plicity channel of dimension 3.

Proof. By Theorem 18.11.6, the first nontrivial composite descent has unique index 3.
Its observable quotient has exactly three primitive residue classes, and irreducibility
follows from minimality (otherwise a proper nontrivial subchannel would descend at
smaller index). Therefore the primitive channel is three-dimensional and unique up to
admissible equivalence. 0

Corollary 18.11.8 (Minimal effective charge unit). If a nontrivial composite observable
descent is determined, then the minimal effective observable charge unit is
Qeff = L
eff 3 .
Proof. By Theorem 18.11.4, effective fractional charge from composite descent has unit
go/m, where m is the quotient index. By Theorem 18.11.5, the first admissible index is
m = 3. Hence the minimal effective unit is go/3. O

Remark 18.11.9. Thus thirds are not imported from phenomenology. They are the de-
nominator determined by the first irreducible composite obstruction size of the transport
spine.
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18.12 Uniqueness and normalization of the electro-
magnetic coupling

The electromagnetic field law is already fixed up to a single coupling normalization. We
now identify that normalization as internal rather than free.

Definition 18.12.1 (Intrinsic quadratic scale). The intrinsic quadratic scale is the nor-
malization of the canonical quadratic scalar law

Q:K—R
fixed by the closed-system admissibility structure.

Definition 18.12.2 (Causal-diamond normalization). The causal-diamond normaliza-
tion is the unique scaling law

[D(r)| ~
fixed by the four-dimensional causal-diamond growth theorem.

Theorem 18.12.3 (Uniqueness of the phase-coupling channel). Every admissible abelian
phase-curvature law has the form

v __ qVv v __ v
quM = Jon> HN —CFM s

for a unique nonzero constant c. Equivalently, there is exactly one admissible electro-
magnetic coupling channel, up to overall normalization.

Proof. By Theorem 18.7.2, any admissible first-order, natural, covariant phase law de-
pends on F' only through d+F', up to normalization. Equivalently, any constitutive tensor
must be a scalar multiple of F"

HM = cFM.

Thus there is exactly one coupling channel and one remaining scalar normalization.

0 0

Theorem 18.12.4 (Intrinsic phase normalization). The electromagnetic coupling nor-
malization is determined by the same intrinsic normalization mechanism that fixes the
quadratic scalar law and the causal-diamond scaling. In particular, the electromagnetic
coupling is not an independent free parameter.

Proof. The first-visible scalar and phase channels inherit their normalization from the
stabilized quadratic carrier K = F?/F3. Under the inherited second-jet faithfulness
condition, the Einstein-side scalar coefficient is read on the realized degree—2 channel
attached to that stabilized carrier, so the scalar, Einstein, and phase channels are nor-
malized relative to one saved quadratic scale rather than to independent macroscopic
inputs. Closedness forbids insertion of an additional independent scale. The causal-
diamond growth law fixes the normalization of macroscopic volume and density. There-
fore the proportionality constant between phase curvature and phase current is fixed
by the unique conversion between the quadratic carrier scale and the causal-diamond
density scale. Hence the electromagnetic coupling is determined internally. [ U
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Corollary 18.12.5 (Closedness of the electromagnetic sector). The electromagnetic field
equations are fully determined by the closed comparison framework. No free parameter
remains in the electromagnetic sector.

Proof. The field strength is fixed by

F =dA,
the homogeneous law by
dF =0,
the sourced law by
dxF = xJp,

the charge lattice by Theorem 18.10.4, and the coupling normalization by Theo-
rem 18.12.4. Thus the electromagnetic sector is closed. [ O

18.13 Structural summary

The chapter has proved the following chain:

morphism locus == loop defect = triangle obstruction = K = F?/F?
= canonical complex phase = A = F = dA,

with

dF" =0,
A+ = xJy.

At the same time, the internal closedness mechanism yields

F € T(Ax(M)) € Q*(M),

and

finite phase typing = discrete finite-stage phase sectors
—> coherent global phase lattice

= charge quantization.
Thus the logic of the chapter is not
field = bundle = topology = quantization,

but rather

closedness = finite admissibility = coherent discrete sectors

— electromagnetic field laws.

This is the precise sense in which the closed-system program inverts the usual order of
gauge theory. Accordingly:
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Electromagnetism is the realized phase curvature

of the canonical phase reduction of the morphism locus.

‘Charge quantization is a consequence of closedness. ‘

‘If effective fractional charge appears, its primitive denominator is 3. ‘

18.14 Uniqueness of the admissible phase operator

The sourced Maxwell equation derived in section 18.7 and Theorem 18.7.4 relied on
the classification of admissible phase operators. We now prove that classification in full
tensorial form. The result is that there is exactly one admissible first-order operator
acting on the electromagnetic field strength.

18.14.1 Statement of the classification theorem

Theorem 18.14.1 (Uniqueness of the admissible phase operator). Let (M, g) be the
realized spacetime manifold with Lorentzian metric, and let

F e Q*(M)
be the abelian phase curvature. Let
P QM) — QYM)
be a linear operator satisfying:
1. locality of differential order at most 1;
2. covariance under the realized local symmetry pseudogroup;
3. tensorial naturality (no dependence on external structure);
4. gauge equivariance (dependence only on F' = dA);
5. dependence only on the intrinsic phase sector.
Then there exists a unique constant ¢ € R such that
P(F) = cdxF.
Equivalently, in index notation,
P(F), =cV'E,,.
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18.14.2 Reduction to tensorial classification

Lemma 18.14.2 (Gauge reduction). Any admissible operator P depends on the connec-
tion A only through the curvature F = dA.

Proof. Gauge equivariance requires invariance under
A A+ dA.

Since F' = dA is gauge-invariant and the theory is abelian, any gauge-equivariant ex-
pression must factor through F. Hence P depends only on F. [ O

Lemma 18.14.3 (First-order form). Any admissible operator P is a tensorial contrac-
tion of
VoFjay.

Proof. By locality of order at most 1, P may depend on at most one derivative of F.
By naturality, the only available structures are g, its inverse, the Levi-Civita connection,
and the volume form. Thus P(F) must be obtained by contracting

VoFsy

with these structures. [J [l

18.14.3 Tensorial classification

Lemma 18.14.4 (Exhaustion of contractions). All tensorial contractions of Vo Fg,, pro-
ducing a 1-form are linear combinations of the following two types:

1. dwergence-type contraction:

VHE,L;
2. antisymmetric 3-form contraction:
Vialsy)-
Proof. The tensor V,Fj3, has one derivative index and two antisymmetric indices. To

obtain a 1-form, one must leave exactly one free index and contract the remaining two.
Case 1: contract deriwvative index with one F' index. This yields

VIE,,.

Case 2: antisymmetrize all indices. This yields

ViaFpy),

a 3-form. All other contractions vanish or reduce to these cases:
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e contraction of F' indices:
ng By — 0

by antisymmetry;

e contractions using the Levi-Civita tensor reduce to the Hodge dual of the 3-form
above.

Thus the two listed types exhaust all possibilities. [] [l

18.14.4 Elimination of the antisymmetric term

Lemma 18.14.5 (Vanishing of the antisymmetric contraction). The antisymmetric con-
traction satisfies

Viafsy = 0.
Proof. Since F' = dA, we have
dF = d(dA) = 0.
In index notation, this is precisely
VialG, = 0.
O O

Corollary 18.14.6. The only nonvanishing admissible contraction is
VHE,,.

Proof. By Theorem 18.14.4, admissible first-order contractions are exhausted by diver-
gence and the fully antisymmetric term. By Theorem 18.14.5, the antisymmetric term
vanishes identically. Therefore only V#F),, remains. U

18.14.5 Normalization

Lemma 18.14.7 (Constancy of the coefficient). The coefficient multiplying V*F,,, is
constant.

Proof. By naturality, the operator must be invariant under the realized local symmetry
pseudogroup. Hence no coordinate-dependent or field-dependent scalar coefficient is
admissible. The coefficient must therefore be constant. [] 0
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18.14.6 Conclusion

Proof of Theorem 18.14.1. By Theorem 18.14.2, P depends only on F. By Theo-
rem 18.14.3, it is built from VF. By Theorem 18.14.4, the only possible contractions
are divergence-type or antisymmetric. By Theorem 18.14.5, the antisymmetric term

vanishes identically. Thus
P(F), =cVIE,,.

By Theorem 18.14.7, ¢ is constant. In differential-form notation, this is
P(F) = cdxF.

This proves uniqueness. [l ([l

18.14.7 Maxwell equation as a determined law

Corollary 18.14.8 (Determined form of the phase field equation). The only admissible
first-order, local, covariant, gauge-equivariant field equation for the electromagnetic 2-
form is

d+xF = *Jpy,

or equivalently
VHFW = Jph (Jph)w
for a unique coupling constant gpp.

Proof. By Theorem 18.14.1, the left-hand side must be proportional to dxF'. The right-
hand side is the phase current arising from matter coupling. Thus the equation follows
uniquely up to normalization. [J O

Remark 18.14.9 (Closure of the electromagnetic sector). This classification removes the
final ambiguity in the electromagnetic sector. The field strength F', the homogeneous
equation dF' = 0, the sourced equation dxF = *J,,, and the charge lattice are all
determined by the closed comparison framework. No additional admissible first-order
phase law exists.

18.15 Rigidity of the phase symmetry group

Theorems 18.4.1, 18.6.2 and 18.14.1 derive a canonical phase reduction
pon 2, (G(Z)) = U(1)
from the stabilized quadratic carrier
K= F?/F3
The natural question is whether this U(1) phase symmetry is merely one admissible
choice among many, or whether it is the only admissible phase symmetry determined by

the closed comparison stack at the first visible transport layer. The answer is rigidity:
at degree 2, the phase symmetry is unique.
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18.15.1 Admissible phase symmetry groups

Definition 18.15.1 (Admissible phase symmetry group). An admissible phase symme-
try group at the first visible transport layer is a topological group I' together with a
homomorphism

pr: Q5 (G(Z)) =T
satisfying:
1. pr depends only on the stabilized quadratic carrier

K= F?/F?

2. pr is natural under gauge modification and under the realized local symmetry
pseudogroup;

3. pr is induced by a filtration-compatible structure on the quadratic defect sector;

4. the corresponding local connection sector is abelian and first-order, so that its
curvature law belongs to the admissible phase class of Chapter 18.

Remark 18.15.2. This definition concerns only phase symmetry at the first visible
quadratic layer. It does not yet classify all possible symmetry structures that might
arise on higher transport-jet layers

Fm m > 3.

18.15.2 Rigidity at the quadratic layer
Theorem 18.15.3 (Quadratic phase rigidity). At the first visible transport layer
K= F?/F?,

the only admissible phase symmetry group is U(1), unique up to global phase. Equiva-
lently, iof

pr: i, (G(Z)) = T
is an admissible phase symmetry in the sense of Theorem 18.15.1, then I is canonically
isomorphic to U(1).
Proof. The proof is by elimination. Step 1: the phase sector must be induced from the
quadratic carrier. By hypothesis, an admissible phase symmetry depends only on the
first visible stabilized transport carrier

K= F?/F>

No lower layer can contribute, since degree 1 carries only first-order transport data,
and no higher layer can contribute to the first visible phase sector without violating
the grading of the transport filtration. Step 2: the only determined extra structure on
the quadratic carrier is the canonical complex structure. Chapter 15 proves that the
quadratic carrier carries:
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1. a unique positive quadratic scalar form;
2. a unique filtration-compatible orientation involution;
3. a canonical oriented defect double;
4. an orthogonal complex structure
J:Hg — Hg, J*=-—id,
unique up to sign;
5. a unique Hermitian inner product compatible with .J.

Thus the only intrinsic “phase” structure determined on the first visible carrier is a
Hermitian complex line structure, unique up to global sign. This is exactly the structure
whose unitary symmetry group is U(1). No larger phase group is determined at this
layer. O

Continuation of the proof. Step 3: real-linear alternatives are excluded. A merely real-
linear phase symmetry would correspond to a structure preserving the positive quadratic
form without using the canonical complex structure. But the phase reduction of Chap-
ter 18 is induced precisely by the Hermitian structure determined by J, not just by the
underlying real quadratic form. Hence the phase symmetry must be unitary rather than
merely orthogonal. In particular, the surviving abelian phase symmetry is not R*, not R,
and not a generic real torus. Step 4: larger abelian phase groups are excluded. Because

the complex structure on the quadratic defect sector is unique up to sign, there is only
one intrinsic phase direction. A larger abelian phase group would require several inde-
pendent phase directions on the same first visible layer, equivalently several independent
compatible complex structures or several independent Hermitian phase sectors. No such
multiplicity is proved or allowed by the quadratic Hilbert reconstruction. Therefore the
abelian phase symmetry at degree 2 is exactly one copy of U(1). Step 5: uniqueness up

to global phase. The only residual ambiguity in the complex structure is
J = —J,

which corresponds to complex conjugation of the same unitary phase sector. Therefore
the resulting phase reduction is unique up to global phase. Hence every admissible
phase symmetry group at the first visible quadratic layer is canonically isomorphic to

U(1). O O

18.15.3 Exclusion of higher-layer phase extensions

Theorem 18.15.4 (No independent higher-layer phase extension at degree 2). Let
m(F) = F™/Fm!
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be the higher transport-jet carriers of Chapter 17. Then no admissible phase symmetry at
the first visible electromagnetic layer can depend on any m(F') with m > 3. Equivalently,
the electromagnetic phase symmetry is already closed on

F?/F?,
Proof. Chapter 17 proves that for m > 3, the graded pieces
Fm/Flerl

are higher-order transport jets: they encode order—m Taylor defect modulo lower-order
data. They therefore belong to higher transport structure, not to the first visible phase
layer. An admissible phase symmetry at the electromagnetic level must belong to the
first visible obstruction layer itself. If it depended essentially on some F™/F™! with
m > 3, then the phase sector would not be first-visible at degree 2, contrary to the
construction of the chapter and to the localization

K= F?/F3

Hence the electromagnetic phase symmetry is already exhausted on the quadratic layer
and admits no independent extension from higher transport-jet carriers. [ 0

18.15.4 Consequences

Corollary 18.15.5 (Uniqueness of electromagnetism at the quadratic layer). At the first
wistble transport layer, electromagnetism is the unique admissible phase gauge theory.

Proof. By Theorem 18.15.3, the only admissible phase symmetry group is U(1). By
Theorem 18.14.1, the unique admissible first-order field law on that U(1)-sector is the
Maxwell law

dF =0, d+F = xJp.

Therefore electromagnetism is the unique admissible phase gauge theory at degree 2.
OJ O

Remark 18.15.6 (What remains open). The present theorem does nmot prove that no
further non-abelian symmetry can arise anywhere in the full transport stack. It proves
the narrower and sharper claim:

at the first visible quadratic layer, the only admissible phase symmetry is U(1).

Any additional gauge structure, if it exists, must therefore arise from a genuinely higher
transport layer rather than from the electromagnetic phase sector itself.
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18.16 Conclusion

At the first visible quadratic layer, the electromagnetic conclusion is rigid: phase sym-
metry is canonically U(1), admissible first-order dynamics is Maxwell, and charge quan-
tization is fixed by the same closure constraints. No independent degree—2 alternative
remains.

This is the forced handoff point of the gauge arc: once the degree—2 phase sector
is closed, any additional internal or matter structure must come from higher transport
forcing rather than from modifying electromagnetism itself; that continuation is carried
by chapter 19.

Accordingly, the scalar channel fixed by the main stack is carried next through matter-
sector classification, numerical closure, and canonical realization in chapters 19 to 22,
before Appendix chapter B records its downstream magnetic-confinement application,
isolating the canonical intrinsic transport scalar and separating later perturbative and
confinement-level readings.
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Chapter 19

Intrinsic Scalar Invariant and Discrete
Hierarchy of Matter Sectors

19.1 Introduction and logical status

The theorem package (Theorems 19.2.7 and 19.2.8) establishes that every primitive exci-
tation sector of the closed comparison system (U, C) is classified, up to canonical unitary
equivalence, by irreducible representation data of the internal gauge product

Gt = U(1) x SU(2) x SU(3).

The remaining classification problem is to distinguish sectors that carry identical gauge
representation data. The present chapter constructs such a distinguishing invariant
intrinsically from the stabilized quadratic transport carrier

K= F?/F3

Specifically, the chapter proves three things. First, under the inherited second-jet faith-
fulness condition, the restriction of the canonical scalar channel to the integral carrier is
identified, on the realized degree—2 channel attached to the stabilized quadratic carrier,
with the scalar curvature projection:

Q| = ¢ - Scal(+), c> 0.

Second, the resulting scalar invariant mg(o) := Q(k,) is strictly positive and transport-
invariant. Third, the refinement depth k, separates all primitive sectors within a fixed
gauge class, yielding a discrete hierarchy indexed by N.

The logical dependencies are as follows.

(i) Stabilization of the quadratic carrier and interface detection: Theorems 13.10.2
and 13.10.4.
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(ii) Under the inherited second-jet faithfulness condition, nonzero stabilized square
classes in the stabilized quadratic carrier are equivalent to nonzero realized cur-
vature in any compatible smooth realization, and the scalar-channel argument
below uses the realized degree—2 channel attached to that carrier: Theorems B.4.2
and 13.12.3.

(iii) Isotropy completeness: Theorem 16.6.5.

(iv) The admissible branch weight is additive on K, O(V, g,)-invariant, nonnegative
on admissible classes, and the admissible scalarization space is one-dimensional:
Theorem 14.7.2 condition (S4), Theorems 14.7.4 and 14.7.5.

(v) The scalar summand of the curvature module is one-dimensional; the Weyl and
trace-free Ricci summands carry no O(V, g,)-invariant linear functional: sec-
tion 16.9 and Theorem 16.9.5.

(vi) Canonical quadratic defect section, its basepoint-independence, and functorial
uniqueness: Theorem B.4.4.

(vii) Existence, strict positivity, and quadratic extension of the scalar channel: Theo-
rems 14.8.2, 15.2.2 and 15.2.4.

(viii) Finite typing, compactness, and stability: Theorems 1.8.1 and 18.8.3.
(ix) Inverse-limit separation: Theorem 1.7.1.

(x) Classification and finiteness of primitive transport mechanisms: Theorems 19.2.4
and 19.2.5.

(xi) Primitive excitation dichotomy: Theorem 19.2.6.

(xii) No-third-locus exhaustion of representative enrichment: Theorem 5.1.1.

No additional axiom, structural hypothesis, or dynamical assumption is introduced be-
yond what is already established in Chapters 1-19.

19.2 Primitive mechanism package and spectrum re-
duction

Definition 19.2.1 (Primitive excitation mechanism). A primitive excitation mechanism
is a nontrivial transport-visible sector mechanism that is irreducible at its first finite vis-
ible stage, in the sense that it is not an admissible composite of lower-stage mechanisms
of the same locus type.

Lemma 19.2.2 (Object-locus reduction). Up to admissible equivalence, every primitive
object-locus excitation mechanism reduces to the canonical orientation-splitting doublet
channel.
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Proof. Let m be a primitive object-locus excitation mechanism. By the lift classifi-
cation (Theorems 6.6.1 and 6.6.2), object-locus data are exactly representative-choice
data. At the primitive level, the only nontrivial object-locus first-visible transport dis-
tinction is orientation splitting on the quadratic carrier. Its existence and uniqueness
up to admissible filtration-compatible equivalence are given by Theorem 15.3.5. More-
over, Theorem 15.3.6 identifies the corresponding primitive irreducible block as a two-
dimensional doublet. Since m is primitive (Theorem 19.2.1), it must coincide with this
minimal object-locus primitive channel up to admissible equivalence. Therefore every
primitive object-locus mechanism reduces to the canonical orientation-splitting doublet
channel. 0

Lemma 19.2.3 (Morphism-locus reduction). Up to admissible equivalence, every prim-
itive morphism-locus excitation mechanism reduces to minimal composite descent of in-
dex 3, 1.e. to the primitive triplet channel.

Proof. By Theorems 18.11.5 and 18.11.6, the first nontrivial primitive morphism-locus
descent has unique minimal index 3. Then Theorem 18.11.7 identifies the associated
primitive irreducible channel as a triplet, unique up to admissible equivalence. ([l

Theorem 19.2.4 (Primitive mechanism uniqueness). Primitive excitation mechanisms
are exhausted, up to admissible equivalence, by the following two primitive classes, pos-
sibly with both and with no third primitive enrichment class:

(1) object-locus orientation splitting (doublet channel);

(ii) morphism-locus minimal composite descent (triplet channel).

Proof. Step 1 (exhaustion of possible loci). By the lift classification (Theorems 6.6.1
and 6.6.2), primitive mechanism data can occur only in representative-choice (object-
locus) or transport (morphism-locus) coordinates. By Theorem 5.1.1, there is no third
independent enrichment locus. Hence every primitive excitation mechanism belongs to
one of these two locus types.

Step 2 (uniqueness inside each locus). If a primitive mechanism is object-
locus, then Theorem 19.2.2 reduces it, up to admissible equivalence, to the canonical
orientation-splitting doublet channel. If a primitive mechanism is morphism-locus, then
Theorem 19.2.3 reduces it, up to admissible equivalence, to minimal composite descent
of index 3, i.e. the primitive triplet channel. So each of the two loci contributes exactly
one primitive type up to admissible equivalence.

Step 3 (exhaustion of primitive types). Step 1 shows that every primitive
mechanism is exhausted by the object and morphism locus forms with no third primi-
tive enrichment class, while Step 2 shows that each of those two classes has the listed
canonical primitive realization up to admissible equivalence. Therefore primitive ex-
citation mechanisms are exhausted by the two listed classes: object-locus orientation
splitting and morphism-locus minimal composite descent. ([l

Theorem 19.2.5 (No primitive proliferation). No primitive excitation mechanism exists
beyond the two classes of Theorem 19.2.4.
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Proof. By Theorem 5.1.1, representative enrichment is exhausted by object and mor-
phism loci with no third source. By Theorem 19.2.4, each locus has a unique primitive
mechanism type up to admissible equivalence. Therefore no additional primitive mech-
anism can appear. dJ

Theorem 19.2.6 (Primitive excitation two-class exhaustion). Every nontrivial primitive
excitation sector is exhausted by the two primitive classes

(i) object-locus orientation-splitting class;
(ii) morphism-locus minimal composite-descent class.

A sector may use either of these loci, or both, but no third primitive enrichment class
occurs.

Proof. By Theorems 6.6.1 and 6.6.2, every transport-visible primitive sector is carried
by object-locus data, morphism-locus data, or both. By Theorem 5.1.1, there is no third
independent enrichment locus. By Theorem 19.2.4, the object locus contributes only the
canonical orientation-splitting doublet channel and the morphism locus contributes only
the primitive minimal composite-descent triplet channel, up to admissible equivalence.
By Theorem 19.2.5, no additional primitive mechanism exists beyond those two locus-
wise primitive classes. Hence every nontrivial primitive excitation sector is exhausted
by the two listed primitive classes, with no third primitive enrichment class. [l

Theorem 19.2.7 (Matter spectrum reduction). Under Standing Principle 1, primitive
sector classification reduces to irreducible representation data of

G == U(1) x SU(2) x SU(3),
with factors fixed intrinsically by:
(i) canonical phase rigidity for the abelian factor (Theorem 18.15.3);
(ii) primitive object-locus doublet channel (Theorem 15.3.6);
(iii) primitive morphism-locus triplet channel (Theorem 18.11.7).

Proof. The phase factor is fixed by Theorem 18.15.3, giving the canonical one-
dimensional abelian unitary channel. By Theorems 19.2.2 and 19.2.3, the only prim-
itive non-abelian multiplicity channels are the doublet and triplet channels. By Theo-
rem 19.2.5, no additional primitive channel is available. Therefore the primitive sector
spectrum is exactly reduced to representation data of the stated product. [l

Corollary 19.2.8 (Unique forced primitive output). The primitive internal output is
uniquely forced, up to admissible equivalence, to the 1-, 2-, and 3-channel package encoded

by U(1) x SU(2) x SU(3).
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Proof. By Theorem 19.2.7, every primitive sector is classified, up to admissible equiva-
lence, by irreducible representation data of

U(1) x SU(2) x SU(3),

with the three factors fixed intrinsically by phase rigidity, primitive object-locus splitting,
and primitive morphism-locus descent. By Theorem 19.2.5, no additional primitive
mechanism exists beyond these forced channels. Hence the primitive internal output is

uniquely determined, up to admissible equivalence, by the 1-, 2-, and 3-channel package.
O

Remark 19.2.9 (Role of the no-third-locus theorem). The separation argument requires
that every transport-distinguishing datum between sectors factors through the two clas-
sified primitive mechanisms. By Theorem 5.1.1, every representative enrichment of quo-
tient semantics is exhausted by the object locus and the morphism locus with no third
independent source. Under Theorems 19.2.4 and 19.2.5, every such mechanism is enu-
merated and fully encoded at its minimal stage. Hence any inter-sector distinction must
be of a type already classified and visible at the minimal stage.

19.3 Orientation involution on the stabilized carrier

The stabilized quadratic carrier inherits a canonical involution from loop reversal, estab-
lished in sections 13.11 and 18.5.

Definition 19.3.1 (Orientation involution). The loop-reversal map 7(y) := v~ on

transport loops induces, by the loop-reversal construction of section 18.5, a well-defined
linear involution
T : Kr = Kk, T2 = id,

on Kg := K ®z R.

Proposition 19.3.2 (Canonical eigenspace decomposition). There is a canonical or-
thogonal direct-sum decomposition

’CR = K" ) Ki, Ki = ker(r,g F ld),
into the £1 eigenspaces of Tc. This coincides with the decomposition H = H™ ® H™ of
section 18.5.

Proof. Since 73 = id, the operator 7 is an orthogonal involution on (Kg, gx) (Theo-
rem 15.2.6) with minimal polynomial dividing (z — 1)(z + 1). The standard spectral
decomposition yields the stated splitting; orthogonality follows because 7x is orthogonal.

The identification with H* is section 18.5. U
Definition 19.3.3 (Orientation parity). For a nonzero class = € Kg, the orientation
parity is
+1 ze KT,
e(x) :=
-1 zek .
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Remark 19.3.4 (Parity is a Zy-grading). Orientation parity records the bosonic/fermionic
split of Theorem 19.2.6; it does not separate sectors within a single parity class. The
hierarchy invariant below is strictly finer.

19.4 Defect class of an excitation sector

Definition 19.4.1 (Defect class). Let o be a primitive excitation sector (Theo-
rem 19.2.1). Fix a representative state u, € U. The defect class of o is

Ko = K(uy) € IKC,
where k : U — K is the canonical quadratic defect section of Theorem B.4.4.

Lemma 19.4.2 (Well-definedness). The class k, is independent of the choice of repre-
sentative.

Proof. 1If u,,u. both represent o, there exists ¢ € Aut(U,C) with v = g - u,. By
equivariance of x (Theorem B.4.4), k(u)) = g.«k(u,). By the functorial uniqueness
clause of Theorem B.4.4, g, preserves the class in K, so x(u)) = k(u,). O

Lemma 19.4.3 (Nontriviality implies nonzero defect class). If o is a nontrivial primitive
sector, then rk, # 0.

Proof. A nontrivial sector produces a nontrivial transport perturbation. By Theo-
rems 13.10.2 and 13.10.4, every nontrivial transport obstruction has a nonzero repre-
sentative in . Hence k, # 0. O

19.5 Identification of the scalar channel

Under the inherited second-jet faithfulness condition, this section identifies the restric-
tion Q| on the realized degree-2 channel attached to the stabilized quadratic carrier
with the scalar curvature projection of the defect class.

Remark 19.5.1 (Two levels of the scalar channel). The canonical scalar channel operates
at two levels. At the integral level, Q| : K — R is a nonnegative additive map on
the abelian group XC; nonnegativity holds on admissible defect classes (Theorem 14.7.2).
At the real level, Qg : Krp — Rsq is the unique positive quadratic extension (Theo-
rem 15.2.2). Theorem 19.5.3 below concerns the integral level; the form of Qg is an
open problem (Theorem 19.5.4).

Remark 19.5.2 (Nonnegativity of scalar curvature on admissible classes). The scalar
curvature Scal : R(V) — R is sign-indefinite on the full curvature module. Under the
inherited second-jet faithfulness condition, however, admissible defect classes k € K are
read on the realized degree-2 channel attached to the stabilized quadratic carrier, and
on that channel Theorem 19.5.3 gives

Q(k) = ¢ Scal(k), c>0.
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Since the admissible branch weight is nonnegative on admissible defect classes (Theo-
rem 14.7.2), it follows under that inherited hypothesis that

Scal(k) > 0 for admissible k € K.

This is not an additional axiom: it records the sign consequence of the repaired scalar-
channel identification on admissible classes, not a positivity claim on the full curvature
module.

Theorem 19.5.3 (Scalar channel identification). Under the inherited second-jet faith-
fulness condition, the canonical scalar channel @ : K — Rsq satisfies

Q(kr) = ¢ Scal(k) (k € K),
for a universal constant ¢ > 0, where
Scal(k) := ® o pr, oJeta(k),

Jety : K — R(V) is used only through the realized degree-2 channel attached to the
stabilized quadratic carrier under that inherited faithfulness condition, pry., : R(V) —
S(V) is the O(V, gp)-equivariant projection onto the one-dimensional scalar summand
(section 16.9), and © : S(V') — R is a fized nonzero O(V, g,)-invariant linear functional.

Proof. Step 1: Q| is additive and O(V, g,)-invariant. By Theorem 14.7.5, Q) is a
positive multiple of every admissible branch weight. By condition (S4) (Theorem 14.7.2),
every admissible branch weight is additive on K as a group homomorphism and natural
under the realized symmetry flow. Hence Q|c is additive on K and invariant under
the realized local symmetry group. By Theorem 16.6.5, the realized local symmetry
group at each point p is O(V, g,). Therefore, under the inherited second-jet faithfulness
condition, the transported scalar channel on the realized degree—2 channel attached to
the stabilized quadratic carrier is an O(V, g,)-invariant nonnegative additive map.

Step 2: Passage from the stabilized quadratic carrier to its realized degree—
2 channel. By Theorems B.4.2 and 13.12.3, the map Jety : K — R(V) carries the
stabilized quadratic carrier into the realized degree—2 channel attached to that carrier,
where nonzero stabilized square classes are equivalent to nonzero realized curvature.

Step 3: O(V, g,)-invariant additive maps on R(V') span a one-dimensional
space. The O(V, g,)-irreducible decomposition

R(V)=WWV)dEV)dS(V)

is established in section 16.9; S(V') is one-dimensional (Theorem 16.9.5). Since W(V)
and &£(V') are non-trivial irreducible O(V/ g,)-representations,

Homo(v,gp)(W(V), R) = O, Homo(vvgp)(S(V), R) =0.

Every O(V, g,)-invariant additive map R(V) — R therefore annihilates W(V') @ £(V)
and factors through pr The space of such maps is one-dimensional, spanned by
D opr

scal*

scal*
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Step 4: Conclusion. By Steps 1-3, that transported scalar channel on the realized
degree-2 channel is ¢ - (P o pr,,,;) for some ¢ € R. Since @ is nonnegative and nontrivial
on admissible alternatives (Theorem 15.2.4), we have ¢ > 0. Set ¢ := ¢; pulling this
identity back along that realized degree—2 channel gives the stated formula. U

Remark 19.5.4 (Scope of the identification). Theorem 19.5.3 identifies Q|x as an additive
map on the integral carrier K. The symmetric bilinear source of the quadratic extension
is forced by polarization (Theorem 14.8.2). What remains open here is not the existence
of a bilinear source, but the fully explicit real-level formula relating Qg : Kg — R>( to
Scal beyond the integral carrier. Determining that explicit formula for Q)g remains an
open problem.

Remark 19.5.5 (Relation to the cosmological scalar). Under the inherited second-jet
faithfulness condition, the map Q|x = c¢ - Scal(-) is the same scalar projection as the
cosmological coefficient 55 in Theorem 16.9.5. Consequently, under that inherited hy-
pothesis, the Born probability law (Theorem 14.7.6) and the cosmological scalar term
arise from the same scalar projection on the realized degree-2 channel attached to the
stabilized quadratic carrier.

19.6 The canonical scalar invariant

Definition 19.6.1 (Scalar invariant). For a primitive excitation sector o, the scalar
wmnvariant 18

mo(0) == Q(ks),

where () : Kr — R is the canonical quadratic scalar channel of Theorem 15.2.2. Under
the inherited second-jet faithfulness condition, on the integral carrier mo(o) = ¢-Scal(k,)
by Theorem 19.5.3.

Theorem 19.6.2 (Strict positivity). For every nontrivial primitive sector o, mo(o) > 0.

Proof. By Theorem 19.4.3, k, # 0. By Theorem 15.2.4, Q(x) > 0 for every nonzero
x € Kg. Hence my(c) = Q(k,) > 0. O

Theorem 19.6.3 (Transport invariance). The scalar mgo(o) is invariant under admissi-
ble transport.

Proof. Let ®; € Aut(U,C) and u € U. By equivariance of the canonical quadratic defect
section (Theorem B.4.4),

K(Pr(u)) = Prk(u).

By Theorem 15.2.2; the restriction of ) to the integral carrier is the canonical degree—2
scalar channel, and by the naturality clause in condition (S4) of Theorem 14.7.2 that
scalar channel is preserved by admissible symmetry flow on the realized degree—2 channel
attached to the stabilized quadratic carrier. Therefore

Q(Prk) = Q(k) (ke K).
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Applying this to k = k(u) gives

Q(r(Pe(u))) = Q(Pruri(u)) = Q(r(w)).
Hence my(o) = Q(k,) is preserved under admissible transport. O

Remark 19.6.4 (Non-injectivity of mg). Under the inherited second-jet faithfulness con-
dition, if two distinct sectors have the same scalar-curvature coordinate of their defect
class, then they share the same value of my. The separation theorem uses the strictly
finer invariant k.

19.7 Refinement depth

The stabilized carrier is K = Hm, Ky (Theorem 13.10.2), with projections 7y : KK — K.

Definition 19.7.1 (Refinement depth). For a nontrivial primitive sector o, the refine-
ment depth is
ko :=min{k € N : m,(k,) # 0}.

Proposition 19.7.2 (Finiteness of refinement depth). Every nontrivial primitive sector
has k, < 00.

Proof. By Theorem 19.4.3, k, # 0 in 1@1_11]C Kk. By Theorem 1.7.1, at least one stage
projection is nonzero, so the minimum exists in N. U

Proposition 19.7.3 (Transport invariance). The refinement depth k, is invariant under
admissible transport.

Proof. Automorphisms of (U, C) preserve the projective system {/x} and commute with
the projections 7 by functoriality of the defect construction (Theorem B.4.4). Hence
the minimal nonzero stage index is preserved. 0

19.8 Finite-stage determination and stage rigidity

Lemma 19.8.1 (Finite-stage separation). Let 01,09 be distinct primitive sectors. Then
there exists k € N with m(Ky,) # Tk(Koy)-

Proof. By Theorem 1.7.1, elements of lglk ICi are equal if and only if all stage projections
agree. Contrapositive: k,, # Ko, implies the existence of such k.

We show o1 # o0y forces k,, # kq,. By Theorem 6.6.1, all transport distinction is
carried by the morphism locus. By Theorem 18.8.3, any such distinction is typed by
finite comparison data in some stage-k Boolean algebra By. If two sectors agreed at
every finite stage they would agree in the inverse limit by Theorems 1.8.1 and 18.9.1,
contradicting inequivalence. O
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Lemma 19.8.2 (Stage rigidity). Let 01,09 be distinct primitive sectors with identical
gauge data and ky, = ko, = k. If Ti(Ky,) = Tk(Key, ), then o1 = oy.

Proof. Assume 7y (Ky,) = T(Ko,). Both defect classes vanish below stage k£ by minimal-
ity and coincide at stage k by assumption. Suppose for contradiction that oy # o9. By
Theorem 19.8.1, there exists k' > k at which the projections differ; new distinguishing
data must appear above stage k.

Step 1. By Theorem 5.1.1, every representative enrichment is exhausted by the
object locus and the morphism locus. Any inter-sector distinction must lie in one of
these two channels.

Step 2. By Theorem 19.2.4, the primitive mechanisms are exactly object-locus
orientation splitting (Theorem 19.2.2) and morphism-locus minimal composite descent
of index 3 (Theorem 19.2.3). By Theorem 19.2.5, no further primitive mechanism ex-
ists. Each is characterized up to admissible equivalence by Theorems 15.3.5 and 18.11.6
and is fully encoded at its minimal stage: orientation splitting by the stage-k class of
Theorem 15.3.6; index-3 descent by the stage-k class of Theorem 18.11.7.

Step 3. A new distinguishing datum at stage &’ > k would require either a new
primitive mechanism (excluded by Theorem 19.2.5) or a new enrichment locus (excluded
by Theorem 5.1.1). Hence all finite stages agree, so 01 = 02 by Theorems 1.8.1 and 18.9.1,
a contradiction. U

19.9 Separation of sectors with identical gauge labels

Theorem 19.9.1 (Separation by refinement depth). Let 01,09 be nontrivial primitive
sectors carrying identical gauge representation data for U(1)x SU(2)x SU(3). If o1 # o3,
then ks, # ke, .

Proof. Suppose for contradiction that k,, = k., = k.

Case 1: m(Kko,) # Tk(Key). By Theorem 19.2.6, the locus type of a sector is deter-
mined by its gauge labels. By Theorem 19.2.4, at most one primitive mechanism exists
per locus type within a fixed gauge class. Two distinct sectors sharing gauge labels,
locus type, and depth £ would require two primitive mechanisms of the same locus type
in the same gauge class, contradicting uniqueness.

Case 2: 7(Ky,) = Tk(Ko,). By Theorem 19.8.2, 0y = 09, contradicting the assump-
tion.

Both cases yield contradictions. 0

Corollary 19.9.2 (Discrete hierarchy within each gauge class). Within any fized gauge
representation class, the assignment o — k, is injective on primitive sectors; in partic-
ular, they are indexed by a discrete subset of N.

Proof. Injectivity is Theorem 19.9.1. Discreteness holds since k, € N. O
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19.10 Quadratic channel count at each depth

Theorem 19.10.1 (Quadratic channel count (Theorem 14.3.1)). For a free k-generator
triangle-closed system,

rank(K;,) = (];) KCr =2 A*(ZF).

Remark 19.10.2 (Dimension versus value). Theorem 19.10.1 gives the rank of ;. By
Theorem 19.5.3, under the inherited second-jet faithfulness condition the scalar channel
on admissible defect classes carried by K agrees, through the realized degree-2 channel
attached to the stabilized quadratic carrier, with the scalar curvature projection there.
The channel count constrains how many independent defect classes exist at each depth;
that conditional scalar-channel identification constrains their values.

19.11 Normalized ratio invariant

The scalar channel @ is unique up to positive normalization (Theorem 15.2.2), so abso-
lute values of mg(c) depend on a normalization choice. The normalization-independent
datum is the ratio.

Definition 19.11.1 (Ratio invariant). Fix a nontrivial reference sector o,. The ratio

muariant is
m(o;0,) = mo(0) = Qo)

mo(0.) Qo)

Theorem 19.11.2 (Properties of the ratio invariant). The ratio m(o;o0.) is
(i) independent of the normalization of Q;
(ii) invariant under admissible transport; and
(iii) strictly positive for every nontrivial o.

Proof. (i): If @' = AQ for A > 0, numerator and denominator scale by A, leaving the
ratio unchanged. (ii): Both Q(k,) and Q(k,,) are transport-invariant by Theorem 19.6.3.
(iii): The numerator satisfies my(c) > 0 by Theorem 19.6.2; the denominator satisfies
mo(o.) > 0 by the same theorem. O

Remark 19.11.3 (Relation to the appendix normalized scalar). The ratio m(o;0,) is the
sector-level analogue of the appendix normalized scalar g (u; u. ) = Q(r(u))/Q(k(uy)) of
section B.10: both cancel the normalization freedom in () and are preserved by admissible
automorphisms.
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19.12 Conclusion

The canonical invariant that distinguishes primitive excitation sectors with identical

U(1) x SU(2) x SU(3) gauge labels is the pair
o +— (€(ko), ko) € {+1,-1} x N,

where €(k,) is the orientation parity (Theorem 19.3.3) and k, is the refinement depth
(Theorem 19.7.1).

Orientation parity reproduces the bosonic/fermionic split of Theorem 19.2.6. Re-
finement depth separates distinct sectors within a fixed gauge class by Theorems 19.9.1
and 19.9.2.

The scalar invariant mg(c) = Q(k,) is strictly positive (Theorem 19.6.2) and
transport-invariant (Theorem 19.6.3). Under the inherited second-jet faithfulness condi-
tion, its restriction to the integral carrier satisfies mo(o) = ¢-Scal(k,) by Theorem 19.5.3.
The normalization-free version is m(o;o,) (Theorems 19.11.1 and 19.11.2).

The quadratic channel count rank(Ky) = (§) (Theorem 19.10.1) gives the dimension
of the space of admissible defect classes at each depth.

Gauge labels determine sector type.
Refinement depth k, separates distinct sectors
within a fixed gauge class.

Under the inherited second-jet faithfulness condition,
Q| = ¢+ Scal(:), ¢>0.
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Part VII

Numerical Closure
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Chapter 20

Conditional Numerical Closure:
Quartic Carrier and Mass—Depth Law

20.1 Introduction and logical status

Chapter 19 proves that primitive sectors are classified by internal gauge representation
data together with depth information k, (Theorems 19.7.1 and 19.9.1), and that the
quadratic scalar invariant mg(c) = Q(k,) is transport-invariant and strictly positive
(Theorems 19.6.2 and 19.6.3). It also records that mg is not injective on sectors (Theo-
rem 19.6.4).

This chapter develops a quartic refinement of the quadratic carrier: an invariant
depth observable constructed from degree—4 combinatorics. The guiding objective is to
separate theorem-level identities from external calibration data, so that each numerical
statement is explicitly typed as either a structural consequence or boundary data.

The argument is organized in four components.

(i) A rigidity envelope for admissible scalar depth observables is proved: under intrin-
sicity and bilinear-origin hypotheses, the only universal leading law is quartic.

(ii) A canonical depth profile n, € A?(Z*) is introduced, and its quartic square is
computed exactly.

(iii) A quartic depth observable my is defined and shown to satisfy the exact law
my(o) = 4p (7).

(iv) External data required for anchor/depth calibration (explicit or recovered), to-
gether with cubic selection, are stated explicitly.

Because these numerical identifications are not fixed by the structural closure chain,

they are treated as explicit boundary data in the sense of chapter A and section A.2. No
theorem-level claim is used beyond proved structure plus those stated data.
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20.2 Scalar rigidity envelope for depth observables

The attached notes package contributes a useful meta-level rigidity claim: before fixing
any explicit formula, admissible scalar depth observables can already be constrained by
intrinsicity and transport covariance. This section records that envelope in theorem form
and then specializes it to the quartic law used in the remainder of the chapter.

Definition 20.2.1 (Admissible scalar depth observable). A map ® : N — R is called
an admissible scalar depth observable if:

(i) Intrinsicity: ®(k) depends only on the depth-k quadratic carrier and canonical
scalar channel, with no auxiliary coordinate or embedding choice;

(ii) Transport invariance: ® is invariant under admissible transport/gauge identifi-
cations on the carrier;

(iii) Quadratic-bilinear origin: ®(k) is obtained from a scalar contraction of a bi-
linear expression on the quadratic carrier;

(iv) Uniform depth covariance: the assignment k — ®(k) is functorial under canon-
ical depth inclusions and polynomially bounded in k.

Proposition 20.2.2 (Quartic growth envelope). For every admissible scalar depth ob-
servable ® in the sense of Theorem 20.2.1, there exists a constant C' > 0 such that

(k)| <C(1+kY)  (ke€N).

Proof. By Theorem 19.10.1, the quadratic carrier rank is dim K, = (g) = O(k?). A scalar

contraction of a bilinear expression on that carrier is therefore controlled by pairings of
quadratic directions, hence by O((dim Ky)?) = O(k*). This is the claimed quartic growth
envelope. O

Theorem 20.2.3 (Quartic leading-order rigidity under scalar descent). Assume ¢ sat-
isfies Theorem 20.2.1 and additionally:

(i) ®(0) =0;
(ii) odd contributions are eliminated by orientation/phase descent;
(iii) the leading asymptotic growth is extensive in (’;)2
Then there exists o > 0 such that
(k) = ak* + o(k*) (k — 00).
In particular, the universal leading law is quartic.
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Proof. By Theorem 20.2.2, ®(k) = O(k*). The hypothesized extensivity in (5)2 identifies

the leading asymptotic behavior with a positive multiple of (2)2 ~ ik‘*, so there exists
a > 0 such that ®(k) = ak? 4+ o(k*). The orientation/phase descent hypothesis ensures
that no odd-order leading contribution survives, but no stronger conclusion about lower
even-order terms is claimed here. O

Remark 20.2.4 (Role of the cubic selector). The rigidity theorem isolates the universal
leading behavior of the depth law. It does not derive a selector for admissible depths. As
in the notes package, cubic conditions act as domain restrictions on admissible sectors,
while quartic rigidity fixes the depth scaling once a sector is admissible.

20.3 Depth profiles in the quadratic carrier

By Theorems 14.3.1 and 19.10.1, the stage-k quadratic carrier is identified with A%(ZF).
Fix the ordered basis ey, ..., e; of ZF.

Definition 20.3.1 (Cumulative depth profile). For k € N, define
N 1= Z ei \e; € N*(ZF).
1<i<j<k

Remark 20.3.2 (Quadratic count compatibility). The number of summands in 7 is (];),
matching the quadratic channel count of Theorem 14.3.1 and the normalization variable
used in Theorem 14.4.1.

Definition 20.3.3 (Quartic profile). Define
Wi =M AN € A4(Zk)
Lemma 20.3.4 (Explicit quartic expansion). For every k > 4,
wp =2 Z ei, N\ €iy Neig Neg,.
1<i1 <i9<izg<ig <k
Proof. Write ug, := e, A ey, for a < b. Then
Wg = :E:: :g::/uab /\thd.
a<b c<d

If {a,b} N {c,d} # @, the wedge term vanishes. Hence only disjoint pairs contribute.
Fix 41 < iy < 13 < i4. The nonzero contributions using exactly these four indices
come from the three unordered pairings:

(iﬂg)(igﬁ), (iﬂg)(igl@), (21Z4)(2223)

Relative to the oriented basis element e;, A e;, A e;, A e;,, their signs are +1, —1, 41, so
the signed sum is 1. Because degree-2 forms commute under wedge (« A f = A «
for degv = deg S = 2), each unordered pairing appears twice in the ordered double
sum. Therefore the total coefficient of each ordered 4-tuple is 2 -1 = 2, proving the
formula. 0
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Definition 20.3.5 (Quartic coefficient energy). For w = >, cre; € A*(RF), where
I = (21 <ig < iz < 24) and er := ey Nej, N €4 A€y, define

Ey(w) := Z 7.

Proposition 20.3.6 (Quartic counting law). For k > 4,

s -1()

Proof. By Theorem 20.3.4, every basis 4-blade appears with coefficient 2, and there are
exactly (’Z) such blades. Hence

e () #-+()

20.4 Quartic depth observable and mass-coordinate
law

O

Definition 20.4.1 (Quartic depth observable). Fix p > 0. For a nontrivial primitive
sector o with depth k, (Theorem 19.7.1), define

my(o) == p Eywr,) = p Es(ne, A1)

Theorem 20.4.2 (Exact quartic formula). For every nontrivial primitive sector o,

ma(o) = 4 <’1)

Proof. Combine Theorem 20.4.1 with Theorem 20.3.6 evaluated at k = k. 0

Theorem 20.4.3 (Intrinsic quartic mass-coordinate bridge). For every nontrivial prim-
itive sector o, the closed-system mass coordinate determined by the quartic coefficient-
enerqy readout is

my = my(o).

Proof. The closed-system scalar readout available at quartic depth is the coefficient
energy of the canonical quartic profile wy,_, normalized by the universal positive scale pu.
By Theorem 20.4.1, that readout is exactly

pEy(wy,) = my(o).

Thus the mass coordinate internal to the closed-system numerical package is not an
extra datum; it is the quartic coefficient-energy readout already constructed from the
stabilized carrier. 0J
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Corollary 20.4.4 (Mass-coordinate law). For every nontrivial primitive sector,

k
=4 7.
ne=u(’f)
Proof. Immediate from Theorem 20.4.2. O

Remark 20.4.5 (What is forced vs. what is calibrated). The combinatorial identity
my(o) =4p (kéf ) is theorem-level once my is defined. The closed-system mass coordinate is
therefore theorem-level. Identifying that internal coordinate with an external measured
mass convention is an observer-side semantic step, not an additional internal axiom.

20.5 Depth anchors and ratio package

Definition 20.5.1 (Explicit depth-anchor package). The explicit 6, 18, 35 depth-anchor
package is the declaration that the three reference sectors e, y, 7 have depths

ke=6, k,=18, k. =35.

Corollary 20.5.2 (Conditional ratio predictions). For the closed-system mass coordi-
nate and the explicit anchor package of Theorem 20.5.1,

m“—@—mzx

=1 =
Me (4)
35
. 10472
o @ = =10 X 3490.67.
Me (4) 3
Proof. In mass ratios, the normalization constant 4u cancels. Substitute the depth
values from Theorem 20.5.1 into Theorem 20.4.4. 0

20.6 Cubic obstruction from phase typing (optional se-
lector data)

This section introduces an internal phase-typing selector for admissible depth profiles.
This mechanism is not derived in Chapters 1-19, so it is recorded here as an explicit
optional data package.

Definition 20.6.1 (Phase data at depth k). Fix a charge unit ¢y € N5(. For a depth-k
profile choose integer labels ¢, ..., q € Z, and define phase factors

o
¢; = exp (ﬂ qi) (1<i<k).
qo0
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Definition 20.6.2 (Phase admissibility). A depth-k phase configuration is admissible
if it extends to a coherent phase assignment on all higher refinement levels.

Lemma 20.6.3 (Triple coherence). In this optional phase-typing model, admissibility
requires triviality of the 3-cocycle

o 271
®(4,7,£) == exp (? C]iC]er) :
0

Consequently,

Z 4iq9;q¢ = 0.

1<i<j<t<k

Proof. Refinement invariance forces associativity of phase composition on triple overlaps.
This produces a 3-cocycle obstruction represented by ®(z, 7, ¢), and admissibility requires
that obstruction class to be trivial. In the present phase package, this is encoded by
vanishing of the cubic triple sum. 0

Definition 20.6.4 (Cubic charge defect). Given integer labels ¢, ..., g, define

Lemma 20.6.5 (Cubic obstruction under charge neutrality). Assume

k
Z qi = 0.
=1

If
> agie =0,
1<i<j<e<k
then
Proof. Let p, := Y. ¢! and e, be the elementary symmetric sums. Newton’s identity
gives

p3 = ei’ — 3e1eo + 3es.
Under charge neutrality, e; = p; = > ,¢; = 0, so p3 = 3es. Therefore e5 =
> icjer %i95qe = 0 implies p3 = 3, ¢} = 0, which is exactly Az(k) = 0. O

Corollary 20.6.6 (Cubic selector induced by phase typing). Under phase admissibility
and charge neutrality,

As(k) =0

1s a necessary condition for depth-k admissibility.
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Proof. Combine Theorems 20.6.3 and 20.6.5. U

Proposition 20.6.7 (Minimal depth from cubic cancellation). Assume Theorem 20.6.6
and suppose

As(34) £0,  A4(35) =0.

Then the minimal admissible depth satisfying the cubic criterion is k = 35.

Proof. By Theorem 20.6.6, admissibility at depth k requires Az(k) = 0. The given
values rule out £ = 34 and admit £ = 35. Hence the least admissible depth under this
criterion is 35. 0

Corollary 20.6.8 (Conditional third-generation depth). If the third-generation onset
depth is identified with the first depth admissible under the cubic phase-typing criterion,
then k. = 35.

20.7 Structural dependency map with the closure
chain

For traceability against the preceding chapters, this section records the exact structural
interfaces used by the numerical analysis.

Definition 20.7.1 (Dependency interface). The Chapter 20 dependency interface con-
sists of the following four dependencies:

(i) Depth typing and invariance. Primitive sectors carry a depth index k, that is
transport-invariant (Theorems 19.7.1 and 19.7.3).

(i) Depth separation and hierarchy. Distinct depth values represent distinct hi-
erarchy levels (Theorems 19.9.1 and 19.9.2).

(iii) Quadratic carrier structure. The stabilized degree-2 carrier is identified with
A?(ZF), with rank (g) (Theorems 14.3.1 and 19.10.1).

(iv) Normalization ledger. Quantitatively open entries are tracked as boundary
data (chapter A and section A.2).

Proposition 20.7.2 (Logical role of the dependency interface). The unconditional
quartic-combinatorics package in this chapter is a formal consequence of Theorem 20.7.1
and multilinear algebra on N*(Z¥). The scalar rigidity-envelope results and the optional
cubic-selector results use additional chapter-local hypotheses, recorded explicitly in Theo-
rems 20.2.1 and 20.6.2. Concrete generation-depth calibration is conditional on explicit
calibration data: either fized anchor depths Theorem 20.5.1, or the ratio/cubic recovery
route of Theorem 20.14.5.
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Proof. Depth labels k, and their invariance enter through Theorems 19.7.1 and 19.7.3,
and the carrier used for quartic combinatorics is fixed by Theorems 14.3.1 and 19.10.1.
Therefore the identities involving 7, wy, coefficient counts, the polynomial ¢(k) = 4(12),
and their derived ratio, monotonicity, inversion, and scaling consequences are structural.
The scalar rigidity-envelope package additionally uses the local admissibility hypotheses
of Theorem 20.2.1, and the optional cubic selector package uses the separately stated
phase-admissibility and charge-neutrality hypotheses recorded in Theorems 20.6.2, 20.6.5
and 20.16.3. The transition from these structural or locally hypothesized identities
to closed-system mass coordinates uses the theorem-level bridge m, = my(o) (Theo-
rem 20.4.3), and concrete anchor calibration uses either explicit depth anchors (The-
orem 20.5.1) or the ratio/cubic recovery route (Theorem 20.14.5). The observer-side
interpretation of these closed-system coordinates is tracked separately in section A.2.
Hence the claimed logical split follows. O

Definition 20.7.3 (Chapter 20 numerical output types). A Chapter 20 numerical out-
put is any statement of one of the following forms:

(O1) an exact quartic coefficient-count or polynomial identity for Ey(wy), q(k) = 4("3),
or their finite differences;

(02) a closed-system mass-coordinate identity obtained from m, = my(o);
(O3) an order, convexity, scaling, or finite-inversion consequence of ¢(k);

(O4) an anchor-ratio consequence for a specified depth-anchor package or for the ra-
tio/cubic recovery route;

(O5) a cubic-selector consequence using the separately specified phase-typing data.

Theorem 20.7.4 (Numerical dependency normal form). Every Chapter 20 numerical
output factors through the ordered dependency tuple

DQO = (ka7 AQ(Zko)7 Nk s W,y A7 A3)7

where A denotes either an explicitly specified anchor package or the ratio/cubic recovery
data, and As denotes optional cubic-selector data. More precisely:

(i) outputs of type (O1) use only (ko, A*(Z*), mp,.);

(i) outputs of types (02) and (O3) use those structural data together with the positive
scale ju;

(iil) outputs of type (O4) additionally use exactly the anchor data named in the relevant
statement;

(iv) outputs of type (O5) additionally use exactly the phase-typing data named in the
relevant statement.
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No further numerical datum is used implicitly.

Proof. For (O1), the coefficient computation is Theorems 20.3.6 and 20.8.6; its proof uses
only the canonical exterior-square carrier and the profile ;. The difference tower, re-
currence, monotonicity, convexity, and elementary binomial estimates are then algebraic
consequences of the same polynomial ¢(k) = 4(2).

For (02), Theorem 20.4.3 identifies the closed-system mass coordinate with my, and
Theorem 20.4.4 substitutes the exact quartic formula; the only additional scalar datum
is the positive normalization p already present in Theorem 20.4.1. Type (O3) statements
are obtained from the same formula by applying the order and inversion properties of
q(k), so no new datum enters.

For (O4), Theorem 20.14.2 cancels the common factor 4y and leaves only the specified
anchor depths. When those depths are not stipulated, Theorem 20.14.5 supplies them
from the explicitly named ratio/cubic recovery data. For (O5), the cubic statements cite
Theorems 20.6.2 and 20.6.6 and therefore use exactly the phase-typing data displayed
there.

These cases exhaust Theorem 20.7.3. Each proof in the chapter cites one of the
structural, mass-coordinate, anchor, or cubic routes listed above; hence any dependency
not appearing in D,y would have no cited entry point. Therefore no further numerical
datum is used implicitly. O

Corollary 20.7.5 (Auditability of Chapter 20 outputs). To audit any Chapter 20 nu-
merical claim, it is enough to identify its output type in Theorem 20.7.3 and then read
off the corresponding component of Doy from Theorem 20.7.4.

Proof. The theorem gives an exhaustive case split by output type and records the exact
dependency components used in each case. Thus checking the output type determines
the complete dependency list. O

Remark 20.7.6 (Consistency with Chapter 19 scope). Chapter 19 establishes positivity
and transport invariance for myg, together with non-injectivity of mq (Theorems 19.6.2
to 19.6.4). The quartic observable m, introduced here is not asserted to replace these
structural facts; it is an additional depth-based statistic with separate conditional inter-
pretation.

20.8 Coefficient-level decomposition of the quartic pro-
file

This section expands Theorem 20.3.4 into a fully indexed coefficient computation.

Definition 20.8.1 (Support of a wedge monomial). For a < b, define u,;, := e, Aep,. For
(a,b,c,d) with a < b, ¢ < d, define the support set

supp(a, b; ¢, d) := {a,b,c,d}.
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Lemma 20.8.2 (Support criterion for nonzero terms). Fora < b, ¢ < d, the wedge term
Uap N Ueq 18 monzero if and only if | supp(a, b; ¢, d)| = 4.

Proof. If supp(a, b; ¢, d) has cardinality strictly smaller than 4, then one index appears
at least twice in e, A ey A e. A eq, hence alternatingness of exterior product implies
Ugp N\ Ueg = 0.

Conversely, if |supp(a,b;c,d)| = 4, then e,, ey, e., ¢4 are distinct basis vectors, so
their wedge is a nonzero multiple of the oriented basis element determined by the sorted
index order. Thus ug, A teq 7 0. O

Definition 20.8.3 (Coefficient extraction). For each ordered 4-subset I = (i1 < iy <
i3 < i4), define e; :=e;, ANe;, Ney Ney,. If w="7>",crer, denote by coeff;(w) := ¢; the
I-coefficient.

Lemma 20.8.4 (Pairing-sign table on a fixed support). Fiz I = (i1 < iy < i3 < i4).
Relative to ey, the three unordered pairings satisfy

ui1i2 A ui3i4 - +617

Uiy iz N Uiy = —€J,

Wiyiiy A\ Uinig = +€[.
Hence their signed sum equals ej.

Proof. The first identity is immediate from ordering. For the second,
e, Neis N €y Ne;yy = —€; Ney, Neg Ney, = —eg,
since one transposition exchanges i3 and 75. For the third,
ei, Neiy, Ney Ney = (+1)eyg,

because the permutation (1,4,2,3) — (1,2, 3,4) has two inversions. Summing gives the
claim. ]

Proposition 20.8.5 (Uniform coefficient law). For every ordered 4-subset I, one has

coeff ; (wy) = 2.

wk:2§ €r,
I

where I runs through all ordered 4-subsets of {1,...,k}.

Equivalently,

Proof. Expand wy = Y, > .cqUab N Ucq- By Theorem 20.8.2, only terms with four
distinct indices contribute. Fix I. Within support I, the unordered contribution equals
e; by Theorem 20.8.4. Because degree—2 forms commute, gy A Ueg = Ueg N Uqp, €ach
unordered pairing appears twice in the ordered double sum. Hence coeff;(wy) = 2.
Summing over [ yields the displayed expansion. O
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Corollary 20.8.6 (Energy identity by coefficient counting). For k > 4,

Ey(wy) = ;coeﬁl(wk)z = ;4 = 4(]2).

Proof. Apply Theorem 20.8.5 and count the number of ordered 4-subsets. 0

20.9 Polynomial form and discrete quartic calculus

Definition 20.9.1 (Reduced quartic depth polynomial). Define

q(k) == 4<Z>,

so that my(o) = pq(k,) by Theorem 20.4.2.

Proposition 20.9.2 (Closed polynomial form). For all integers k,

a(k) = ék(k S (k- 2)(k—3).

Proof. By definition,

alk) = 4@ G 1><k:2; 2)(k=3)

which simplifies to the displayed expression. O
Lemma 20.9.3 (Vanishing order at low depth). One has
q(0) =q(1) = q(2) =q¢(3) =0, q4)=4

Proof. The factorized form from Theorem 20.9.2 contains the four consecutive factors k,
k—1, k—2, k— 3, so the first four values vanish. At k =4, ¢(4) = 4(3) =4. O

Definition 20.9.4 (Forward difference operator). For a function f :Z — R, define
(Af)(k) == f(k+1) = f(k).
Inductively, A" f := A(ATf).

Theorem 20.9.5 (Finite-difference tower for q). For every integer k, one has

Aq(k) = 4@

a0 =1(3).

Aq(k) = 4k,
A'q(k) = 4,
Aq(k) =0



Proof. Use Pascal’s identity (kjl) — (]:) = (Tﬁl). Then

Aq(k):‘l((kjlrl)_(i)): (I:z)

Applying A repeatedly gives

Corollary 20.9.6 (Order—5 linear recurrence). The sequence q(k) satisfies
q(k+5) —5q(k +4) + 10q(k + 3) — 10g(k + 2) + 5q(k + 1) — q(k) = 0.
Proof. The left-hand side is exactly A%q(k), which vanishes by Theorem 20.9.5. U

Remark 20.9.7 (Rigidity viewpoint). The identity A%q = 4 characterizes ¢ among se-
quences with zero initial values at depths 0, 1,2, 3: the quartic law is the unique depth-
polynomial with constant fourth difference equal to 4.

20.10 Monotonicity, convexity, and order transfer

Proposition 20.10.1 (Strict growth). For all k > 4,

gk +1) — q(k) = 4(l§> > 0.

Hence q is strictly increasing on {4,5,6,...}.

Proof. The difference formula is Theorem 20.9.5. For k > 4, (];) > 0, so the increment
is positive. 0]

Proposition 20.10.2 (Discrete convexity). For all k > 2,

A?q(k) = 4(5) > 0.

Thus the increments q(k + 1) — q(k) are strictly increasing.
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Proof. By Theorem 20.9.5, A%q(k) = 4(];) For k > 2, (g) > 0. Therefore Agq is strictly
increasing. U

Theorem 20.10.3 (Depth order transfers to mass order). For the closed-system mass
coordinate of Theorem 20.4.3, let o, 7 be nontrivial primitive sectors with k., k, > 4. If

ky < k-,

then
My < M.

Proof. By Theorem 20.4.4, m, = uq(k,) for z € {o, 7}, with g > 0. By Theorem 20.10.1,
q(ks) < q(k;). Multiplication by positive p preserves strict inequality. O

Corollary 20.10.4 (Injectivity on realized depth values). For the closed-system mass
coordinate, the map k +— m(k) := 4,u(i) is injective on {4,5,6,...}.

Proof. 1f m(ky) = m(ks), strict monotonicity from Theorem 20.10.1 implies ky = ky. O

20.11 Inversion bounds for the mass-coordinate law

Proposition 20.11.1 (Elementary quartic bounds for (’Z)) For every integer k > 4,
(k=3 <k(k—1)(k—2)(k—3) <k

(k=3)" _ (K _ K
24 —\4/) — 24’

Proof. For k > 4, each factor in k(k — 1)(k — 2)(k — 3) lies between k — 3 and k, so the
product lies between the corresponding fourth powers. Division by 24 gives the binomial
form. 0J

Equivalently,

Theorem 20.11.2 (Depth window from one mass value). For the closed-system mass
coordinate of Theorem 20.4.3, let m > 0 satisfy

=

for some integer k > 4, and define

Then

hence



Proof. From the mass law,

O e — 1)k — 2)(k — 3).
U
Apply Theorem 20.11.1:
(k—3)* < 67m <kt

Taking fourth roots gives k — 3 < x < k, and rearrangement gives x < k < x + 3. O

Corollary 20.11.3 (Finite-candidate inversion algorithm). For the closed-system mass
coordinate, a mass-coordinate value determines depth by checking at most four consecu-
tive integers.

Proof. By Theorem 20.11.2, any admissible integer depth must lie in [z, 2z + 3|, which
contains at most four integers. By Theorem 20.10.1, at most one of these candidates
can match the observed mass. U

Proposition 20.11.4 (Asymptotic depth extraction). For the closed-system mass co-
ordinate, for large depth values one has

b= ()" von

Proof. This is immediate from Theorem 20.11.2. The difference between k and the
quartic root is always bounded by 3. U

20.12 Coupling to the forced quadratic normalization

Definition 20.12.1 (Quadratic and quartic carriers at depth k). Define

My (k) := <§)>

-

Here M, is the structural quadratic count (Theorem 14.3.1), and M, is the quartic
mass-coordinate law.

Proposition 20.12.2 (Exact ratio formula My/M3). For every k > 4,

Mi(K) _ 2 (k= 2)(k—3)

My(k)2 — 3 k(k—1)
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Proof. Using Theorem 20.12.1,

k k(k—1)(k—2)(k—3
M) _dp(p) | MEGES

My(k)?2 (k)2 = 4p k2(k4—1)2

Simplifying yields
2p (k —2)(k —3)

3 k(k—1)

Corollary 20.12.3 (Asymptotic quadratic coupling). As k — oo,
2
My(k) ~ ?“ My(K)>.

Proof. In Theorem 20.12.2, the rational factor % tends to 1. Therefore My /M3 —

2u/3. O

Remark 20.12.4 (Interpretive consequence). Under the same depth variable, the quartic
law is asymptotically quadratic in the quadratic carrier count. Thus the Chapter 20
observable is not an unrelated scalar; it is a higher-order combinatorial functional of the
Chapter 14 carrier size.

20.13 Filtration-time scaling under forced normaliza-
tion

Definition 20.13.1 (Time-lifted quartic observable). Let k(7T') denote activated depth
at filtration time 7', as in Theorem 14.4.1. Define

My(T) = 4 (k(f))

Theorem 20.13.2 (Quadratic-time scaling of the quartic observable). Under the canon-
tcal normalization of Theorems 14.4.1 and 14.4.2, one has

M4<T> = T2.

Proof. By Theorem 14.4.2, k(T) = +/T. By Theorem 20.9.2, (k) = k* for large k.

4
Therefore
k(T)

My(T) = 4u( | ) = k(T)* < (VT)* = T2
O

Corollary 20.13.3 (Separation of visible scales). With My(T) =< T from Theo-
rem 14.4.1, the quartic observable satisfies

M4(T) = MQ(T>2
Proof. Combine Theorem 14.4.1 with Theorem 20.13.2. U
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20.14 General anchor formalism and ratio geometry
Definition 20.14.1 (Anchor package). An anchor package is a tuple

A= (ki,..., k),
with integers k; > 4, together with the mass-coordinate bridge theorem Theorem 20.4.3.
Theorem 20.14.2 (General ratio law). Under Theorem 20.14.1, for any indices i, j,

mi _ (5)

i ()
Proof. By Theorem 20.4.4, m; = 4,u(]jf) and similarly for m;. Divide and cancel the
common factor 4. U

m

Proposition 20.14.3 (Multiplicative transitivity of ratio data). For any i, j, ¢,
m; mj o m;

m; mg  mg
On the depth side this reads

ks kj ks

) G ()

k; k kr\ ©

G G @)
Proof. This is immediate in the multiplicative group R.g, or directly from Theo-
rem 20.14.2. 0

Corollary 20.14.4 (Recovery of the (6, 18,35) package). For the explicit depth-anchor
package of Theorem 20.5.1,

Proof. Apply Theorem 20.14.2 to (k., k,, k-) = (6,18, 35), then evaluate binomial coeffi-
cients. 0

The explicit (6, 18,35) anchor package can also be recovered from ratio data once
third-generation onset depth is fixed by the cubic selector route. Dependency basis:
Theorems 20.6.8, 20.10.1 and 20.14.2.

Theorem 20.14.5 (Ratio/cubic closure of the (6, 18, 35) anchors). For the closed-system
mass coordinate of Theorem 20.4.3, let e, j1, T be reference sectors with depths ke, k,,, k. >
4. Suppose the following calibration data hold:

(1) k, =35 (for instance by Theorem 20.6.8);
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(ii) measured mass ratios satisfy

My 204, mr 10472.
Me Me 3

Then
ke =6, k, = 18, k. = 35.

In particular, the explicit depth-anchor package of Theorem 20.5.1 is recovered.

Proof. From Theorem 20.14.2 and k, = 35,

(o) _me _ 10472

() me 3

<lj1) - 101(2/3 == (i)‘

By Theorem 20.10.1, k — q(k) = 4(';) is strictly increasing on {4,5,6,...}, so k — (IZ)
is strictly increasing there; therefore k. = 6.
Applying Theorem 20.14.2 to (p,e),

Hence

k
(éf) _ mﬂ :2047

() me

k, 6 18
(4) — 204 - <4> — 204 - 15 = 3060 = <4).

Strict monotonicity again yields k, = 18, and k; = 35 is the given cubic-onset depth.
Thus (ke, k,, k) = (6,18,35), i.e. the explicit depth-anchor package of Theorem 20.5.1
is recovered. O

SO

Corollary 20.14.6 (Discharge of explicit depth-anchor package). Whenever Theo-
rem 20.14.5 applies, consequences attached to the explicit depth-anchor package of The-
orem 20.5.1 can be used without stipulating that package independently.

Proof. Immediate from Theorem 20.14.5. O

20.15 Local ratio sensitivity and depth identifiability

Proposition 20.15.1 (One-step ratio formula). For integer k > 4,

mk+1) ("1 k+1

mk) () k-3

4

where m(k) = 4u(i).
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Proof. Compute directly:

Mk DEE-D(Kk-2)  k+1
&y kE-DE-2)(k-3) k-3

4

O

Corollary 20.15.2 (Closed-form depth from successive ratio). If a measured consecutive

ratio 1S
1
ri= —m(k;—i— ) > 1,
m(k)

then
B 3r+1

r—1-

k

Proof. By Theorem 20.15.1, r(k — 3) = k + 1. Rearrange: k(r — 1) = 3r + 1, hence the
formula. O

Proposition 20.15.3 (Relative sensitivity to a +1 depth shift). For k > 5,

m(k+ 1) — m(k) 4

m (k) R EE)

m(k) —m(k—1) 4

m(k) Tk

Thus the relative one-step sensitivity decays like O(1/k).

Proof. From Theorem 20.15.1,

m(k+1) —m(k)  m(k+1) i kE+1 i 4
m(k) — m(k) T k-3 k-3
Similarly,
mk—1)  (*;") k-4
m(k) () ko’
0 m(k) —m(k—1) k—4 4
m(k) k&

[
Remark 20.15.4 (Practical calibration implication). At larger anchor depths, fixed abso-

lute uncertainty in depth produces smaller relative distortion in mass ratios. This is a
direct consequence of Theorem 20.15.3.
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20.16 Cubic selector in symmetric-polynomial normal
form

Definition 20.16.1 (Power sums and elementary sums). For charges ¢i, ..., qx, define

k
DPr :qur (TZ 1)a
i=1
and denote by e, the elementary symmetric polynomials. In this notation,

p1 = é€, €3 = E q:q;4e-
1<i<j<t<k

Proposition 20.16.2 (Neutrality identity). If p; = 0, then
p3 = 3es.

In particular,

K
D=3 > wga
=1

1<i<j<t<k
Proof. Newton’s identity gives
p3 = €1p2 — eap1 + 3es.
Since p; = e; = 0, the first two terms vanish, yielding p; = 3es. O

Theorem 20.16.3 (Equivalent cubic selector forms). Assume charge neutrality ), ¢; =
0. Then the following are equivalent:

(i) Zi<j<£ qiq;qc = 0;
(i) >4 =0;
(i) Ag(k) = 0.

Proof. By Theorem 20.16.2, 37, ¢} = 33.,_;,¢iqjq;- Thus (i) and (i) are equivalent.
Condition (iii) is exactly the notation of (ii) by Theorem 20.6.4. O

Proposition 20.16.4 (General minimal-depth criterion). Suppose admissibility requires
Asz(k) =0, and there exists k. > 4 such that

As(k)#0 foralld <k <k,

Then the minimal admissible depth is k..
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Proof. The first line excludes every depth smaller than k,. The second line certifies
admissibility at k.. Therefore no admissible depth exists below k,, and k, is the least
admissible depth. O

Corollary 20.16.5 (Specialization to k, = 35). If
As(k) #0 forall 4 < k < 34,
A3(35) =0,
then the first cubic-admissible depth is 35.

Proof. Apply Theorem 20.16.4 with k, = 35. U

20.17 Integrated conditional closure theorem

Theorem 20.17.1 (Integrated conditional numerical closure). Fiz > 0 and a primitive
sector assignment o — k, € N. Suppose the following data are fized:

(i) structural depth and carrier data from Theorem 20.7.1;

(ii) optional anchor/depth calibration route: either explicit anchors Theorem 20.5.1 or
the ratio/cubic route Theorem 20.14.5;

(iii) optional cubic selector package Theorems 20.6.2 and 20.6.6.

(a) my, =4pu (lif) for every primitive sector;

(b) mass ordering follows depth ordering for all depths > 4;

(c) all anchor ratios are given by binomial quotients () /("7);
)

(d) if the cubic defect first vanishes at depth ki, then k, is the first cubic-admissible
generation depth;

(e) if either the explicit depth-anchor package of Theorem 20.5.1 is stipulated or The-
orem 20.14.5 applies, then the concrete (6,18,35) depth-anchor package is fized.

Proof. Part (a) is Theorem 20.4.4, using Theorem 20.4.3. Part (b) is Theorem 20.10.3.
Part (c) is Theorem 20.14.2. Part (d) is Theorem 20.16.4. Part (e) is immediate from
Theorems 20.5.1 and 20.14.5. All components are conditional exactly on the stated
structural and calibration data. 0

Corollary 20.17.2 (Operational checklist). To apply Chapter 20 numerically, it is suf-
ficient to specify:

(i) the depth assignment k,;
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(ii) the normalization constant p;

(iii) optional anchor/depth calibration route: either explicit reference depths, or the
ratio/cubic route of Theorem 20.14.5;

(iv) optional cubic selector data Az(k) (used in particular for the ratio/cubic route).
After these data are fized, every Chapter 20 output is an explicit algebraic consequence.

Proof. This is a direct restatement of Theorem 20.17.1 and the formulas proved in sec-
tions 20.9, 20.14 and 20.16. O

Remark 20.17.3 (Why this chapter is conditionally complete). From the structural side,
multilinear combinatorics on A?(Z*) fixes the exact quartic backbone Ej(wy) = 4(’2),
while the broader admissible-depth rigidity package fixes quartic growth and quartic
leading-order behavior at the saved theorem strength. From the quantitative side, the
remaining degrees of freedom are named explicitly as conditional boundary data, and
the formulas attached to each chosen data package display those dependencies directly.
This is the precise sense in which Chapter 20 is complete as a conditional numerical
closure theorem.

20.18 Conclusion

The chapter now yields a full dependency-explicit numerical package with three layers:

(i) The quartic combinatorics are exact and internally complete: Ey(wy) = 4(]2) (The-
orems 20.3.6 and 20.8.6).

(ii) The induced depth polynomial has explicit discrete calculus, recurrence, mono-
tonicity, convexity, and inversion theory (Theorems 20.9.5, 20.9.6 and 20.11.2).

(iii) The quartic mass-coordinate law is identified by the intrinsic bridge theorem: m, =
4p1(*) (Theorems 20.4.3 and 20.4.4).

(iv) Within a fixed anchor package, anchor ratios are given exactly by binomial quo-
tients (Theorems 20.14.2 and 20.14.4).

(v) The explicit (6,18,35) anchor package can be recovered via ratio/cubic closure
and therefore need not be stipulated separately when that route is available (The-
orems 20.14.5 and 20.14.6).

(vi) The cubic selector admits symmetric-polynomial normal forms and a general
minimal-depth theorem (Theorems 20.16.3 and 20.16.4).

(vii) The full package is assembled as one conditional closure theorem (Theorems 20.17.1
and 20.17.2).
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Accordingly, Chapter 20 now aligns with the proof architecture used in the longer
structural chapters: it provides an exact quartic combinatorial core, an explicit depen-
dency ledger, and a conditional chain from stated boundary data to the corresponding
numerical outputs.

What remains beyond this chapter is precisely the status of in-shell splitting and
final normalization: whether an additional intrinsic shell invariant is needed, whether
its coefficient is internally fixed or irreducible, and how absolute mass scale is anchored.
That extension is isolated in chapter 21.
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Chapter 21

Intrinsic Numerical Closure, Unified
Scalar Channel, and Same—Channel
Corrections

21.1 Purpose and logical status

This chapter closes the intrinsic numerical layer of the closed relational theory. Its role is
to separate what transport-closed structure fixes internally from what remains a distinct
realization choice.

No observer-side semantic input enters the core closure statements. In particular, no
external empirical normalization is required to state the intrinsic scalar law itself.

The objectives are:

(i) classify intrinsic scalar observables carried by the stabilized quadratic sector;
(ii) identify the single normalization orbit of that scalar channel,
(iii) constrain admissible subleading scalar corrections;
)

iv) separate intrinsic sector observables from downstream physical interpretation
maps.

The chapter proceeds in two layers. First comes the forced intrinsic closure chain
for scalar depth laws. Second comes a compatibility bridge that preserves legacy shell
labels without introducing new observer-side data.

21.2 Structural inputs from Chapters 19-20

We use the stabilized quadratic carrier and depth architecture established in chapters 19
and 20:
ICgFQ/Fg, QZKR%RZ(), kGN,
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together with the quartic depth polynomial

q(k) := 4(2)

%(k) = Q(rr)

for the intrinsic scalar profile indexed by depth.
Methodologically, each statement below is typed as either intrinsic/forced or com-
patibility/conditional. This mirrors the bookkeeping discipline used in chapter 20.

from Theorem 20.9.1.
We write

Proposition 21.2.1 (Inherited dependency role in intrinsic form). The unconditional
intrinsic statements in this chapter use two saved upstream inputs:

(i) the Chapter 19 scalar-channel framework Theorems 15.2.2, 19.5.3 and 19.6.3;

(ii) the Chapter 20 quartic-backbone and rigidity-envelope package, read with its saved
distinction between structural consequences and extra compatibility inputs.

FEzact identification of a chosen scalar profile with q(k) = 4(’;), exact ratio formulas
for that profile, and any observer-side or Hilbert-branch realization statement require
additional compatibility or realization hypotheses beyond those unconditional inputs.

Proof. Chapter 19 fixes the unique scalar channel up to positive normalization, the
canonical factorization of sector scalars through that channel, and transport covariance.
Chapter 20 then supplies the quartic combinatorial backbone (k) = 4(2) for the named
quartic observable together with the general quartic-growth and quartic-leading-law con-
sequences used for admissible scalar depth observables. Those inputs support the un-
conditional intrinsic statements of this chapter at exactly that strength. Whenever the
chapter speaks about exact equality with the quartic backbone, exact ratio formulas
for a chosen mass-coordinate presentation, or the later Hilbert-branch/operator route,
those claims must be typed explicitly as compatibility-level or realization-level state-
ments rather than folded into the unconditional intrinsic package. U

21.3 Intrinsic scalar closure chain

This section begins with the forced intrinsic consequences of the Chapter 19/20 package
and then marks later compatibility or conditional refinements explicitly where they enter.

Proposition 21.3.1 (Scaling covariance). If ¥ is admissible and X\ > 0, then
Ya(k) = AX(k)
15 admissible.
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Proof. Admissibility is stable under positive rescaling, since the scalar channel is unique
only up to positive normalization (Theorems 15.2.2 and 19.11.2). U

Theorem 21.3.2 (Intrinsic scalar-channel closure). Every admissible intrinsic scalar
profile along the depth architecture remains in the unique scalar channel fived by The-
orems 15.2.2 and 19.5.3. Moreover, its leading growth is quartic in the sense that
Y(k) = O(k"), and under the Chapter 20 rigidity hypotheses its universal leading law is
quartic.

Proof. Channel uniqueness is exactly the Chapter 19 scalar-channel statement. The
quartic growth envelope and quartic leading law are the saved Chapter 20 consequences
recorded after patch P-218; they do not by themselves identify the full profile with the
exact quartic backbone. [l

Corollary 21.3.3 (Conditional ratio rigidity for the quartic backbone). Assume the
chosen intrinsic scalar profile is identified with the Chapter 20 quartic observable up

to one normalization constant, so that X(k) = Aq(k) for some A\ > 0. Then for any
admissible ky, ke with q(ky) # 0,

Y(k1)  q(k)

Y(ka)  q(k2)

Proof. Under the stated identification, the common factor A cancels. O

Theorem 21.3.4 (Uniqueness of scalar channel). All intrinsic scalar observables de-
scending from the stabilized quadratic carrier factor through one and the same one-
dimensional scalar channel.

Proof. This is precisely the channel-uniqueness content of Theorems 15.2.2 and 19.5.3.
O

Theorem 21.3.5 (No absolute normalization). No intrinsic construction in Chapters 1—
21 fizes the overall normalization constant \.

Proof. By Theorem 19.11.2, intrinsic structure fixes ratios, whereas absolute scale re-
quires additional realization data. 0

21.4 Correction structure inside the same channel

With the scalar channel fixed, we now record the compatibility model used later when
one discusses subleading depth dependence without creating a new invariant type.

Theorem 21.4.1 (No new scalar invariants). Admissible scalar corrections do not create
an independent scalar channel; they remain same-channel deformations of the intrinsic
quartic profile.
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Proof. By Theorem 21.3.4, the scalar carrier is one-dimensional. Hence admissible scalar
corrections may change depth dependence, but not the underlying scalar-channel type.
O

Theorem 21.4.2 (Conditional binomial correction model). Assume a same-channel
scalar profile M (k) is written as

M(k) = >\4<Z) + Reo(k),

where A € R and the remainder R<s(k) is a discrete polynomial of degree at most 2.
Then there exist constants o, 8,7v,0 € R such that

M(k) :a(i) +ﬂ(§) + vk + 6.

Proof. Because R<o(k) has degree at most 2, it can be written in the binomial basis
ﬁ(g) + vk + 4. Absorbing the quartic backbone coefficient into o := 4\ yields the
displayed form. 0

Proposition 21.4.3 (Conditional leading structure). Under the hypotheses of Theo-
rem 21.4.2,

k

M(k) = a(4) +O(KY) (k= o0).

In particular, the quartic backbone controls the leading asymptotic behavior.

Proof. The remainder terms B(S) + vk + 0 have degree at most 2, so they contribute
only O(k?). O

Theorem 21.4.4 (Conditional cubic rigidity under the correction model). Under the
hypotheses of Theorem 21.4.2, the cubic coefficient of M (k) is fixed entirely by the quartic
backbone and cannot be independently deformed by the modeled remainder.

Proof. The quartic backbone 4(’2) already determines its own cubic term. Since the
modeled remainder has degree at most 2, it cannot change that cubic coefficient. 0

Proposition 21.4.5 (Conditional structure of modeled corrections). Under the hypothe-
ses of Theorem 21.4.2, modeled same-channel corrections first appear at quadratic order
and below.

Proof. This is exactly the degree statement encoded in the assumption on R<s(k) and
restated by Theorem 21.4.4. O
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21.5 Intrinsic spectral mass law, ratio rigidity, and
asymptotic exactness

This section rewrites the intrinsic scalar closure chain in spectral-mass language and iso-
lates the asymptotic structure of realization-level corrections. At intrinsic level, no new
input is added beyond the scalar-channel and quartic-depth package Theorems 15.2.2,
19.5.3, 19.11.2, 20.4.2 and 20.9.1. Its statements are explicitly split into two types:

(i) ntrinsic/forced: the one-channel structural facts, quartic leading behavior, and
absence of intrinsic absolute normalization already fixed by Theorems 21.3.2
and 21.3.5;

(il) compatibility/conditional: exact quartic-backbone formulas for a chosen mass-
coordinate presentation, together with any consequences that require additional
Hilbert-branch realization input beyond Chapters 1-21, namely the operator-route
package Theorems 21.5.2, 21.5.4, 22.8.2, 22.8.4 and 22.8.6.

Define the quartic backbone

By(k) = 4(2) _ k- 1)(k6_ 2)(k_3), keN.

By Theorem 20.9.1, this is exactly the intrinsic depth law ¢(k).
Definition 21.5.1 (Intrinsic mass-coordinate profile). Write
ming (k) 1= X(k).

This is an intrinsic scalar profile (mass-coordinate language), not yet an observer-side
measured mass assignment. Equivalently, it is the depth-indexed presentation of the
same canonical scalar channel fixed by Theorems 15.2.2 and 19.5.3.

Theorem 21.5.2 (Conditional intrinsic spectral mass law). Assume the mass-coordinate
profile is the Chapter 20 quartic backbone written in scalar-channel units, namely

—

for some X > 0. Then the displayed quartic formulas, exact table, and exact ratio laws
below hold for that chosen compatibility model.

Proof. This is a direct restatement of the assumed identification with the exact quartic
backbone q(k) = 4(%). O
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Proposition 21.5.3 (Conditional unnormalized intrinsic mass table). Under Theo-
rem 21.5.2, the quartic backbone and mass-coordinate profile are given by the displayed

table for k=0,...,20:

k’ B4 (k) TNint (k)
0 0 0

1 0 0

2 0 0

3 0 0

4 4 4N

> 20 20\
6 60 60
71 140 140
8 | 280 280\

9| 504 504\

10| 840 840\

11| 1320 | 1320
12| 1980 | 1980\
13| 2860 | 2860
14| 4004 | 4004\
15| 5460 | 5460
16 | 7280 | 7280
171 9520 | 9520\
18 | 12240 | 12240\
19 | 15504 | 15504\
20 | 19380 | 19380

Proof. Direct evaluation of By(k) = 4(’2), followed by mint(k) = AB4(k) from Theo-
rem 21.5.2. U

Theorem 21.5.4 (Conditional exact ratio law). Under Theorem 21.5.2, for any depths
k, 0 with By() # 0,
k
mi (k) _ Ba(k) _ (3)
mmt(ﬁ) B4(€) (ﬁ)

Proof. Immediate from Theorem 21.5.2. O

Corollary 21.5.5 (Conditional sample exact ratio predictions). Under Theorem 21.5.2,
the displayed sample quartic-backbone ratios follow:

mint(5) _ 5 mint(6) — 15 mint(18) — 904 mint(35) _ 10472
Ming (4) ’ Ming (4> ’ Ming (6) ’ Ming (6> 3
Proof. Substitute into Theorem 21.5.4. U

Theorem 21.5.6 (Normalization obstruction). The closed relational system does not
determine the absolute normalization scale of M.
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Proof. This is exactly Theorem 21.3.5: intrinsic structure fixes only dimensionless ra-
tios (Theorem 19.11.2) and leaves absolute normalization to separate realization data
(Theorem 20.4.5 and section A.2). O

Corollary 21.5.7 (Intrinsic prediction content at saved strength). At unconditional
intrinsic level, the theory determines the unique scalar channel, quartic leading behavior,
and the absence of intrinsic absolute mormalization. If one additionally identifies the
mass-coordinate profile with the Chapter 20 quartic backbone up to normalization, then
the exact quartic formulas and exact ratio consequences above follow.

Proof. The unconditional intrinsic claims are exactly the one-channel and normalization
statements from Theorems 21.3.2 and 21.3.5. The conditional quartic-backbone claims
are Theorems 21.5.2 and 21.5.4. 0]

Remark 21.5.8 (Operator status and realization boundary). The operator statement
needed to realize mo(c) = Q(k,) as Hilbert-branch spectral data is the target operator-
route package Theorems 22.8.2, 22.8.4 and 22.8.6. Within Chapters 1-21, this remains
a realization-level step rather than an already completed intrinsic theorem.

Definition 21.5.9 (Depth operator (conditional realization datum)). Assume a realized
Hilbert branch Hy.q with a depth-indexed sector family {¢ }ren C Hquad, €ach ¢y, # 0,
compatible with the intrinsic depth label k& from Theorem 19.9.1. Define the depth
operator K on the finite span Dy, := span{vy.} by

K, = k.
Definition 21.5.10 (Quartic backbone operator (conditional)). On Dy, define

BAK) = 4(2) KK~ 1)(K6— 2)(K - 3)

Definition 21.5.11 (Realization defect operator (conditional model)). Assume a real-
ized sector operator S;ea on Dg, admits the decomposition

Sreal - /\B4(K) + Rdef;
where Rger is the realization defect operator.

Proposition 21.5.12 (Realized mass decomposition). Under Theorem 21.5.11, for ev-
ery depth vector v, € Dgy,

mreal(k) = <¢k7 Sreal¢k> = >\B4<k) + <wk7 Rdefwk>'
Proof. Insert S;ea1 = AB4(K) 4+ Rqer and use By (K)o = By(k)y. O
Definition 21.5.13 (Depth renormalization parameter). Assume B)(k) # 0. Define

(Vk, Raet¥r) ‘

Ok = \B, (k)
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Proposition 21.5.14 (First-order corrected spectrum). Under Theorem 21.5.13,
mreal(k) = )\(B4(k) + Béll(k>6k)’

and hence

Mreal(k) = AB4(k + 0x) + O(0; By (k)
to first order in realization defect.

Proof. By Theorem 21.5.13, (¢, Raeftx) = AB}(k)dy. Substitute into Theorem 21.5.12.
Then apply Taylor expansion of the quartic polynomial By. O

Lemma 21.5.15 (Quartic derivative asymptotics). For

k k(k—1)(k—2)(k —3)
By(k) =14 =
i =1(}) . ,
one has 4k3 — 18k? + 22k — 6 2
Byky= =SSR T0 S oY),
6 3
and 12k? — 36k + 22
Bi(k) = —— 22 k2 o),
Proof. Differentiate the polynomial expression for By (k) directly. 0

Theorem 21.5.16 (Asymptotic exactness of the quartic mass law). Assume

(U, Raet¥r) = O(KP) for some p < 3.

5k = O(kpi:z), (Sk — 0 (k‘ — OO);

Myeal(k) = ABy(k) + o(By(k));

mreal(k)
ABy(k)

—1 (k — o0).

In particular, if (¥g, Raettr) = O(k?), then &, = O(k™1).

Proof. By Theorem 21.5.13,
(Vr, Raet¥r)
ABy(k)
By hypothesis, (¥, Raettr) = O(k?), and by Theorem 21.5.15, Bj(k) = ©(k®). Hence
0x = O(kP~3), so 0, — 0 because p < 3.

o =
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Next,

mreal(k) = >\B4(k) + <wk7 Rdef¢k> = )\B4(k) + O(kp)
Since By(k) = $k*+O(k*) = O(k*) and p < 3 < 4, one has O(k?) = o(By(k)). Therefore
Myeal (k) = ABy(k)+0(B4(k)), and dividing by AB4(k) gives item (iii). The final sentence
is the case p = 2. O

Proposition 21.5.17 (Conditional exact-ratio test for a chosen depth assignment).
Assume the chosen mass-coordinate profile is identified with the quartic backbone as in
Theorem 21.5.2. For any proposed depth assignment

ki, ... kn,

that compatibility model then predicts exact ratios

mint<ki) _ B4(ki)
mint(kj)  Ba(kj)

Hence the quartic-backbone compatibility model admits an exact unnormalized ratio test.
Proof. Immediate from Theorem 21.5.4. O

Remark 21.5.18 (Interpretive consequence). Under the same quartic-backbone identifi-
cation, if observed realized ratios for a chosen depth assignment are close to the exact
quartic ratios, this supports using that quartic backbone as the leading intrinsic model
for the chosen assignment. Residual discrepancy is then naturally modeled as lower-order
realization defect, and under Theorem 21.5.16 this defect is asymptotically negligible.

Theorem 21.5.19 (Complete intrinsic spectral prediction at the saved split). The closed
relational system determines the scalar channel and its quartic leading behavior, but not
an intrinsic absolute normalization. Under the explicit quartic-backbone identification
used in this section, one further obtains the exact table and exact ratio formulas for
that compatibility model. Under an additional subcubic realization-defect bound, the re-
alized spectrum is asymptotically exact relative to that quartic backbone in the sense of
Theorem 21.5.16.

Proof. The unconditional intrinsic statement is exactly the one-channel and quartic-
leading-behavior package summarized in Theorems 21.3.2 and 21.3.5. The conditional
quartic-backbone table and ratio formulas are Theorems 21.5.2 to 21.5.4. The final
statement is Theorem 21.5.16. 0

21.6 Handoff to matter-sector realization

This chapter closes intrinsic scalar closure at the level of quartic leading behavior and
a single normalization orbit, while retaining same-channel correction structure only as
a compatibility bridge for modeled same-channel corrections. The next chapter ( chap-
ter 22 ) handles branch-level realization of the canonical sector invariant mg(o) = Q(ks).
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Its first remaining theorem target is the Hilbert-branch operator realization Theo-
rem 22.8.2, via the closed positive form route. It then isolates the explicit boundary
between intrinsic sector observables and observer-side interpretation maps.

21.6.1 Forced-upgrade roadmap for the operator target

A full promotion of the Chapter 22 operator target Theorem 22.8.2 from realiza-
tion/conditional status to intrinsic/forced status requires a theorem chain proved from
existing theorem-level data only. The following labeled items record the minimal
roadmap targets whose later discharge would suffice for that upgrade: canonical sector-
to-Hilbert embedding, induced sector form construction, and closed-form closability.

Theorem 21.6.1 (Roadmap target: canonical sector-to-Hilbert embedding). To pro-
mote the Chapter 22 operator statement to intrinsic/forced status, it would suffice to
prove the following statement from only Theorems 15.10.2, 19.4.1, 19.6.1 and 19.9.1
and chapter 15: there exists a canonical linear map

Lsec © SPAN{K, : 0 primitive excitation sector} — Hquaa

With tsec(ko) = Vs # 0, compatible with intrinsic depth labels and transport covariance.

Lemma 21.6.2 (Roadmap target: embedded sector form realizes intrinsic scalar values).
Assuming Theorem 21.6.1, the later intrinsic upgrade would also be secured by proving
the following target statement from Theorems 15.2.2, 15.2.6 and 19.5.3: define on the
finite sector span

QSec(¢7 ¢) = <Ls_ei ’Ls_eiqb>Q :

Then Qs 15 positive and densely defined, and for each primitive sector o,

QSec(waawU) - m0(0> HwUHQ‘

Hence qsec would be of the input type required by Theorem 22.8.4.

Theorem 21.6.3 (Roadmap target: closed-form closability from intrinsic control). As-
suming Theorem 21.6.2, the later intrinsic upgrade would further be secured by prov-
ing this target statement: if intrinsic Hilbert-branch control estimates imply that e 1S
closable, then its closure Q. is a closed positive form on Hgyuaa. This is exactly the
closed/closable-form hypothesis needed in Theorem 22.8.6.

Proposition 21.6.4 (Roadmap implication for a later forced upgrade of the Chap-
ter 22 operator target). If Theorems 21.6.1 to 21.6.3 were later discharged from existing
theorem-level inputs alone, then that discharge would supply the sufficiency route through
Theorem 22.8.6 for promoting Theorem 22.8.2 to intrinsic/forced status.

Proof. A later proof of the first two roadmap targets would provide the sector-form data
required by Theorem 22.8.4. A later proof of the third would provide the closed/closable-
form hypothesis used by Theorem 22.8.6. Together, those later discharges would
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therefore yield the canonical positive self-adjoint operator with sector eigenvalue law
S, = mo(0)1,, which is exactly the content that would promote Theorem 22.8.2 to
intrinsic/forced status. O

Corollary 21.6.5 (Forced-upgrade criterion recorded at roadmap strength). A full pro-
motion from realization/conditional to intrinsic/forced for the Chapter 22 operator state-
ment is justified exactly when the roadmap targets Theorems 21.6.1 to 21.6.3 are later
proved without adding new observer-side assumptions.

Proof. Immediate from Theorem 21.6.4 and section A.2. U

21.7 Compatibility bridge for legacy shell labels

For consistency with the existing ledger and cross-chapter references, we record a com-
pact compatibility layer in legacy shell notation. These labels are optional interface
markers and do not add observer-side inputs to the intrinsic core established above.
They function as interface-level translators between the current closure language and
older shell bookkeeping.

Definition 21.7.1 (Signed shell profile (compatibility form)). At fixed depth, a signed
shell profile is a finite family (A, (0)),ea, with A, (o) € Z.

Definition 21.7.2 (Shell splitting invariant (compatibility form)). Define

S(o) == Ay(0).

nEA,

Definition 21.7.3 (Shell completeness property (legacy label)). A realized branch is
shell-complete at fixed depth when shell-visible scalar distinction factors through S(o).

Theorem 21.7.4 (Signed-permutation criterion for shell completeness). If the shell
residual at depth k is quadratic and invariant under independent sign flips and coordinate
permutations of shell coordinates, then it is proportional to Zn A%. If the proportionality
coefficient is depth-independent, then the shell-completeness property of Theorem 21.7.3
holds.

Proof. The invariance forces diagonal isotropy of the associated symmetric bilinear form,
so the quadratic residual is a scalar multiple of the Euclidean square sum. Depth-
independent proportionality then yields a single universal shell channel. 0

Corollary 21.7.5 (Conditional discharge of shell completeness). Whenever Theo-
rem 21.7.4 holds with depth-independent coefficient, the shell-completeness property The-
orem 21.7.3 need not be stipulated independently.

Proof. Immediate from Theorem 21.7.4. O
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Theorem 21.7.6 (Transport-to-shell derivation of symmetry hypotheses). Fix depth k
and an interface map I, : R — Kg. If

Ri(A) = Q(IxA)
and for each signed permutation g there is a realized transport action T, on Kr with

I(gA) = TyI(D),  Q(Tyr) = Q(x),
then Ry satisfies the symmetry hypotheses of Theorem 21.7.4.

Proof. Linearity of I, and quadraticity of () make R; quadratic. Intertwining together
with @-invariance implies invariance of Ry under the signed-permutation action. Hence
the symmetry hypotheses are satisfied. 0

Theorem 21.7.7 (Interface checklist for transport-derived symmetry). To verify condi-
tion (iil) of Theorem 21.7.6 in-model, it suffices to check intertwining and Q-invariance
on finite generators: coordinate sign flips s; and adjacent transpositions 7;, together with
their signed-permutation relations.

Proof. These generators and relations present the hyperoctahedral group. If intertwining

and @-invariance hold on generators, they extend to all group elements by composition.
O

Corollary 21.7.8 (Transport-derived shell-completeness route). If Theorem 21.7.6
holds for each depth and the induced proportionality coefficients are depth-independent,
then the shell-completeness property Theorem 21.7.3 and Theorem 21.7.5 hold.

Proof. Combine Theorems 21.7.4 to 21.7.6. O

Definition 21.7.9 (One-reference defect-evaluation datum (legacy label)). A one-
reference defect-evaluation datum is a non-balanced reference sector with intrinsic defect
data sufficient to recover the dimensionless shell ratio parameter in one-reference form.

Definition 21.7.10 (One-reference anchor datum (legacy label)). A one-reference an-
chor datum is a reference sector with fixed intrinsic scalar value chosen for absolute
normalization in one-reference form.

Theorem 21.7.11 (Two-reference algebraic closure). Assume a shell-corrected normal-
1zed law

m(o) = a(q(ks) +~S(0))
in a realized branch. For two reference sectors oy,09 with known my, k;, S; (i = 1,2), if
mySy — maSy # 0, then

_ maq(ki) —miq(ks)
7 m152 — m251

Y

and
ma mo

" (k) +981 qlk) £S5

«
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Proof. Write the normalized law at o1, 09, eliminate a by cross-multiplication, solve for
v, and then substitute back to recover a. 0]

Corollary 21.7.12 (Discharge of one-reference closure data). Under Theorem 21.7.11,
the one-reference data Theorems 21.7.9 and 21.7.10 are optional.

Proof. Two-reference algebraic recovery determines both the dimensionless parameter
and the absolute normalization directly. 0

21.8 Final closure statement

Theorem 21.8.1 (Maximal intrinsic closure). The closed system determines:
(1) quartic structural depth law up to one normalization orbit;
(ii) ratio rigidity and absence of intrinsic absolute normalization.

In addition, under the chapter’s explicit same-channel correction model, the cubic coef-
ficient is fixed by the quartic backbone and the modeled remainder begins at quadratic
order. No additional intrinsic scalar degree of freedom is left implicit.

Proof. The intrinsic claims follow from Theorems 19.11.2, 21.3.2 and 21.3.5. The mod-
eled correction statement follows from Theorems 21.4.1, 21.4.2, 21.4.4 and 21.4.5 under
the explicit ansatz used in section 21.4. O

21.9 Conclusion

The intrinsic numerical sector is now closed at theorem level: the scalar law is fixed up
to one normalization orbit, and any later same-channel correction discussion remains an
explicit compatibility model rather than a new intrinsic scalar channel.

Accordingly, this chapter closes the intrinsic one-channel numerical core of the main
manuscript at saved strength: quartic leading behavior and normalization-orbit free-
dom are fixed, while same-channel correction models and realization-level identifications
remain explicit rather than forced. The branch-level realization role of the canonical
matter-sector scalar is taken up next in chapter 22.
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Chapter 22

Matter-Sector Realization of the
Canonical Scalar Invariant

22.1 Purpose and logical status

Chapter 21 closes the intrinsic numerical classification of the scalar channel at the level of
quartic leading behavior and a single normalization orbit, while recording same-channel
correction structure only as compatibility-level bookkeeping. What remains is not fur-
ther intrinsic classification, but realization role. For the Chapter 21 mass-coordinate
reformulation and the accompanying conditional exact-ratio package used here as down-
stream numerical bookkeeping, see section 21.5.

This chapter identifies that role for the canonical excitation-sector scalar invariant.
No observer-side measured-mass interpretation is assumed here. The objective is purely
internal: determine which already-established realization branch canonically carries the
Chapter 19 sector invariant.

The argument unfolds in four steps:

(i) type the intrinsic scalar datum and its realization roles;

)
(ii) prove branch priority and the intrinsic/observer boundary;
(iii) isolate the operator-realization gap and its form route;

)

(iv) formalize observer-map factorization constraints.

22.2 Structural inputs
We use the following theorem-level inputs from earlier chapters:
(i) stabilized quadratic carrier K = F?/F? ( Theorem 13.10.2 );

(ii) one-dimensional canonical scalar channel on g ( Theorems 15.2.2 and 19.5.3 );
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(iii) Hilbert realization branch of the stabilized quadratic carrier ( chapter 15 );
(iv) phase realization branch of the same carrier ( chapter 18 );

(v) macroscopic Einstein-branch scalar coefficient, read under the inherited second-jet
faithfulness condition on the realized degree—2 channel attached to the stabilized
quadratic carrier ( chapter 16 );

(vi) canonical sector defect classes and scalar invariants k, € K, mo(o) = Q(ky) (
Theorems 19.4.1, 19.6.1 and 19.9.1 ).

The sections below keep these inputs separated by role: carrier typing, branch real-
ization, and observer-side factorization.

22.3 Canonical sector scalar

Definition 22.3.1 (Canonical sector scalar). For a primitive excitation sector o, define

mo(0) = Q(rs),

where Kk, € K is the canonical quadratic defect class and () is the unique admissible
scalar channel on K.

Remark 22.3.2 (Chapter 19 role). By Theorems 19.6.2, 19.6.3 and 19.9.1, mo(o) is strictly
positive, transport-invariant, and part of the intrinsic sector-separation package.

22.4 Typing lemmas for realization roles

Lemma 22.4.1 (Carrier factorization of the canonical sector scalar). For every primitive
excitation sector o, the scalar mo(o) factors canonically as

O'|—>/€U€IC‘—>ICR£>R20.

In particular, mg is intrinsic and transport-invariant before any observer-side interpre-
tation map is introduced.

Proof. By Theorem 19.4.1, each primitive sector has a canonical defect class k, € K. By
Theorem 15.2.2, the scalar channel is a canonical positive quadratic map @ : Kg — Rxg,
and Theorem 19.6.1 defines mo(0) = Q(k,). Transport invariance is exactly Theo-
rem 19.6.3, and strict positivity for primitive nontrivial sectors is Theorem 19.6.2. Hence
the displayed factorization and intrinsic status are fixed prior to any external seman-
tics. U

Proposition 22.4.2 (Microscopic/macroscopic role split on one scalar channel). The
canonical scalar channel admits two theorem-level realization roles:
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(i) microscopic excitation-sector role, where mo(o) = Q(k,) participates in primitive-
sector classification;

(ii) macroscopic geometric role, where, under the inherited second-jet faithfulness con-
dition, the same scalar channel is read as the Finstein-branch scalar coefficient on
the realized degree—2 channel attached to the stabilized quadratic carrier.

These roles are type-distinct and are not identified with one another without an additional
realization map.

Proof. For (i), Chapter 19 defines mg on primitive sectors and uses it inside sector-
separation structure (Theorems 19.6.1 and 19.9.1). For (ii), Chapter 16 shows that,
under the inherited second-jet faithfulness condition, the macroscopic scalar coefficient
is read from the same canonical degree—2 scalar channel on the realized degree—2 chan-
nel attached to the stabilized quadratic carrier, up to normalization (Theorems 16.8.1
and 16.9.5).

The codomains and logical roles differ: (i) is a scalar invariant attached to primitive
excitation sectors, while (ii) is a coefficient in the macroscopic geometric operator classi-
fication. Therefore no theorem-level identification between the two roles follows without
extra data. O

22.5 Branch selection

Theorem 22.5.1 (Matter-sector branch selection). Let o be a primitive excitation sector
and mo(o) = Q(k,) its canonical scalar invariant. Then the admissible first realization
role of mq(o) is through the Hilbert—phase branch of the stabilized quadratic carrier.
Equivalently:

(i) as a sector observable, mo(o) is carried by the microscopic quadratic Hilbert law
and its phase descent;

(ii) mo(o) is not, by default, a matter-sector observable in the macroscopic Einstein
branch, where, under the inherited second-jet faithfulness condition, the same scalar
channel is read as the Finstein-branch scalar coefficient on the realized degree—2
channel attached to the stabilized quadratic carrier.

Proof. By Theorem 22.4.1, my(o) is attached to the stabilized quadratic defect class k, €
IC. The first realization branch of this carrier is the microscopic Hilbert-sector realization
(Theorem 15.2.2) together with its phase descent (Theorems 18.4.1 and 18.9.1). So the
intrinsic excitation-sector scalar is already realized on the Hilbert—phase branch.

By Theorem 22.4.2, under the inherited second-jet faithfulness condition the Einstein
branch reads the same scalar channel as macroscopic geometric coefficient data on the
realized degree—2 channel attached to the stabilized quadratic carrier, rather than as
primitive-sector observable data. Since Chapter 19 employs mg(o) as part of primitive
excitation-sector organization (Theorem 19.9.1), its first admissible realization role is
the microscopic Hilbert—phase role. Hence (i) and (ii) follow. O
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22.6 Sector-observable priority

Theorem 22.6.1 (Sector-observable priority). For every primitive excitation sector o,

mo(0) = Q(k)
18, prior to any observer-side semantics, an intrinsic sector observable.

Proof. By Theorem 22.4.1, the map o — myg(0) is defined purely from k, € K and
the intrinsic scalar channel (), and is transport-invariant before any observer seman-
tics. Chapter 19 then uses this intrinsic scalar inside sector-organization data (Theo-
rem 19.9.1). By Theorem 22.5.1, this scalar is first realized on the Hilbert—phase branch
at sector level. Therefore its status as a sector observable is fixed internally, prior to any
observer-side interpretation. O

22.7 Realization boundary

Corollary 22.7.1 (Mass-realization boundary). Any identification of the intrinsic sec-
tor scalar mo(c), or of the Chapter 20 closed-system mass coordinate, with an observer-
side measured mass observable requires a separate semantic realization theorem. It is not
part of the intrinsic theorem package of chapters 14 to 19 and 21.

Proof. By Theorem 22.6.1, mg(o) is theorem-level intrinsic sector data. By Theo-
rem 22.5.1 and Theorem 22.4.2, this intrinsic datum has a canonical microscopic role and
is not automatically identified with the Einstein-branch scalar coefficient read, under the
inherited second-jet faithfulness condition, on the realized degree—2 channel attached to
the stabilized quadratic carrier.

Hence any external measured-mass interpretation must introduce an additional se-
mantic readout map, schematically

Imass : mO(U) — mobs<0)u

not determined by the intrinsic package listed in the statement. Chapter 20 proves the
internal quartic mass-coordinate bridge (Theorems 20.4.3 and 20.4.5); what is separate is
the observer-side identification of that internal coordinate with a measured mass conven-
tion. Therefore external measured-mass interpretation remains a semantic realization
theorem, not an internal axiom. O

22.8 Operator-first spectral realization gap

The next theorem-level strengthening is not orthogonality as a starting input. The
exact remaining direction is to construct the Chapter 19 sector scalar invariant as a self-
adjoint operator on the Hilbert realization branch. Orthogonality is then a consequence
of spectral structure.

From the existing chapter stack, we have the following proved data:
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stabilized quadratic carrier K = F?/F3 (Theorem 13.10.2);

e unique one-dimensional scalar channel on Kg (Theorems 15.2.2 and 19.5.3);

Hilbert realization of the quadratic carrier (chapter 15);

e intrinsic excitation-sector data k., mo(c) = Q(k,), ks, which separates primitive
sectors inside a fixed gauge class (Theorem 19.9.1).

None of these, by itself, yields a canonical densely defined positive self-adjoint oper-
ator on the Hilbert realization whose sector eigenvalues are the intrinsic scalars mg(o).

Proposition 22.8.1 (Nature of the realization gap). Intrinsic sector separation does
not by itself produce the Hilbert-branch sector scalar operator.

Proof. Sector separation is proved at classification level in the stabilized quadratic car-
rier, through invariants such as k., mg(c), and k, (Theorems 19.4.1, 19.6.1 and 19.9.1).
Operator realization is a statement about unbounded self-adjoint structure on the Hilbert
branch. No theorem in the current chain yet constructs the canonical positive self-adjoint
operator whose sector eigenvalues are the intrinsic scalars. Hence the remaining gap is
an operator-construction gap. O

Theorem 22.8.2 (Target operator realization of the sector scalar invariant). Let Hgyad
be the Hilbert realization of the stabilized quadratic carrier K ~ F?/F3 from Chapter 15.
The exact remaining realization-level operator target is to prove that there exists a canon-
ical densely defined positive self-adjoint operator

S: D(S) C Hquad — Hquad

such that for every primitive excitation sector o one has a nonzero vector v, € D(S)
satisfying
Swg = mO(U)waa mO(J) = Q(KVO')-

Remark 22.8.3 (Status of the target theorem). Theorem 22.8.2 records the exact remain-
ing realization-level operator statement to be discharged. It is not part of the current
intrinsic theorem package proved so far.

Lemma 22.8.4 (Target form-typing input for the sector operator route). A sufficient
intermediate target for Theorem 22.8.2 is to prove that there exists a densely defined
positive sesquilinear form

q:D(q) x D(q) = C

on Hquaa such that for every primitive excitation sector o,

q(%, wa) = m0(0)||¢0||2'
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Remark 22.8.5 (Conditional candidate for the form route). If the later sector-to-Hilbert
embedding and form-typing targets are discharged, then the natural candidate for the
form in Theorem 22.8.4 is the defect-carrier expression

(1, ¢) = (), 5(¢))q,

where k(1)) denotes the quadratic defect representative attached to the embedded sec-
tor vector v, and (-, )¢ is the polarized form induced by the scalar channel @) (Theo-
rem 15.2.6) together with its later sesquilinear Hilbert-branch extension. This remark
records only that candidate route; it does not assert that the required embedding, form-
typing, or closability input has already been proved.

Proposition 22.8.6 (Closed-form route to the sector operator). Assume Theo-
rem 22.8.4 and assume the form q is closed or closable. Then the representation theorem
for closed positive forms yields a canonical positive self-adjoint operator

S: D(S) C Hquad — Hquad
satisfying
(¢, ) = (¥, 59)
for allyp € D(q), ¢ € D(S).

Proof. 1f q is closed and positive, the standard representation theorem assigns a unique
positive self-adjoint operator S whose form domain is D(q) and whose form identity is
exactly the displayed equality. If q is closable, apply the same theorem to its closure.
Canonicity follows from uniqueness in the representation theorem. U

22.8.1 Proof checklist for the forced-upgrade roadmap

This subsection maps the roadmap stubs of section 21.6.1 to exact proof slots inside the
Chapter 22 operator route.

Proposition 22.8.7 (Later roadmap-target bookkeeping for the Chapter 22 operator
route). If the later roadmap targets recorded in section 21.6.1 were discharged, then they
would feed this chapter as follows:

(i) Theorem 21.6.1 would supply the canonical sector-to-Hilbert embedding input
needed to place sector vectors 1, € Hyuaa n the operator-construction route of
section 22.8;

(ii) Theorem 21.6.2 would supply the form-typing input slot formalized by Theo-
rem 22.8.4;

(i) Theorem 21.6.3 would discharge the closed/closable hypothesis required by Theo-
rem 22.8.0.
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Proof. Immediate from the repaired target status of Theorems 22.8.4 and 22.8.6 and the
later-upgrade bookkeeping already recorded in section 21.6.1 and Theorem 21.6.4. [J

Corollary 22.8.8 (Later checklist discharge promotes the operator target). If the three
roadmap targets named in Theorem 22.8.7 are later proved from existing theorem-level
mputs without new observer-side assumptions, then that later discharge promotes the
Chapter 22 operator target Theorem 22.8.2 through the closed-form route.

Proof. Combine Theorems 21.6.4, 22.8.6 and 22.8.7. OJ

Lemma 22.8.9 (Sector orthogonality from operator realization). Let S be self-adjoint
on Hguad, and suppose

S’l/}o = m()(O-)wU? Swﬂ' = mO(T)wT-
Then
m0<0-> 7& mO(T) = <¢O’7¢T> = 0.

Proof. Self-adjointness gives

<S¢U)¢T> = <¢07 S¢T>

Hence
m0<0) <¢07 ¢T> = mO(T) <wa> ¢r>,
(mo(o) —mo(7)){¥s, ¥r) = 0.
If mo(c) # mo(7), then (¢,,1,) = 0. O

Corollary 22.8.10 (Consequences conditional on sector-observable realization). As-
sume Theorem 22.8.2 and

Huaa = span{t, : 0 € Spyim }-
Then:
(i) mo(o) # mo(7) = (Ys,1br) = 0;
(i) the sector eigenvectors generate a genuine spectral family for S;

(iii) canonical spectral projections for S exist and determine the sector decomposition
of the Hilbert branch.

Proof. Ttem (i) is Theorem 22.8.9. Items (ii) and (iii) are standard consequences of the
spectral theorem for self-adjoint operators once the eigenvector family is complete in the
stated closure. U

In this way, orthogonality, spectral families, and projections appear as consequences
of operator realization, not as independent starting input. The remaining realization
step is therefore exact and isolated: construct the sector operator by closed positive
form methods.
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22.9 Observer-map factorization algebra
Write
Sprim 1= {0 : 0 primitive excitation sector}, Mo : Sprim — R>0, 0 — Q(K,).

The goal of this section is formal and minimal: isolate exactly when an observer-side
assignment descends through the intrinsic scalar channel.

Definition 22.9.1 (Observer-side mass assignment). An observer-side mass assignment
is any map
Mobs : Sprim — R>0'

Theorem 22.9.2 (Factorization criterion through the intrinsic scalar). Let Mops be an
observer-side mass assignment. The following are equivalent:

(i) there exists a map A : Im(mg) — Rsg such that

Mobs =Ao mo;

(11) fOT all 01,092 € Sprim;

mo(o1) = mo(02) = Mops(01) = Mobs(02).

When these conditions hold, A is unique.
Proof. (1)=(ii): if Myps = A o my and mg(o1) = mo(o2), then
Maps(01) = A(mo(a1)) = A(mo(02)) = Mobs(02).
(ii)=(i): define A : Im(mg) — R by
A(x) := Mys(o) for any o with mg(o) = x.
Condition (ii) makes this well-defined. Then for every o,
(A omg)(0) = A(mo(0)) = Mops(0),

s0 Myps = A o mg. For uniqueness, if A; o my = Ay o my, then for every z € Im(my)
choose o with mg(o) = z, giving Ay (z) = Mops(0) = Az(x). Hence Ay = As. O

Corollary 22.9.3 (Non-injectivity obstruction). Assume there exist oy # o9 with
mo(o1) = mo(02), Mops(01) # Mops(2).

Then Mg, cannot factor through mg. Hence any such assignment requires additional
sector observables beyond the intrinsic scalar channel.
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Proof. If M,s factored through mg, Theorem 22.9.2 would force equality Myps(o1) =
Mps(02), contradicting the hypothesis. The final statement is immediate. L]

Proposition 22.9.4 (Two-point affine calibration on Im(myg)). Fiz two distinct intrinsic
scalar values x1, Ty € Im(myg) and target values yi,ys € R. There is a unique affine map
Aui(z) = ax + b satisfying

N (1) = y1, Ao (22) = Yo,
namely

Y2 — Y1 Ta2Y1 — T1Y2
a= : p=22L 172
To — X1 To — 1

Proof. The constraints are the linear system
ar; +b =1y, are + b = 1ys.

Subtract to obtain a(zy — 1) = ya — y1, hence the stated formula for a. Substituting
into either equation gives the stated formula for b. Because x5 # x1, the system has
unique solution. 0

Remark 22.9.5 (Boundary-data interpretation). Theorem 22.9.2 and Theorem 22.9.4 for-
malize the same logical boundary recorded in Theorem 22.7.1: the intrinsic sector scalar
defines the factorization channel, while the choice of observer map A (or calibration
parameters) is additional realization data.

22.10 Conclusion

The canonical scalar invariant of Chapter 19 is now placed at its proper realization level.
It is:

e intrinsic;

sector-theoretic;

first realized through the Hilbert-phase branch;

constrained by an explicit observer-map factorization criterion;
e not yet an observer-side mass observable without extra calibration.

The remaining intrinsic realization step is explicit and isolated: construct the Hilbert-
branch sector operator by the closed positive form route recorded in Theorems 22.8.2,
22.8.4 and 22.8.6. Any later physical-mass identification would still require a separate
observer-side realization theorem or calibration input beyond that operator construc-
tion.
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Appendix A

Conditional Completion Ledger

A.1 Extracted structural content

This ledger records entries that are structurally reduced but not yet numerically fixed
by closed transport alone. In the Chapter 20/21 terminology, such entries are called
extracted. No additional theorem-level claim is introduced here; this chapter is status
bookkeeping for downstream numerical closure.

At the current manuscript stage, the extracted entry is:

(i) full representation-content classification reduced to irreducible unitary representa-
tion data of U(1) x SU(2) x SU(3) (Theorems 19.2.7 and 19.2.8).

A.2 Open quantitative boundary data

This section records quantitatively open entries that are not determined by the theorem-
level closure chain of Chapters 1-21. Unless further closure theorems are proved, these
entries remain explicit boundary data.

After the global closure audit of Chapters 14-21, the ledger is typed in three layers.

Layer A (internal bridge data discharged). The scalar bilinear source is forced
by polarization (Theorem 14.8.2), and the closed-system quartic mass coordinate is fixed
by the intrinsic readout bridge (Theorem 20.4.3).

Layer B (properties and data discharged by theorem). The explicit depth-
anchor package Theorem 20.5.1 is optional: it is discharged whenever the ratio/cubic
calibration criterion of Theorems 20.14.5 and 20.14.6 is available.

The shell-completeness property Theorem 21.7.3 is optional: it is discharged when-
ever the signed-permutation quadratic criterion Theorems 21.7.4 and 21.7.5 is available,
in particular via the Chapter 19 transport-derived route Theorems 21.7.6 and 21.7.8,
with finite in-model verification by Theorem 21.7.7.

The one-reference shell closure data Theorems 21.7.9 and 21.7.10 are no longer
mandatory: they are discharged whenever the two-reference algebraic closure criterion
of Theorems 21.7.11 and 21.7.12 is available.
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Layer C (residual open quantitative-status entries).

(i) explicit real-level form of the scalar quadratic channel Qg (Theorems 19.5.1
and 19.5.4);

(ii) shell-completeness status (explicit property declaration vs verified signed-
permutation discharge criterion, including the Chapter 19 transport-derived route)
for data packages where Theorems 21.7.4, 21.7.6 and 21.7.7 is not established;

(iii) dimensionless shell-splitting constant status (internal determination vs irreducible
v) when neither the intrinsic-defect route nor two-reference algebraic closure is
available;

(iv) absolute mass-scale normalization (open «) when no calibration route fixes «;
(v) generation-level realization details;
(vi) low-energy coupling-constant values.

These entries remain outside current theorem-level closure and are tracked as explicit
open boundary data.

A.3 Formal hardening ledger

This section lists every global item that carries non-theorem-level load and records its
strongest current status. The words “datum”, “property”, and “principle” are used de-
liberately: a datum is retained only as boundary data, a property may be verified or
discharged theoremically, and the standing principle is the admissibility rule that governs

the whole construction.

(H1) Closed-world admissibility. Standing Principle 1 is the sole standing principle.
It is not a hidden geometric, probabilistic, or dynamical postulate; it is the rule
that only internally reconstructed comparison content is admissible.

(H2) Scalar pairing bridge. Theorem 14.8.2 proves that the bilinear source needed
to pass from the canonical scalar channel to a real quadratic form is forced by
polarization; it is no longer retained as boundary data.

(H3) Closed-system mass-coordinate bridge. Theorem 20.4.3 proves that the in-
trinsic quartic coefficient-energy readout is the closed-system mass coordinate.
Only the external identification of that internal coordinate with a measured mass
convention lies outside the internal theorem stack.

(H4) Depth-anchor package. Theorem 20.5.1 is a package, not a condition. It is
stipulated directly only for data packages that choose explicit (6, 18,35) reference
depths, and it is recovered by the ratio/cubic route Theorems 20.14.5 and 20.14.6.
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(H5) Shell completeness. Theorem 21.7.3 is a property, not a condition. It is proved
by the signed-permutation quadratic criterion and, in transport-realized settings,
by the transport-to-shell route Theorems 21.7.4, 21.7.6 and 21.7.8.

(H6) One-reference defect data. Theorem 21.7.9 is one-reference shell bookkeeping
data only. It is unnecessary whenever the two-reference algebraic closure theorem
applies.

(H7) One-reference anchor data. Theorem 21.7.10 is likewise one-reference nor-

malization data only. It is discharged together with defect-evaluation data by
Theorems 21.7.11 and 21.7.12.

Definition A.3.1 (Global closure-status vector). The current global closure-status vec-
tor is

Cstatus = (PvBaMa Aa Sa Ra E)a

where:
(i) P is the standing closed-world admissibility principle Standing Principle 1;

)
(ii) B is the scalar-pairing bridge Theorem 14.8.2;
(iii) M is the closed-system mass-coordinate bridge Theorem 20.4.3;
)

(iv) A is the depth-anchor package, either specified by Theorem 20.5.1 or recovered by
Theorem 20.14.5;

(v) S is shell completeness, either verified by Theorems 21.7.4 and 21.7.6 or retained
as an open property;

(vi) R is one-reference shell bookkeeping, discharged when Theorem 21.7.11 applies;
(vii) E is the residual observer-side semantic realization layer.

Theorem A.3.2 (Global closure audit normal form). At the present theorem strength,
every global non-structural dependency in Chapters 14-22 is represented by exactly one
component of Cgstatus- Moreover:

(i) P is the only standing principle;
(ii) B and M are theorem-level bridges, not boundary data;

(iii) A, S, and R are either specified packages/properties or are discharged by the theo-
rems named in Theorem A.3.1;

(iv) the only item not internalized by the mathematical closure stack is E, the observer-
side interpretation of closed-system coordinates as empirical readouts.
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Proof. The standing layer is unique by Standing Principle 1 and by the introductory
scope statement, so all global admissibility load is accounted for by P.

For scalar structure, Theorem 14.8.2 constructs the bilinear source by polarization
from the real quadratic scalar channel. Thus the old pairing-level load is represented
by B and is theorem-level. For mass coordinates, Theorem 20.4.3 identifies the internal
quartic coefficient-energy readout with the closed-system mass coordinate; therefore the
corresponding load is represented by M and is also theorem-level.

For numerical anchors, Theorem 20.5.1 records the explicit package, while Theo-
rems 20.14.5 and 20.14.6 recover and discharge it when the ratio/cubic route applies.
This is exactly component A. For shell completeness, Theorem 21.7.3 names the prop-
erty and Theorems 21.7.4, 21.7.6 and 21.7.8 give the theorem-level verification routes;
this is exactly component S. For one-reference shell bookkeeping, Theorems 21.7.9
and 21.7.10 name the data and Theorems 21.7.11 and 21.7.12 discharge them under
two-reference closure; this is exactly component R.

The residual entries listed in section A.2 either refine one of A, S, or R, or concern
observer-side empirical interpretation. Theorems 22.7.1 and 22.9.2 isolate that interpre-
tation as a separate semantic realization problem, which is component E. Hence every
global non-structural dependency is represented by one listed component, and the four
claims follow. 0

Corollary A.3.3 (No hidden global assumptions after hardening). After replacing each
occurrence of old assumption-level language by the corresponding component of Cgatus,
the manuscript has no unlisted global quantitative assumption in Chapters 14-22.

Proof. By Theorem A.3.2, every global non-structural dependency belongs to exactly
one component of Cgatns. Components B and M are theorems; components A, .S, and
R are either named explicitly or discharged by named theorems; component £ is ex-
plicitly semantic rather than mathematical. Therefore no remaining global quantitative
assumption is hidden. O

Remark A.3.4 (Irreducible residue at current theorem strength). After this hardening,
Theorems 20.5.1, 21.7.3, 21.7.9 and 21.7.10 carry no assumption-level status: each is
either a defined package, a theorem-proved property, or optional one-reference bookkeep-
ing discharged by a two-reference theorem. The scalar-pairing and closed-system mass-
coordinate bridge theorems are now proved internally in Theorems 14.8.2 and 20.4.3.
The only residue is semantic: an external observer may still ask whether the closed-
system mass coordinate is the measured mass used in a chosen empirical protocol. That
identification is not an additional mathematical axiom of the closed-system stack; it is
an observer-side realization convention.

370



Appendix B

Nonperturbative Adiabatic Invariants
from Closed-System Transport

B.1 Purpose and logical status

Under the standing principle of closed-world admissibility (Standing Principle 1), this ap-
pendix records a downstream confinement application of items (SP2) and (SP5) through
the stabilized quadratic scalar channel. As the terminal step of the manuscript, it iso-
lates the theorem-level intrinsic scalar carried by any confinement system realized as
a closed comparison world and then separates that scalar from its later perturbative
and magnetic-confinement readings. The purpose of this appendix is to present a down-
stream application template for the closed relational stack developed in the main text.
The chosen downstream model is magnetic confinement. The conclusion at theorem
level is that, once the transport stack and the inherited realized scalar-channel package
of Theorems 13.10.2, 14.7.6 and 15.2.2 are in force, one obtains a scalar

Sps - U — R

which is unique up to nonzero normalization and invariant under the intrinsic evolution
of the confinement system. This appendix is entirely downstream. It introduces no new
foundational principle, assumes no new dynamical axiom locally, and does not reprove
the closed-system stack. Its role is to show that once the classification, quotient, trans-
port, quadratic-carrier, and realized scalar-channel theorems are available, the intrinsic
scalar

5fus:Qo’%
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follows formally. The operative chain is:

(U,C) = U= X4 x Xp
= 71:X — Phys = X/G
— F'DF°D>F°' >
= K, C F?/F?
— QKo =R
= Sps = QO K.

The point is exact at the level of the intrinsic scalar. The quadratic scalar channel
isolated in the main text is therefore not left as a formal carrier datum. In the confine-
ment setting it furnishes a canonical nonperturbative transport scalar; later perturbative
matching and physical interpretation are treated separately below.

Theorem B.1.1 (Main appendix theorem). Under the standing principle Standing Prin-
ciple 1, let (U,C) be the closed comparison world associated to a magnetic confinement
system. Assume the structural inputs listed in section B.2. Then there exists a scalar-
valued function

Sps U = R

such that:
(a) sps 18 preserved by every intrinsic evolution
q)t S Aut(U,C),

that s,
Sus(Pe (1)) = Spus(u) for alluw € U, t;

(b) Spus is unique up to multiplication by a nonzero real scalar.

Proof. Existence is proved in Theorem B.5.3, invariance under intrinsic evolution in
Theorem B.5.4, and uniqueness up to nonzero scaling in Theorem B.5.5. Combining
these three statements yields items (a)—(b). O

B.2 Structural inputs from the main text

The appendix uses the transport/carrier results already established in the main text to-
gether with the realized scalar-channel package already isolated there. No new primitive
axiom is introduced locally. The required inputs are:

(i) the closed-world quotient backbone and structural completion of admissible state
content (Theorem 2.10.1);

(ii) the lift and transport-obstruction architecture, including the canonical morphism-
locus carrier and its first visible quadratic layer (Theorems 6.6.1and 12.5.5);
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(iii) stabilization of the intrinsic obstruction channel and its realization interface
(Theorem 13.10.2);

(iv) existence and one-dimensional rigidity of the scalar channel on the realized degree—
2 channel attached to the stabilized quadratic carrier, together with its prob-

abilistic Born normalization under the inherited second-jet interface hypothesis
(Theorems 14.7.6and 15.2.2).

These inputs are exactly the data propagated in the remainder of the appendix to pro-
duce the intrinsic confinement scalar sgs = @) o kK. Any perturbative identification or
magnetic-confinement reading is kept as a downstream interpretation layer on top of
that scalar.

B.3 Transport filtration and the universal quadratic
quotient

Let
N = Ker(Aut(U,C) — Aut(X4) x Aut(Xp)), F':=N, Ftl= [FY F™).
Definition B.3.1 (Visible degree—1 transport module).

V=F'/F?

Commutator structure of the transport filtration
Lemma B.3.2. For all integers i,7 > 1,

[F', Fi] C F'",
In particular, each quotient F™/F™" is abelian.

Proof. We proceed in a sequence of logically independent steps. Step 1: Reduction

to a universal group-theoretic statement. The filtration is defined inductively by
Fm+1 — [Fl, Fm]

Thus F* is the lower central series of the group F!. It suffices to prove that for any
group G with lower central series

Vl(G) = Ga ’7m+1<G) = [Gv/ym(G)]a

one has
[7i(G), % (G)] € 7ir4(G).

We therefore prove the statement in this generality. Step 2: Induction scheme.
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Define
P(n): [7(G),v(GQ)] € viy(G) foralli+j <n.

We prove P(n) for all n > 2 by induction. Step 3: Base case. For n = 2, the only
possibility is ¢ = 7 = 1. Then
[11(G), (G)] =[G, Gl = (G),

so the statement holds. Step 4: Inductive step. Assume P(n —1). Let i + j = n.
Without loss of generality, assume ¢ > 2. Then

7%(G) = [G,7i-1(G)].

Thus
We now invoke the Hall-Witt identity (three-subgroup identity): for subgroups A, B, C,

Apply with
A=G, B=7.(G), C=(G).

Then
[%(G)’ Vj (G)] C [Gv [%—17 /yjH ’ [’Yi—l? [G’ ’VjH'

By the induction hypothesis,
Yi-1,7%] € Yirj-1(G),

and by definition,
(G ] = 75401(G).

Therefore,
G, i1, %]l € (G i j—1] = % (G),
and
i1, (G ]l = [vie1s Y] © Ya-1)+G+1) (G) = 745 (G).
Thus

i(G),75(G)] € i (G).
Step 5: Abelianity of graded quotients. Taking ¢ = j = m,

[’Ym(G)v ’Ym(G)] C 72m(G)'

Since 2m > m + 1,
’YQm(G) g 7m+1(G>7
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hence
[V (G); Y (G)] € Y41 (G)-
Therefore the quotient
Y (G) /[ Ym+1(G)

is abelian. Step 6: Specialization. Applying this to G = F!, we obtain
[FZ,F]] g Fi-‘rj’

as required. O

Universal quadratic quotient

Theorem B.3.3 (Universal quadratic quotient). There exists a canonical surjective
homomorphism

qn: N*(V) — F?/F3

characterized by
qn (T A Y) = [z, y] mod F*.

Proof. We divide the proof into five logically independent parts. Step 1: Definition
of the pairing. Let z,57 € V = F'/F?. Choose representatives z,y € F''. Define

B(z,5) = [z, y] mod F.
We must show that S is:

1. well defined;

2. bilinear;

©w

alternating;

4. universal;

ot

. surjective.

Step 2: Independence of representatives. Suppose

o =af, o =vyg, fgeF

We compute
[, y'] = [zf, yg]-

Using the standard commutator expansion (valid in any group),
[ab, cd] = [a,d] - [a, ] - [b,d]° - [b, d],
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and simplifying modulo £, we obtain the classical reduction:

[xf,yg) = [z,y] - [z, 9] - [f.9] - [f.g]  mod F?.

Now: - [z,g] € [F', F?] = F°, - [f,y] € [F*, F'] = F°, - [f,g] € [F* F?] C F* C F".
Hence

[f,yg) = [z,y)  (mod F?).
Thus f is well defined. Step 3: Bilinearity. Let z,7z’,7 € V, with lifts z,2',y € F.

We compute:
[z’ y] = [w,y] - [2, 9, 2] - [, 0],
where
[y, 2] = ([[z, 9], 2]).

Since [z,y] € F?,
[x,y,2'] € [F?, F'] = F*.

Thus modulo F3,
[z’ y] = [, y] - [, 4.

Passing to the quotient F2/F3 multiplication becomes addition, hence
Bz +2',y) = B(z,y) + B, 7).

The same argument applies in the second variable. Step 4: Alternation. We have

[z,2] =e= p(Z,z) =0.
Also
[y, «] = [, y] ",
which corresponds to negation in the abelian group F?/F3. Thus f3 is alternating. Step

5: Factorization. By the universal property of the exterior square, every alternating
bilinear map

VXV — F?/F?

factors uniquely through
A*(V).

Thus there exists a unique homomorphism
qn: N*(V) — F?/F3

with
an(Z AG) = B(T, 7).
Step 6: Surjectivity. By definition,
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F?=[F' F'].
Thus every element of F? is a finite product of commutators:
Passing to F?/F®, the group becomes abelian, so
= Z[ﬂfw yil.
Hence every element lies in the image of ¢,. Conclusion. Therefore ¢, is a well-defined
surjective homomorphism. 0

Definition B.3.4 (Quadratic relation subgroup). Define
Ry = Ker(gn) € A*(V).
Then there is an exact sequence
0 — Ry — AX(V) 25 F2/F3 — 0.

Remark B.3.5. This identifies the universal degree-2 commutator object. The invariant
theorem does not require solving the full relation problem on A?(V'). By Theorem 13.10.7,
every admissible degree-2 scalarization already vanishes on Ry, and therefore factors
uniquely through the quadratic carrier. Thus the scalar theory of the appendix is intrin-
sic to the quadratic carrier F?/F? and not to any choice of universal lift.

B.4 The stabilized quadratic carrier and its realized
scalar channel

Section B.3 constructs the universal degree-2 quotient. We now pass to the stabilized
carrier that actually controls the invariant.

Proposition B.4.1. The compatible degree—2 transport defects define the stabilized
quadratic carrier
K=Ky

of Theorem 13.10.2.

Proof. We make explicit the logical content of the cited theorem in the notation of the
present appendix. By construction, the transport package of the main text assigns to
each finite stage of the refinement tower a degree—2 carrier

K € KW /FPK®)
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generated by the quadratic square classes arising from the intrinsic transport defect at
that stage. The refinement morphisms induce compatible transition maps

Kit1 — Ky

because the defect construction commutes with refinement; this is the content of the com-
patibility statements proved upstream and assembled in Theorem 13.10.2. A compatible
family

(&) &k € Ky,

is by definition an element of the inverse limit
k

Conversely, every element of the inverse limit is, by definition, such a compatible family.
The cited theorem identifies this inverse-limit object as the stabilized degree—2 transport
carrier and denotes it by

K.

Therefore the stabilized carrier relevant for the present appendix is precisely
K =K.

No additional structure is introduced here; the proposition is exactly the translation of
Theorem 13.10.2 into the present notation. 0]

Proposition B.4.2. Under the inherited second-jet faithfulness condition and compati-
ble smooth realization, nonzero stabilized square classes in the stabilized quadratic carrier
are equivalent to nonzero realized curvature on the realized degree—2 channel.

Proof. The statement has two parts: first, the passage from intrinsic quadratic trans-
port defect to the stabilized carrier; second, the realized interface criterion carried by
compatible smooth realization. By Theorem 13.12.3, if

-Az'j (poo> € ]Coo

denotes the stabilized quadratic square class determined by the (i, j)-transport square
at the inverse-limit basepoint p.,, then under the second-jet comparison map

Jety : Koo — End(V), V=T M,

nonzero stabilized square classes are equivalent to nonzero realized curvature on the
realized degree—2 channel. By Theorem 17.9.1, the same compatible smooth realization
supplies the realized affine-connection and metric branch on which this curvature is
read. Thus the appendix inherits the repaired main-text interface exactly: the stabilized
quadratic carrier feeds the confinement application through the inherited second-jet
criterion relating its nonzero stabilized square classes to nonzero realized curvature, not
through a direct whole-carrier curvature identity. U
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Proposition B.4.3 (Realized scalar channel on the stabilized carrier). Under smooth
realization and the inherited second-jet interface hypothesis, the stabilized quadratic car-
rier admits a nonzero scalar channel

Q:K—R

read from the realized degree—2 channel attached to that carrier, unique up to multiplica-
tion by a monzero real scalar.

Proof. By Theorem B.4.2, under smooth realization and the inherited second-jet faith-
fulness condition, the stabilized quadratic carrier

K=K«

is read through the realized curvature carrier. The scalarization problem used in this
appendix is therefore exactly the scalarization problem on the realized degree—2 channel
addressed in the main text. Now Theorems 14.7.4 and 14.7.5 state that the space of ad-
missible scalarizations of that realized degree—2 channel is one-dimensional. Concretely,
this means that if

Wl,WziK%R

are admissible scalarizations, then there exists
ceR

such that
W1 =C WQ.

In particular, the scalarization space is nonzero, so there exists at least one nontrivial
scalarization. Fix any such nonzero scalarization and denote it by

@:K—R.

It W: K — R is any other admissible scalarization, then the one-dimensionality asser-
tion implies that there exists

ceR
with
W = cQ.

If W # 0, then necessarily ¢ # 0. Hence every nonzero admissible scalarization is a
nonzero scalar multiple of ). This is the scalar channel used in the remainder of the
appendix. O
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Canonical quadratic defect section

The construction of the confinement invariant uses a canonical map
k:U— K

from the state space to the stabilized quadratic carrier. To make the downstream scalar-
ization completely rigid, we isolate the construction in three stages: existence, basepoint-
independence, and functorial uniqueness.

Theorem B.4.4 (Canonical quadratic defect section). Under the standing principle
Standing Principle 1, let (U,C) be a closed comparison world, let

G = Aut(U,C),

and let
K=Ky

be the stabilized quadratic transport carrier obtained from the refinement-compatible
degree—2 transport system of chapter 13. In the local witness-selection setup, assume
that for each state uw € U, the refinement tower admits a compatible family of local
transport witnesses centered at u, so that at each finite stage k one has a local witness
network

Ni(u) = (Vi(w), Ex(u)),
a chosen admissible basepoint
pr(u) € Vi(u),

and associated quadratic square classes

(k) 2 7.-(k) 37 (k)
AZ’J’ (Pr(u)) € F ka(ﬂ)/F ka(u)'

Assume moreover that these classes are compatible under the refinement bonding maps.
Then the family

k
(A5 (p(w)),
defines a canonical element
k(u) € K.
Hence there exists a canonical map
k:U— K, u— k(u),

called the quadratic defect section. Furthermore, for every
ge G and ue U,

one has
k(g - u) = ger(u),
where
g« - K - K

15 the induced automorphism of the stabilized quadratic carrier.
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Proof. We divide the argument into six steps. Step 1: Finite-stage quadratic defect

classes attached to a state. Fix
ue U.

By hypothesis, at each refinement stage k, the state u determines a local transport
witness system with basepoint

pr(u) € Vi(u),

and therefore a based defect homomorphism

5"

Pk(“)

Q) Ni(w) = K1)

pr(u)”

For each ordered pair of local transport directions (i, j), let

Uiy o= e@-eje;lej’l
be the corresponding commutator square loop based at pi(u). By the quadratic cancel-
lation result upstream, the defect element

(k)
51%(“) =

lies in
F2K(k)
pr(u)’
Its class modulo £ is therefore well defined:
k k k)
A (pr(w)) = [0, (O3y)] € F2EL0, [FAKS .
Thus each state u determines, stage by stage, a family of finite-stage quadratic transport
defect classes. Step 2: Compatibility under refinement. Let

Rk—i—l k- kaJrl(“) (Nk+1 (u)) — ka(u) (Nk(u))

and

(k1) ()
Qi Ko = Kot

be the bonding maps supplied by refinement compatibility. By the compatibility identity
for defect maps,

K (k+1) Q
Qrp1 5p,€+1 = 5 ) © Ry ks

the defect of the commutator square at stage k—i—l maps to the defect of the corresponding
commutator square at stage k. Passing to the quadratic quotient yields

(AFD (P () = AL (pr(w)),

Qk—l—l k
where

Q](g?l’k . FQ k’-‘rl /F3 k+1) N FZK(k /F?)K(k

pk 1( Pr41(u) pi(u)
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is the induced degree—2 bonding morphism. Therefore

(AP (pr())),

is a compatible family in the inverse system defining the stabilized carrier. Step 3:

Passage to the inverse limit. By definition,

K:Kw:@lﬁk.
k

Hence every compatible family of finite-stage quadratic classes defines a unique element
of K. Applying this to the family attached to u, we obtain an element

k(u) € K.
This constructs a map
k:U— K, u— K(u).

At this stage the map is defined relative to the chosen basepoint system (pg(u))g. The
next theorem removes that dependence. Step 4: Finite-stage equivariance under

intrinsic automorphisms. Let
g€ G=Aut(U,C).

Because ¢ preserves the comparison world, it preserves the induced transport structure.
In particular, for each k, it carries local witness systems at u to local witness systems at
g - u, sends commutator squares to commutator squares, and induces an isomorphism

(k) F2 u)/F?;Kng( ) N F2 /F3

QU)

satisfying
g™ (AL (pi(u))) = AL (pig - w)).

Since the family (gik))k is compatible with refinement, it assembles into an induced
automorphism
g« K — K.

Step 5: Naturality. The k-th component of x(u) is

A®) (py ().

Applying g, to k(u) acts componentwise by gik), so the k-th component of g.x(u) is

9" (AP (o)) = AP (g - w)).

But this is exactly the k-th component of k(g - u). Since equality in an inverse limit is
equivalent to equality of all finite-stage components, it follows that

k(g - u) = guk(u).
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Step 6: Conclusion. Thus the map

k:U— K

is canonically defined from compatible quadratic defect classes and is natural under the
intrinsic symmetry action. 0

Theorem B.4.5 (Basepoint-independence of the quadratic defect section). Let the hy-
potheses of Theorem B.4.4 hold. Fix a state

u e U.

At each finite refinement stage k, let

Prs Py € Vi(uw)

be two admissible basepoints representing the same state u, and let

Vi Dk = Dy
be an admissible transport path between them. Let
k k
AG w0, AT @)
be the quadratic defect classes computed using these two basepoints. Then
k k .
AP W) = AP (pe) in FPKW/FPE®,

Consequently, the element
k(u) € K
1s independent of the choice of basepoint representatives.
Proof. We prove the theorem in four steps. Step 1: Conjugation identifies based
loop groups. Fix a stage k. Let

Yk * Pk —HDZ

be an admissible transport path. Then conjugation by < identifies the based loop
groups:
Qp Nk (u)) — Qp (Ni(w),  L— wly

Under the transport functor, this induces conjugation on the isotropy group:

by (et ) = 85 088 (0) 6,

D), Vi

where
k i (k
5(k) S (k)
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denotes the transport element associated to ;. Step 2: The two commutator-
square defects are conjugate. Let
U o= eiejei_lej_l
be the commutator square based at p;, and let
O =y Oij v, |
be the corresponding square at pj,. Then

(k) _ (k) sk k)—1
MEHE o 6 (0;;) 6 L,

Tk

Set
v =00y € FPK®,  g:=6¥ e F'K®),

Then the two representatives are related by
(k) ;= \ -1
5p;€ (Dij) =grg -
Step 3: Conjugation is trivial modulo F? on F?. Using the identity

grg~" = (g, 7],
we reduce the difference between grg~! and z to the commutator term [g, z]. Since
geF', weF?
Theorem B.3.2 yields
lg,2] € [F',F?] C F°.

Hence
grg t=x-2 for some z € F?.

Therefore
grg ' =2 (mod F?).

It follows that
k )
[5;(3;)(5%)] =[05)(0y)] i FPEKO/FPK®.

Equivalently, :
k k
AP (0h) = A ().
Step 4: Passage to the inverse limit. Since the equality above holds for every finite

stage k, the two compatible families obtained from the two basepoint systems coincide
in every component. Hence they define the same element of the inverse limit

K = @Kk.
k

Therefore the stabilized defect class
k(u) € K

is independent of the choice of admissible basepoint representatives. U
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Theorem B.4.6 (Functorial uniqueness of the quadratic defect section). Let the hy-
potheses of Theorem B.J.4 hold, and let

k:U—K

be the canonical quadratic defect section just constructed. Suppose
oc:U—-K

15 another map satisfying the following properties:

(i) for every
g€ G=Aut(U,C) and ue U,

one has
o(g-u) = g.o(u);

(ii) for each
ue U,

the value o(u) depends only on the first visible quadratic transport defect class of
u, i.e. only on the corresponding element of the stabilized carrier K ;

(iii) on primitive quadratic square witnesses, o agrees with the finite-stage defect as-
signment used to define k.

Then

0 = K.

That is, k is the unique natural quadratic defect assignment compatible with transport,
filtration, and primitive quadratic normalization.

Proof. We prove equality pointwise. Fix
ueU.

By Theorem B.4.4, the element
k(u) € K

is represented by a compatible family of finite-stage quadratic square classes
k
(A5 (0r(w))

By construction of the stabilized carrier, K is generated by the stabilized images of such
primitive quadratic square classes. Now consider

o(u) € K.

Property (ii) says that o(u) depends only on the first visible quadratic transport defect
class of u. But this class is exactly the stabilized class represented by the same compatible
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family used to define k(u). Thus o(u) cannot depend on any additional structure beyond
the element of K already encoded by x(u). Property (iii) fixes the normalization of o
on the primitive quadratic generators: on every primitive quadratic square witness, o
agrees with the defining assignment for x. Since the stabilized carrier K is generated
by these primitive quadratic classes, and since ¢ and x agree on those generators while
depending only on the resulting stabilized quadratic class, it follows that

Because u € U was arbitrary, we conclude that
0= K.

This proves uniqueness. ]

B.5 Construction of the invariant
We now construct the confinement invariant itself.

Definition B.5.1 (Quadratic defect section). Let
k:U— K

be the canonical degree—2 defect section of Theorem B.4.4.

Definition B.5.2 (The confinement invariant). Define
Sfus 1= Q O K.
Theorem B.5.3 (Existence). The map
Sps - U — R
1s a well-defined scalar-valued function on the confinement state space.

Proof. To prove that sg is well defined, it suffices to verify that both factors in the
composite

Sfus = Q oK
are well-defined maps with compatible source and target. First, by Theorem B.4.4, the

quadratic defect section
k:U— K

is a canonically defined map on the confinement comparison world. The word “canonical”
is essential: it means that x(u) depends only on the intrinsic transport data associated
with the state u, and not on any auxiliary presentation, lift, or coordinate choice. Thus
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the expression x(u) makes sense for every u € U. Second, by Theorem B.4.3, the scalar
channel

Q:K—R

is a well-defined real-valued map on the stabilized quadratic carrier. Again, this means
that once a degree—2 transport defect class has been formed as an element of K, its
scalar image under () is unambiguously determined. Therefore, for each u € U, one may
first form

k(u) € K
and then apply @) to obtain
Q(r(u)) € R.

This defines a map
Stus - U— Ru 5fus<u> = Q(K(U))

No further compatibility condition is required, because the codomain of k is precisely
the domain of ). Hence s, is a well-defined scalar-valued function on U. ]

Theorem B.5.4 (Invariance under intrinsic evolution). Under the standing principle
Standing Principle 1, let
(I)t € Aut(U, C)

be an intrinsic evolution of the confinement system. Then
Sus (Pr(u)) = Sgus(u) for allu € U, t.

Proof. We prove the statement by unfolding, in order, the definitions of intrinsic evolu-
tion, naturality of the defect section, and admissibility of the scalar channel. Fix ¢ and
u € U. By hypothesis,

d, € Aut(U,C).

Thus &, is an automorphism of the closed comparison world. Equivalently, ®; preserves
all admissible comparison predicates and therefore belongs to the intrinsic symmetry
group

G = Aut(U,C).

This is consistent with Theorem 11.2.4, which asserts precisely that intrinsic admissible
transport-closed dynamics acts through automorphisms of the comparison world. Now
apply the functoriality of the defect section. By Theorem B.4.4, for every g € G,

k(g - u) = g.r(u),

where g, denotes the induced action on the stabilized quadratic carrier K. Specializing
to g = @, we obtain

K(Py(u)) = Opuk(u).
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Next use the admissibility of the scalar channel ). By definition of admissible scalar-
ization, and by the uniqueness theory cited in Theorem B.4.3, the map @) is invariant
under the intrinsic symmetry action on K. That is,

Q(g:k) = Q(k) forallge G, k€ K.
Again specializing to g = ®;, we obtain
Q(Puk) = Q(k) for all k € K.

We now compute directly:

sfus(<1>t(U)) (Q o r)(Py(u))
Q(r(P4(u)))

—Q(Cbtm(U))
Q(r(u))

= 5fus( )

Since u € U and t were arbitrary, the equality holds for all states and all intrinsic
evolution times. Therefore s, is invariant under intrinsic evolution. [

Theorem B.5.5 (Uniqueness up to scale). The scalar invariant sgs s unique up to
multiplication by a nonzero real scalar.

Proof. Let
51,59 U—->R

be two scalar invariants obtained by the construction of the appendix. By definition of
the construction, there exist nonzero admissible scalarizations

6217622:-[(_>]R

such that
51 = Q1 0k, S9 = Q2 0 K.

By Theorem B.4.3, the admissible scalarization space on K is one-dimensional. Therefore
there exists
c € R~

such that
Q1 = cQo.

Substituting this relation into the definition of s;, we obtain

s =010k =(cQ2) ok =c(Qz0kK)=css.

Thus s; and s, differ by multiplication by a nonzero real constant. This proves uniqueness
of the confinement invariant up to nonzero normalization. U
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Corollary B.5.6 (Main appendix theorem). The confinement comparison world carries
a scalar-valued function
Sfus - U—->R

which 1s invariant under intrinsic evolution and unique up to multiplication by a nonzero
scalar.

Proof. The corollary is obtained by assembling Theorems B.5.3 to B.5.5. By Theo-
rem B.5.3, the function

5fus:QoK

is well defined on the confinement state space U. By Theorem B.5.4, this function is
preserved under every intrinsic evolution

(I)t € Aut(U,C)

By Theorem B.5.5, any other scalar invariant obtained from the same transport stack
differs from sg,s by multiplication by a nonzero real scalar. These three statements are
exactly the claims asserted in the corollary. 0

B.6 Perturbative alignment criterion

Theorem B.5.6 is structural and nonperturbative. We now record the additional criterion
under which one may identify it with the perturbative adiabatic invariant in the small-e
regime.

Theorem B.6.1 (Conditional carrier identification of the perturbative invariant). Un-
der the standing principle Standing Principle 1, assume that in the perturbative regime

ci=p/L <1,

the perturbative adiabatic invariant is obtained by admissible scalarization of the same
transport stack, with leading nontrivial term carried by the first visible transport defect.
Then the perturbative adiabatic invariant and the closed-system invariant

Stus = (O K

are the same scalar channel written in different coordinates. Equivalently, under that per-
turbative identification, Kruskal’s adiabatic invariant series is the asymptotic expansion
of the unique admissible scalar channel on the first visible transport carrier.

Proof. The proof rests on four assertions:
(1) the transport filtration records perturbative order;

(2) the first visible scalar carrier occurs in degree 2;
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(3) the scalar channel on that carrier is unique;

(4) under the stated perturbative hypothesis, no second independent scalar channel
enters the same transport stack.

We treat them in order and then combine them. Step 1: The filtration records

perturbative order. The small parameter

e:=p/L

measures the ratio of the microscopic gyroradius scale to the macroscopic variation
scale of the magnetic geometry. In the perturbative treatment of magnetic confinement,
transport quantities are expanded as formal series in €, and each order measures the first
scale at which exact closure of the leading transport law fails. The intrinsic transport
filtration
F'D>F*D>F D

is organized by exactly the same principle. An element lies in F™ precisely when its
transport defect is invisible through order m — 1, and passage to the quotient

Fm/Ferl

isolates the first nonvanishing defect at order m. Thus the perturbative order-e™ data
are encoded by the graded piece

Fm/FmL
Step 2: The first visible scalar carrier is quadratic. By the main transport

theory and, in particular, by the interface results (Theorems 13.10.2 and 13.10.4), the
first visible nontrivial transport obstruction is degree 2. Equivalently, the first graded
piece capable of carrying nontrivial scalar information is

K=~ F?/F?,

The degree—1 quotient carries only abelianized transport content and does not detect the
intrinsic 2-skeletal obstruction. Hence the first nontrivial scalar invariant extracted from
transport must factor through K. Step 3: Uniqueness of the scalar channel on the

first visible carrier. By Theorem B.4.3, the space of admissible scalarizations of K in
the realized scalar-channel regime is one-dimensional. Therefore any admissible scalar
observable whose leading contribution is carried by the first visible transport defect must
be proportional to the distinguished scalar channel

Q:K—R.

By the perturbative-identification hypothesis, the perturbative adiabatic invariant is of
exactly this type. Step 4: Identification. Under the same perturbative-identification
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hypothesis, higher-order corrections still scalarize the same transport stack rather than
opening a new independent scalar channel. By Theorem 13.10.7, every admissible degree—
2 scalar detector descends uniquely through the quadratic carrier. Thus once the leading
scalar transport content has been fixed on K, there is no second independent scalar
channel through which that same transport stack can be scalarized. Consequently, the
perturbative invariant and the intrinsic invariant

5fus:QoK

arise from the same scalar channel and differ only by the perturbative coordinate expan-
sion used to express that channel in the regime ¢ < 1. This is the asserted identifica-
tion. U

Corollary B.6.2 (Conditional all-orders asymptotic agreement). Under the hypotheses
of Theorem B.6.1, in the perturbative regime

€K1,

the tnvariant sgs agrees with Kruskal’s adiabatic invariant series to all orders.

Proof. By Theorem B.6.1, under the stated perturbative identification the perturbative
invariant series and the intrinsic invariant s, are two presentations of the same scalar
channel. Therefore their asymptotic coefficients agree order by order in the small-¢
regime. ([l

Remark B.6.3. The point is not that s is defined perturbatively. It is not. Rather, once
Sty has been defined intrinsically by the closed-system transport stack, any perturbative
invariant satisfying Theorem B.6.1 is recovered as a local coordinate expansion of that
same scalar channel in the regime ¢ < 1.

B.7 Conditional confinement package

The theorem-level output of the appendix is the intrinsic scalar sgs. We now record the
perturbative and confinement readings that become available once the relevant interpre-
tation hypotheses are fixed.

Theorem B.7.1 (Conditional confinement interpretation package). Under the standing
principle Standing Principle 1, let (U,C) be a magnetic geometry realized as a closed
comparison world. Then the following statements hold.

(i) There exists a scalar-valued function
Stus - U—R

which is invariant under intrinsic evolution and unique up to multiplication by a
nonzero real scalar.
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(ii) Under the additional perturbative-identification hypothesis of Theorem B.6.1, the
perturbative adiabatic invariant is the asymptotic expansion of Sgs in the regime
e 1.

(iii) If confinement for the relevant particle family is modeled by compact containment
of the appropriate invariant level sets, then the resulting structural confinement
criterion is that the magnetic geometry confines exactly when those level sets of
Srus are compact and remain contained in the plasma volume.

(iv) Under the same confinement model, the corresponding optimization problem is to
optimize the confinement quality of the level sets of sp,s over the admissible com-
parison structures induced by the geometry.

Proof. Part (i) is exactly Theorem B.5.6. Part (ii) is exactly Theorem B.6.1. For parts
(iii) and (iv), once confinement is modeled by compact containment of invariant level
sets, the statements are the formal restatement of that model using the theorem-level
scalar s, singled out by part (i). Because changing magnetic geometry changes the
induced comparison world, and hence changes the resulting invariant sg,g, optimizing
confinement inside that model is equivalently the problem of optimizing the geometry
of the relevant sg-level sets across the induced comparison structures. O

Remark B.7.2. The theorem does not yet provide a reactor-specific closed-form number
for sg,s for an arbitrary coil set. What it provides is the canonical intrinsic scalar to
which any later perturbative, numerical, or confinement model must refer.

B.8 Magnetic-confinement interpretation

Theorem B.7.1 separates theorem-level invariant content from the later confinement
reading. Under the confinement interpretation package, the structure may be read as
follows.

(i) The gyration of a charged particle in a magnetic field is an internal transport
process of the confinement world.

(ii) The failure of this transport to close exactly is a loop defect. Its first stable visible
component lies in the quadratic carrier

F?/F3.

(iii) The map
k:U— K

assigns to each state its intrinsic quadratic transport defect class.
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(iv) The scalar channel

Q:K—-R

extracts the unique admissible scalar carried by that defect in the realized scalar-
channel regime used in the appendix.

(v) The composite
Stus = QO K

is therefore the canonical intrinsic transport scalar supplied by the closed-system
structure for this application.

Thus the intrinsic transport scalar is not postulated at the carrier level. Its later reading
as a nonperturbative adiabatic invariant or confinement observable is a downstream
interpretation of the scalar channel of the quadratic transport carrier.

Remark B.8.1. No Liouville-integrability assumption enters. No continuous-symmetry
assumption enters. No data-driven learning step enters. All three are replaced at the
carrier level by the closed-system transport stack already proved in the main text.

B.9 Consequences of the interpretation package

Once the intrinsic scalar sg,s is established theorem-level and the perturbative/level-set
interpretation package is adopted, several immediate consequences follow.

B.9.1 General-geometry existence

The existence of sg, is not restricted to integrable or symmetric magnetic fields. Its
construction depends only on the closed comparison structure and the quadratic scalar
channel. Accordingly, any magnetic geometry that can be realized as a closed comparison
world carries the same canonical nonperturbative transport scalar.

B.9.2 Structural confinement criterion under level-set interpre-
tation

Because sy, is invariant under intrinsic evolution, if confinement is modeled by compact
containment of the relevant invariant level sets, then confinement may be rephrased
geometrically in terms of the level sets of sg,s. The resulting structural criterion is:

A magnetic geometry confines the relevant particles exactly when the appro-
priate level sets of sg,s are compact and remain contained within the plasma
volume.

This criterion is downstream: it depends on the theorem-level scalar channel of the
transport filtration together with the chosen level-set interpretation, not on full-orbit
simulation.
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B.9.3 Optimization reformulation under the same criterion

Changing magnetic geometry changes the comparison predicates. Changing the com-
parison predicates changes the transport filtration. Changing the transport filtration
changes the quadratic carrier and therefore changes the scalar channel sgs. Thus, under
the same level-set confinement model, the optimization problem becomes:

Find the magnetic geometry whose induced comparison structure optimizes
the compactness and confinement properties of the level sets of sg.

This reformulates the task as a variational problem on the space of comparison structures
rather than only as a brute-force orbit-search problem.

B.9.4 Further confinement regimes

Nothing in the theorem-level construction of sg,s used a special property of alpha parti-
cles beyond the existence of a closed comparison structure for the confinement system.
Accordingly, the same structural machinery applies, in the same conditional sense, to any
confinement problem whose relevant state space is describable as a closed comparison
world with transport filtration and quadratic scalar channel.

B.10 Normalized exact observables

The scalar channel () is unique only up to multiplication by a nonzero constant. Ac-
cordingly, absolute values of s¢s = @ o k depend on the chosen normalization. What
is canonically determined without any further choice is the ratio of two nonzero scalar
values.

Proposition B.10.1 (Normalized exact invariant). Let
Q: K — Ry
be the canonical scalar channel on the stabilized quadratic carrier, and let
u, €U

satisfy
K(uy) # 0.
Then the normalized scalar
Q(r(u))
Q(r(us))
1s well defined, independent of the normalization of @), and invariant under intrinsic
evolution.

/5\fus<u; u*) =

Proof. There are three claims to establish:
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(i) the ratio is independent of normalization of Q;
(ii) the ratio is defined, i.e. the denominator is nonzero;
(iii) the ratio is invariant under intrinsic evolution.
Step 1: Independence of normalization. Let
Q = cQ
for some ¢ > 0. Then for every u € U,

Q'(k(u)) = cQ(k(u)),
and similarly

Q' (k(ux)) = cQ(r(ux)).
Q(r(w) _ Q)  Qr(u))

Therefore

Q'(k(u.)  cQr(uw))  Qr(u))
Thus the normalized scalar does not depend on the chosen nonzero normalization of the
scalar channel. Step 2: Nonvanishing of the denominator. By hypothesis,

K(uy) # 0.

The scalar channel () is by construction nontrivial on the realized carrier and takes
nonnegative values on the chosen normalization. The intended normalization in this
proposition is one for which nonzero carrier classes are assigned nonzero nonnegative
values. Under that normalization,

Q(r(us)) > 0.
Hence the denominator is nonzero and the ratio is well defined. Step 3: Invariance

under intrinsic evolution. Let
q)t S Aut(U,C)

By Theorem B.5.4,
Q(r(Py(u))) = Q(r(u))

for every u € U. Applying this once to v and once to u,, we obtain

Q(r(P(u) = Q(r(w),  QR(Py(u.))) = Q(r(u.)).

Therefore
~ , _ Q(R(Py(u)  Qr(w)  ~
5fus(cbt(u)7q)t(u*)> - Q(H(@t(u*))) - Q(/‘i(u*)) _gfus(uau*)‘

This proves invariance of the normalized scalar. 0

Remark B.10.2. The proposition identifies the first exactly computable scalar quantity
determined entirely by the theorem stack without fixing an external normalization con-
vention.
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B.11 Structural summary
The argument of the appendix is:

closed confinement system = comparison completeness
— canonical quotient semantics
— transport filtration F' D F2 > F? > ...
— stabilized quadratic carrier K
—> unique scalar channel )

— intrinsic scalar sp.

Through the intrinsic scalar s¢, = QQok, every arrow in this chain is theorem-level within
the closed relational stack, using the inherited realized scalar-channel package already
isolated upstream. Thus s, is not postulated, not learned from data, and not restricted
to integrable geometries at the level of its intrinsic construction. Perturbative matching
and confinement-level interpretation are additional downstream reading layers built on
that scalar.

B.12 Conclusion

This appendix has one theorem-level purpose: to exhibit the downstream confinement
use of the quadratic scalar channel of the closed-system transport theory. The chain
proved here is:

(U,C) = N =F!
=V =F'/F?
— AY(V) & F2/F8
— K =K
= Q:K—>R
— 5ps = @ O K.

Thus the abstract machinery of the main text yields a canonical intrinsic transport
scalar in the magnetic-confinement setting whenever the system is realized as a closed
comparison world. The point is not merely that the scalar can be named. The point
is that its existence and uniqueness up to scale are fixed by the internal structure of
that world. Perturbative matching to Kruskal-type series and any confinement-level or
optimization reading remain separate downstream interpretation steps. In this sense, the
appendix closes the manuscript’s forward arc: the abstract chain from closure, transport,
and quadratic obstruction to scalar channel is carried into a downstream confinement
application template.
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